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Operation + over Intuitionistic Fuzzy Sets

Anton Cholakov
Student of Sofia University, Bulgaria

A lot of operations have been defined over Intuitionistic Fuzzy Sets (see [1]). In this article
we will define one new operation.

(Throughout this article we will mark the class of all [FSs with /FS (in italic))

Definition 1: If we have an universe E and two IFSs over it A = {(x, pa(x), va(x))| x € E} and
B = {(x, us(x), va(x)) | x € E}, then we will assign the set
C = {(x, pAGIVER) + VAGOMB(X), pAGOME(X) + VaA()Ve(X)) | x € E}
as a result of the operation between A and B:
A+B=C.
Proposition 1: A + B is an IFS.
Proof: We will prove that the sum of the membership and non-membership of the result is not
greater than 1.
(a(X)vB(x) + va(x)us(x)) + (La(X)uB(X) T va(X)ve(X)) =
= Ha(X)uB(X) T pa(X)ve(X) + vVa(x)us(X) + va(X)ve(X) =
= AGO(HB(X) + VB(X)) + VA()(a(X) + VB(X)) =
= (A(¥) + VAG))(Ha(x) + V(X))
From A, B € IF'S follows that pa(x) + va(x) < 1 and pp(x) + ve(x) < 1.
Therefore (pna(x) + va(x))(us(x) + va(x)) < 1 so A + B is an IFS.
We will now examine some of the properties of the operation:
Proposition 2: Operation + is commutative.
Proof:
A +B = {(x, paX)va(x) + va(x)us(x), pa(x)ps(x) + va(x)ve(x)) | x € E},
B+ A= {(x, up(x)va(x) + vB(X)ua(X), uB(X)HA(X) + VB(X)VA(X)) [ X € E}.
Therefore A+ B=B + A.
Proposition 3: Operation -+ is associative.
Proof:
(A +B) + C={(x, pa®)ve(x) + va(x)us(x), La(x)us(x) + va(X)ve(x)) [ x € E} + C =
= {(%, LaA(X)VB(X)ve(X) T VA(X)pB(X)Ve(X) + pa(X)HB(X)Hc(X) + VAX)VB(X)pc(X),
HAX)VB(X)Hc(X) + VaX)HB(X)pc(X) T pa(X)HB(X)ve(X) + vax)ve(X)ve(x)) | X € E},
A+B+C)=A+ {(x, us(x)vc(x) + ve(X)Hc(X), HB(X)Hc(X) + vB(X)Ve(X)) [ X € E} =
= {(x, pa®)us(x)uc(x) + pa(x)ve(x)ve(x) + va®)us(x)ve(x) + vax)ve(x)uc(x),
HAG)HB(X)VC(X) + Ha(X)VB(X)Hc(X) T Va)uB(X)Hc(X) + vaX)ve(X)vc(x)) | x € E}.
Therefore (A+B)+C=A+ (B +C).

Theorem 1: According to the set of all [FSs (or /FS) the operation + forms a monoid.
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Proof: From Proposition 1 it follows that (/F'S, +) is a groupoid. From Proposition 2 it follows
that (/F'S, +) is a semi-group. From Propostion 2 it follows that + is associative.
We will show the existence of a neutral element:
Let us suppose that X is a neutral element, i.e.
A+X=A.

Therefore
{(X, LA(X)Vx(X) T Va(X)px(X), pa(X)px(X) + vaX)vx(x)) | x € E} = {(X, pa(x), va(x)) | x € E}
and we have the following system of equations:

| pA(X)VX(X) + Va(X)ux(X) = pa(x)

| HA(X)px(X) + Va(X)Vx(X) = Va(X)
1* case: pa(x) = 0. Hence
va(X)vx(X) = va(x) i.e. vx(x) = 1 and px(x) = 0.

Therefore the neutral element X = {(x, 0, 1) |x € E} = 0 (of [1]).
2" case: pa(x) # 0. Hence

v, ()(1=v,(x)

=T e
HAGOVX(E) + va(x) 24 (")5 Exv) ) _ )] 1A,

AP OVX(X) + VA (%) = VAT () Vx(X) = Ha*(X),
Vx(X)(Ba’(X) = Va%(%)) = ua’(x) = vA'(%),
vx(x) =1 and px(x) = 0.

Hence the neutral element is again the above X = {(x, 0, 1) | x € E} = 0, i.e. (IFS, +)
is a monoid.

Now we will show that there is no opposite element and thus so + does not form a
group.

Let us suppose that X is the opposite element of the element A, i.e.

A+X=0 R
1.e.
{(%, pA)Vx(X) + VAK)Hx(X), pa(x)ux(x) + vaX)vx(x)) [ x € E} = {(x,0, 1) | x € E}.
Therefore we have the following system of equations:
HAG)VX(X) + va(x)ux(x) =0
HA(X)Hx(X) + va(X)vx(x) = 1

1™ case: pa(x) = 0. Hence

vaX)px(x) =0

va(x)vx(x) = 1, but va(x) < 1 and vx(x) < 1 therefore va(x) = vx(x) =1
and thus so pa(x) = px(x) = 0.
Therefore the opposite element of {(x, 0, 1) |x € E } is {(x,0, 1) | x € E} (i.e. the same).
2" case: pa(x) # 0. Hence

Vx(X) - VA (x)/'lX (X)
Hy (X
2.1 va(x) =0 1.e. pa(X)ux(x) =1, but pa(x) < 1 and px(x) < 1, therefore pa(x) = px(x) = 1.
Therefore vx(x) =0

, but vx(x) = 0 therefore va(x)ux(x) = 0.
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and so the opposite element of {(x, 1,0)|x € E } is {(x, 1, 0) | x € E} (e.i. the same).
2.2 va(x) # 0 1.e. ux(x) = 0.

Therefore va(x)vx(x) = 1, but va(x) < 1 and vx(x) < 150 va(x) = vx(x) = 1.

Therefore pa(x) = 0, which is contrary with the condition of 2™ case pa(x) # 0.
Therefore our supposition is wrong and so there is no opposite element in the common case.
Therefore (IFS, +) is a monoid and not a group.

Note: Actually, we can notice that the {(x, 0, 1) | x € E} set, in + operation with
A = {(x, pa(x), va(x)) | x € E}, actually keeps the other set A intact.

For example A + {(x,0,1) |x € E} =

= {(%, pa(x), va(x)) | x € E} = {(x, 0, I) | x € E} = {(X, pa(x), va(x)) | x € E}.

On the contrary, the {(x, 1, 0) | x € E} set, in + operation with A = {(X, pa(x), va(x)) |
x € E}, returns the opposite of A i.e. —=A = {(x, va(X), na(x)) | x € E}.

Also notable sets are {(x, 0, 0) | x € E}, which in + operation with every set returns
itself {(x, 0, 0) | x € E}, and {(x, 0.5, 0.5) | x € E}, which in + operation with A = {(x, pa(x),
va(x)) | x € E}, returns

(x, 1y (x)+v,(x)

ﬂA(x)+VA(x))|X
2

2

€ E}.

2

Proposition 4: Operation + is distributive only with the (@ operation and specifically (A @ B)
+C=(A+C0)@B+C)andthat(A+B) @ C=(A@C)+ (B @C).
Proof: We will prove the first one:

(@B Cm (s, a0 DV, gy

3

= {(x, Hy (x)az,uB (x) ve(x) + v, (x),v5(x) He(x)

. Ay (), g (x) He(x) + Vy (x)asz (x) ve(x)) | x

2

€ E}

A+-C)@B+0C)=

= {(x, pA)ve(x) + VaE)He(x), paE)Hc(X) + vax)ve(x)) [ x € B} @ {(x, ps(x)ve(x) +
ve(X)Hc(x), pp(X)Hc(X) + ve(X)ve(x)) [ x € E} =

Uy (X () +V () e (x) + g (Ve (%) + Vi () e (%)
) ; 5

= {x

My () e (X) + v, (Ve (X) + 1 (X) 1 (X) + v (X)V o (x)
2

The results are equal and therefore (A @ B) + C=(A+C) @ (B + C).

To prove that (A + B) @ C # (A @ C) + (B @ C) it is sufficient to examine the case

A=B=C={(x,1,0)|x € E}:

A+B)@C={(x,05,0.5)|x € E},

A@C)+B@C)={(x,0,1)|x € E}.

)| x € E}.
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There are no other distributive relations between + and either of these: +, ., N, L. To prove
that it is sufficient to check:

({(x,0.5,0)|x e E} + {(x,1,0) [ x e E}) ® {(x,0.5,0) | x € E} #

#({(x,0.5,0)|x e E} « {(x,0.5,0) | x € E}) + ({(x,0.5,0) | x € E} ® {(x,0.5,0) | x € E})
and:

({(x,0.5,0)|x e E} o {(x,1,0) [ x €e E}) + {(x,0.5,0) | x € E} #

#({(x,0.5,0)|x e E} + {(x,0.5,0) | x € E}) o ({(x,0.5,0) | x € E} + {(x,0.5,0) | x € E}),
where in the place of the e operation is put either of these: +, ., N, L.

Proposition 5: The + operation has the following distributive properties in relation with modal
operators O (necessity) and ¢ (possibility):
0(A+B)c oA +~oB
O(A+B)D>0A +0B
Proof:
A(A + B) = {(x, aG)VB(0) + vaGORa(), 1 = (HaG)Va(x) + vaGms() | x € E},
OA + 0B = {(X, pa(x), 1 —pa(x)} + {x, u(x), 1 —us(x)) | x € E} =
= {(x, pa(x) — pa(X)uB(X) + puB(X) — pa(X)HB(X), Ha(X)HB(X) + 1 — pp(X) — pa(X) + Ha(X)HB(X))
|x € E}.
We will subtract the membership and non-membership of the second result from the first and
compare it with 0 to see which one is greater:
(LaAX)vB(X) + va(x)us(x)) — (Ha(X) — pa(X)pB(X) + pB(X) - pa(X)ps(X)) =
= pa(X)( uB(x) + vB(X) — 1) + pp(x)( pa(x) + va(x) — 1) <0,

(1 = (LA)VB(X) + va(X)uB(X))) — (HAK)HB(X) + 1 - pB(X) - pa(X) + pa(X)pB(X)) =
= — HA(X)VB(X) — VA(X)B(X) — HA(X)HB(X) T HB(X) T Ha(X) — pa(X)ps(X) =
= HA()(1 = (uB(x) + va(x))) + uB(X)(1 = (HAX) T va(x))) 2 0.

This proves that (A + B) c oA + oB.

O(A +B) = {(x, I = (ua(®)us(x) + va(x)ve(x)), La(X)us(x) + va(x)ve(x)) | x € E},
0A + OB = {(x, | = va(X), va(x)} + {x, 1 —vp(X), va(x)) | x € E} =
= {(x, vB(X) = Va(X)VB(X) + VA(X) — VA(X)VB(X), 1 — VB(X) — VA(X) + VA(X)VB(X) + VA(X)VB(X)) |
x € E}.

Again we will subtract the membership and non-membership of the second result from
the first and compare it with O:

(1 = (pa(x)uB(x) + va(x)ve(x))) — (VB(X) — Va(X)VB(X) + Va(X) — Va(X)VB(X)) =
=1 — pa(X)uB(X) — vB(X) — Va(X) + Va(X)VB(X) = v(X)(Va(X) 1) — (Va(X) —1) — pa(X)up(x) =
= (1 = va)(1 = va(x)) — pa(x)us(x) = 0

(MA)uB(X) T Va(X)VB(X)) — (1 — VB(X) = VA(X) T VA(X)VB(X) T Va(X)VB(X)) =
= pa(X)us(x) — 1 + vp(x) + va(x) — Va(x)ve(x) =
=— (1 = pa(xX)us(x) — va(X) — va(x) + va(x)vp(x)) < 0 (from the previous inequality)

Therefore O(A + B) o 0A + OB.

Finally, we will check some interesting results, using the negation of
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A= {(x, pa(x), va(x)) | x € E}:
—A = {(x, va(x), pa(x)) | x € E}.

Proposition 6: A + B =—A + —B.

Proof:

—A + =B = {(x, va(X), ua(x)} + {x, va(x), us(x)) | x € E} =

= {(X, va(®)us(x) + pa(x)ve(X), va(x)va(x) + ua(x)us(x)) | x € Ej.
It is obvious, that this is equal to A + B.

Proposition 7: —(A + B) # -A + —B.

Proof:

(A = B) = {(x, pAHB(X) + VAC)VB(X), HAGOVE(X) + VA(ORE(X)) | X € E}
It is obvious that the two are not , therefore —(A + B) # —A + —B.
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