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Abstract

~ The notion of independence of events and the concept of conditional proba-
bility is generalized on the intuitionistic fuzzy events.
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1 Introduction

Probability theory provides very powerful tools for dealing with uncertainty. However,
in classical probability all random events should be precisely defined. Unfortunately
this assumption appears too rigid in many real life problems. Very often, especially
when using natural language, people deal with imprecisely defined notions, like: ”high

* income”, "cloudy sky”, ”low temperature”, etc. For the traditional probability theory
such expressions are ill defined and they are beyond the scope of that theory.

To handle situations like described above Zadeh (1965) introduced the concept of
fuzzy set. Also Zadeh (1968) was the first who defined a fuzzy event, suggested how
to compute probabilities of such events and who showed some basic properties of the
probabilities of fuzzy events.

In conventional fuzzy set a membership function assigns to each element of the
universe of discourse a number from the unit interval to indicate the degree of be-
longingness to the set under consideration. The degree of nonbelongingness is just
automatically the complement to 1 of the membership degree. However, a human
being who expresses the degree of membership of given element in a fuzzy set very
often does not express corresponding degree of nonmembership as the complement to
1. This reflects a well known psychological fact that the linguistic negation not always
identifies with logical negation. '

Thus Atanassov (1986) introduced the concept of an intuitionistic fuzzy set which
is characterized by two functions expressing the degree of belongingness and the degree
of nonbelongingness, respectively. This idea, which is a natural generalization of usual



fuzzy set, seems to be useful in modeling many real life situations, like negotiation
processes, etc. (see Atanassov 1986, 1994a, 1994b, 1999; Szmidt and Kacprzyk, 1996a,
1996b, 1996c, 1997, 1998a, 1998b). A

Szmidt and Kacprzyk (1999a, 1999b, 1999c¢) suggested how to define the probability
of an intuitionistic fuzzy event. Contrary to the probability of a fuzzy event by Zadeh,
the probability of an intuitionistic fuzzy event is no longer a given real number but is
described by an interval.

One of the most important notions in the probablhty theory is the concept of in-
dependence and conditional probability. In this paper we suggest the definition of
independent intuitionistic fuzzy events. We also propose the concept of the conditional
probability of intuitionistic fuzzy events. Our definitions are not straightforward gen-
eralizations of Zadeh’s definitions since now we deal with intervals. However, our ap-
proach is consistent with Zadeh'’s approach when considered intuitionistic fuzzy events
become fuzzy events.

2 Intuitionistic fuzzy events

Let X denote a universe of discourse. Then a fuzzy set A in X is defined as a set of
ordered pairs, i.e.

A={(z,p4(z)) : z € X}, (1)

where py : X — [0,1] is the membership function of A and u,(z) is the grade of
belongingness of z into A. Thus automatically the grade of nonbelongingness of z into
Ais equal to 1—p 4(z). However, in real life the linguistic negation not always identifies
with logical negation (see Pacholczyk, 1999). This situation is very common in natural
language processing, computing with words, etc. Therefore Atanassov (1986) suggested
a generalization of usual fuzzy set, called intuitionistic fuzzy set.

An intuitionistic fuzzy set A in X is given by an ordered triple

A= {(z, ppla)va(e) 1 3 € X, 2)
where py,v4 1 X — [0, 1] such that
0<pulz)+rvalz) <1 VzeX. (3)

For each r the numbers u4(x) and v4(z) represents the degree of membership and
degree of nonmembership of the element z € X to A C X, respectively.

It is easily seen that a {(z, us(z),1 — pa(z)) : z € X} is equivalent to (1), i.e. each
fuzzy set is a particular case of the intuitionistic fuzzy set.

We will denote a family of fuzzy sets in X by F'S(X), while IF.S(X) stands for the
family of all intuitionistic fuzzy sets in X.

For each element z € X we can compute, so called, the intuitionistic index of z in
A defined as follows

ma(z) =1 - pa(e) - va(z), (4)
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which measures the degree of hesitancy of whether z belongs to A. Thus function 74 is
sometimes called the hesitancy margin of the intuitionistic set A. It is seen immediately
that ma(z) € [0,1) Vz € X. If A € FS(X) then ma(z) =0Vz € X.

In his paper Atanassov (1986, 1989)defined basic operations on mtumomsmc fuzzy
sets. If A, B € IFS(X) then

AU B = {(z, #A(x)'V pp(z),va(z) Ave(z)) : z € X}, (5)
AN B = {(z, ps(z) A up(z),valz) Vvp(2)) : z € X}, (6)

A+ B = {(z,p4(2) + ps(e) - u,g(:v)#a(x), va(z)va(z)) : z € X}, (7)
A- B = {(r, ps(z)up(z), va(z) + vB(2) — va(z)Ve(2)) : T € X}, (8)
A= {(z,va(z), pa(2)) : © € X}. (9)

The basic concept of probability theory is probability space (X,.A, P), where X
is a sample space, A is a o— field of subsets of X and P is a real-valued function
which assigns to every event A in A its probability P(A). By using the concept of
fuzzy set Zadeh (1968) extended the notions of an event and its probability to fuzzy
context. We shall assume for simplicity that X is a set in R™, A is the smallest Borel
o—field on X and P is a probability distribution on (X, .4) Then, according to Zadeh’s
definition, a fuzzy event in X is a fuzzy set A in X whose membership function p, is
Borel measurable and the probability of such fuzzy event is given by

P(4) = /X pa(@)dP. (10)

The existence of that Lebesgue-Stielties integral is assured by the assumption that y 4 is
Borel measurable. In his paper Zadeh also showed some properties of the probablhtl&s ‘
defined on fuzzy events.

With reference to Zadeh’s paper Szmidt and Kacprzyk (1999a, 1999b, 1999c) pro-
posed the definition of intuitionistic fuzzy event and its probability. Hence, by an
intuitionistic fuzzy event A they mean an intuitionistic fuzzy subset of the universe
of discourse whose membership function y, and hesitancy margin 74 are Borel mea-
surable. Then they defined the notion of the probability a intuitionistic fuzzy set.
However, they considered finite universe of discourse only. Below we present more
general definition formulated in the spirit of deﬁmtlon given by Szmidt and Kacprzyk
(1999a, 1999Db, 1999c)

Definition 1 Let A denote an intuitionistic fuzzy event in X, where X is a set in R®

- and let P denote a probability measure over X. Then the probability of the intuitionistic
fuzzy event A is a number p(A) from the interval

[Prin(4), Prax(A)], o



where
Prin(4) = /X ia(z)dP, (12)
Puss(A) = /X (44(2) +Ta(z))dP = /X (1~ va(z))dP (13)

are called the minimal and mazimal probabilities of the intuitionistic fuzzy event A,
respectively.

Therefore we have

p(A) € [ [ vat@ar, [ (yA<x>+vrA<m))dP] (14)

or
pd) € | [ ia(alar, [ (1= vata)ap) )

The minimal probability ppy,(A) gives “sure” probability that the event A will oc-
cur. The maximal probability py.x(A) gives the highest possible probability that the
event A will occur. It is achieved only if the hesitancy margin function support occur-
rence of the event A. The difference between the maximal and minimal probabilities,
i.e. Pmax(A) — Pmin(A), reflects the unsureness of occurrence of the intuitionistic fuzzy
event A. Therefore, if 74(z) = 0 Vz € X, ie. if A is a classical fuzzy set, then (14)
obviously reduces to (15), i.e. to the probability of a fuzzy set in the sense of Zadeh’s
definition.

3 Conditional probabilities

One of the most important notions in the probability theory is the concept of the
conditional probability. If (X,.A, P) is a probability space and B € A such that
P(B) > 0 then the conditional probability of A given B is defined by

P(A|B) = %&TB) (16)
Two events A and B are independent iff
P(AN B) = P(A)P(B). (17)

Zadeh (1968) proposed a following definition of independence of fuzzy events: let
A and B be two fuzzy events in a probability space (X, A, P), where X is a set in R™.
Then A and B are called independent fuzzy events if

P(AB) = P(A)P(B), (18)
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ie. if
/ pa(@)sW)dP(z,y) = / ua(€)dP(z) / up(2)dP(y), (19)
XxXY X Y

where p4 and pg are membership functions of fuzzy events A and B, respectively. In
his paper Zadeh also defined the conditional probability of fuzzy events. Namely, the
conditional probability of fuzzy event A given B, such that P(B) > 0, is given by a
following formula

P(AB)

P(4]B) = 575

(20)

where P(AB) is defined as in (19). It is easily seen that if A and B are independent
fuzzy events then P(A | B) = P(A), similarly as in the case of crisp events.

In the present section we propose how to compute conditional probabilities for
intuitionistic fuzzy events. At first we turn to the notion of independence of two
intuitionistic fuzzy events.

Definition 2 Let A and B denote two intuitionistic fuzzy events in X C R"™ such that
P(A) € [Puin(A), Pmax(A)] ;, P(B) € [Pmin(B),Pmax(B)]. These two events are called
independent if and only if

[Prin(A * B), Pmax(A - B)] = [Pmin(A)Prmin(B), Prmax(A)Pmax(B)]. (21)
Note that using well known formula for arithmetic multiplication of closed intervals
[@,b] o [¢, d] = [min{ac, ad, be, bd}, max{ac, ad, b, bd}] (22)
and applying a following notation for probability intervals:
P(A) = [Pmin(A), Pmax(4))]; (23)
we can rewrite (21) as
P(A- B) =P(A) o P(B), (24)

which resembles definition (17) for crisp events. However, we employ the product
rather A - B than A N B because of the following: let P, and P, denote probability
measures on X; = R™ and X; = R™, respectively, while P = P, x P, is a product
measure on X = R™*"2 Suppose A and B are intuitionistic fuzzy events in X;
and X,, respectively. Moreover, let p4(z1) = py(z1,22), pg(z2) = pg(z1,z2) and
va(zy, z2) = va(zy), ve(zz) = vp(z1,22). Then we get

P(A ) B) = [pmin(A ’ B)apmax(A ) B)]
= U .U'A(xl)»u'B(z2)dP’/ (1 —va(z1) —va(z2) + VA(xl)VB(wz))dP]
X X
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- { [ satausaa)ap x i),
/X (1= va(zs) = v5(22) + va(@)vs(22))d( Py X Pg)}

= | [ ma@nst@)atPi x P, [ 0= va@))a - vaa)d(P: x P»]
X X

= [Pmin(A)Prin(B); Praax(A)Praax (B)
= /XuA(ml)dpl,/X(1—VA(:v1))dP1}

0 { /X 1 (22)dPy, /X (1- VB(:cg))dPQ]
= [pmin(A)1pmaX(A)] © [pmin(B)’pmaX(B)] = P(A) © P(B)

Thus our intuitionistic fuzzy events A and B are independent in the sense of (24). It
is worth noting that this natural example would not hold if in the definition (21) of
independence of intuitionistic fuzzy events the intersection A N B were used instead of
A-B.

Now we can define the conditional probability of intuitionistic fuzzy events.

Definition 3 Let A and B denote two intuitionistic fuzzy events in X C R™. Then
the conditional probability of A given B is a number p(A | B) from the interval

[pmin(A | B)apmaX(A l B)]) (25)

which is a solution of the following equation
[pmin(A ' B)vpmax(A : B)] = [pmin(A l B)apmax(A I B)] © [pmin(B))pma.x(B)]- (26)

Using interval notation (23) we may rewrite equation (26) as
P(A-B)=P(A| B)oP(B), (27)

which resembles well known formula for the probability of the union of crisp events
P(ANB) = P(A | B)P(B) obtained by the transformation of (16) or for the probability
of the union of fuzzy events P(AB) = P(A)P(B) obtained from (20).

An immediate consequence of our definition is the following: let A and B be
two independent intuitionistic fuzzy events, such that p(B) € [pmin(B), Pmex(B)] and
Pmin(B) > 0. Then according to (24)

P(A-B)="P(A)oP(B)=P(A| B)oP(B), (28)
hence
P(A| B) =P(A). (29)

This is an analog to the property of crisp events P(A | B) = P(A) being the natural
interpretation of independence, i.e. it states that occurrence or non-occurrence of event
B has no effect on the probability of event A. Note that this would not be true if the
conditional probability were defined in the spirit of (16) and (20) as interval quotient
P(A| B)=P(A-B)/P(B).
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4 Conclusions

In the paper we try to handle two types of uncertainty: randomness - described by the
probability theory, and imprecision - expressed here by intuitionistic fuzzy set theory.
Both sources of uncertainty play a central role in decision making. In this paper we
proposed the definition of independent intuitionistic fuzzy events and the conditional
probability of intuitionistic fuzzy events. Our approach is consistent with Zadeh’s
approach when considered intuitionistic fuzzy events become fuzzy events. Since the
concept of independence and conditional probabilities are of the great importance in
the classical probability theory it seems that further investigations in this area is still
required.
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