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1 Introduction and Preliminaries

In 1999, Molodtsov [17] proposed a completely new concept called soft set theory to model
uncertainty, which associates a set with a set of parameters. Later, Maji et al. [16] introduced the
concept of fuzzy soft set which combines fuzzy sets and soft sets. All over the globe, (fuzzy)
soft set theory is a topic of interest for many authors working in diverse areas due to its rich
potential for applications in several directions. Nowadays the scholars study the theoretics and
also applications of (fuzzy) soft sets in algebra and topology (see [2,7, 8,16, 18]).

The topology of fuzzy sets was first defined by C. L. Chang [9]. Later Kubiak [15] and
Sostak [20] independently extended this notion and introduced the fuzzy topology. Atanassov [5]
introduced the idea of intuitionistic fuzzy set. Coker et al. [12, 13] introduced the idea of the
topology of intuitionistic fuzzy sets. Samanta et al. [19] gave the definition of the intuitionistic
gradation of openness. Then, intuitionistic fuzzy topological structures are observed by some
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authors [6, 10, 11]. Moreover, Ghanim et al. [14] introduced the gradation of supra openness
as an extension of supra fuzzy topology in a sense of Abd-Elmonsef and Ramadan [1]. In [3],
Abbas defined an intuitionistic supra fuzzy closure space and an intuitionistic fuzzy bitopological
space and also investigated some of their properties. In this study, we softify the notions of
intuitionistic fuzzy topology and intuitionistic fuzzy bitopology defined by Abbas [3]. In this
direction, we introduce an intuitionistic supra fuzzy soft topological space and an intuitionistic
fuzzy soft bitopological space. We obtain the intuitionistic supra fuzzy soft topological space
induced by an intuitionistic fuzzy soft bitopological space.

Throughout this study, X refers to an initial universe, L and M denote the completely dis-
tributive lattice and the complete lattice with the least elements Oy, 0, and the greatest elements
11, 1as, respectively and there is an order reversing involution " on L, M. Let £ and K be arbi-
trary nonempty sets viewed on the sets of parameters. A lattice M is called order dense if for
each a,b € M such that a < b there exists ¢ € M such that a < ¢ < b.

Definition 1.1 [18] f is called an L-fuzzy soft set on X, where f is a mapping from E into L,

AL

i.e., fo = f(e)is an L-fuzzy set on X foreache € F.
The family of all L-fuzzy soft sets on X is denoted by (L),

Definition 1.2 [4, 18] Let f and g be two L-fuzzy soft sets on X, then

(1) we say that f is an L-fuzzy soft subset of g and write f C g if f. < g., foreache € E. f
and g are called equal if f C gand g C f.

(2) the union of f and g is an L-fuzzy soft set h = f LI g, where h, = f. V g., foreache € E.

(3) the intersection of f and g on X is an L-fuzzy soft set h = f 'l g, where h, = f. A g., for
eache € E.

(4) the complement of an L-fuzzy soft set f is denoted by f’, where fX is a mapping given
by fl = (f.), foreache € E.

(5) f is called a null L-fuzzy soft set and denoted by O, if f.(x) = 0, foreache € E,z € X.

(6) f is called an absolute L-fuzzy soft set and denoted by 1y, if f.(x) = 1, for each
ec B reX.

We refer to [7, 8, 16] for all the basic definitions and notations related to fuzzy soft sets.

2 Intuitionistic supra fuzzy soft topological spaces

Definition 2.1 An intuitionistic supra fuzzy soft topology on X is an ordered pair (7, 7*) of maps
from K to ME)” such that for each k € K,

ASD) 7.(f) < (77:(f)), foreach f € (LX),

(IS2) 7:(0x) = 7(1x) = 1, 7(0x) = 75 (1x) = Oy

as3) m(| | f) = )\ me(f:) and (|| £:) < \/ 7 (fi). for each { fi}iea € (LX)

i€EA [ISTAN [ISTAN [ISTAN
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The triplet (X, 7, 7%) is called an intuitionistic supra fuzzy soft topological space. An intu-
itionistic supra fuzzy soft topology (7, 7*) is called an intuitionistic fuzzy soft topology on X
iff

AT) 7.(f M g) > 7(f) A 1e(g) and 77 (f M g) < 77(f) V 77 (g), for each f, g € (LX)E.

The triplet (X, 7, 7*) is called an intuitionistic fuzzy soft topological space. The values 7 ( f)
and 77 (f) denote the degree of openness and the degree of nonopenness of f € (L¥)¥ with
respectto k € K.

The triplet (X, (7, 7%), (U,U")) is called an intuitionistic fuzzy soft bitopological space where
(1,7*) and (U, U*) are intuitionistic fuzzy soft topologies on X.

Let (7,7*) and (U, U*) be intuitionistic supra fuzzy soft topologies on X. We say that (7, 7*)
is finer than (U, U*) (or (U,U*) is coarser than (7, 7%)) iff Uy (f) < 7(f) and U} (f) > 7(f) for
eachk € K, f € (LX)E.

Definition 2.2 A mapping C : K x (LX)¥ x My — (L*)¥ is called an intuitionistic supra fuzzy
soft closure operator on X if and only if C satisfies the following conditions, for each k € K,
r,s € My (where My = M — {0y/}) and f, g € (LX)E.

(C1)C(k,0x,7) = 0x.

(C2) f EC(k, f.7).

(C3)C(k, f,r)UC(k,g,7) TC(k, fUg,T).

(C4) C(k, f,r) TC(k, f,s)ifr <s.

(C5) C(k,C(k, f,r),r) =C(k, f,7).

The pair (X, C) is called an intuitionistic supra fuzzy soft closure space. The intuitionistic
supra fuzzy soft closure space (X, C) is called an intuitionistic fuzzy soft closure space iff

(©) C(k, f,r)uC(k,g,r) =C(k, f Ug,r), foreach f, g € (L*)".

Let C! and C? be intuitionistic supra fuzzy soft closure operators on X. We say that C! is finer
than C? (or C'2 is coarser than Ct) iff C1(k, f,r) C C*(k, f,r) foreach k € K, f € (L¥)¥ and
r e M.

Theorem 2.3 Let (X, 7, 7*) be an intuitionistic (resp., intuitionistic supra) fuzzy soft topological
space. Then foreach k € K,r € My and f € (L*)F, we define an operator C, .- : K x (LX)F x
My — (LX)¥ as follows:

Crire(k, for) =T{g € (LX) | f E g, 7(gk (') < 7'}

Then (X, C. ,+) is an intuitionistic (resp., intuitionistic supra) fuzzy soft closure space.
Proof. Let (X, 7,7*) be an intuitionistic supra fuzzy soft topological space. Then (C1), (C2) and
(C4) are trivial from the definition of C, «.

(C3) Since f,g C fUg, wehaveC, .«(k, f,7) C C,,+(k, fUg,r) and C; -« (k, g,7) C C; +(k, fUI
g,7). Hence, C; -« (k, f,r) UCyrr+(k,g,7) C Crox(k, fUg,7).
(C5) Suppose that there exist f € (LX) e € E,z € X and r € M, such that

Crre(kyCrre(ky i), 7)e(z) £ Cron(k, fyr)e(T).
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By the definition of C, ,«(k, f, r), there exists g € (L*)¥ with g J fand 7(¢') > r, 77 (¢') </
such that C; -« (k,Cr +(k, f,7),7)e(x) Z ge(x) and g.(x) I Cr 1+ (K, f,7)c(2).
On the other hand C; .« (k, f,r) C g and 7(g;" (¢') < r’, by the definition of

CT,T*(k7CT,T*(k7 f7 70)771)7

we have C; .« (k,Cr .+ (k, f,7),7) C g.

It is a contradiction. Thus, C, ,+(k,C, .« (k, f,r),r) = Cr(k, f,r). Hence C, ;- is an intu-
itionistic supra fuzzy soft closure operator on X.

Let (X, 7, 7") be an intuitionistic fuzzy soft topological space. From (C2), we have

FECr(k, for), ((Crrx(ky fo1))') > 1 and 7 ((Cr e (K, fo7))) <.

gC Crre(k,9,7), T((Crrv(k,g,7))") > rand 7 ((Cr e (k, g, 7)) < 1.

It implies f U g C C, .+ (k, f,r) U C, ~(k, g,7) such that

T(Cre(k, fir) UCr (ks g,7))) = Ti(Cre(ky frr) T Cr (ks g,7)')

k(Cre (k7)) ATk(Crre (K g, 7)) 2 7
Ti(Cre (b, for) M Cre (K, g, 7))

(¢ )
T3 (Crre (b, £,1) (Cre (K gy 1)) <1

Hence, C, ,+(k, f,r) U Crr(k,g,r) 3 Cr+(k, f U g,r). Therefore, C, .~ is an intutionistic
fuzzy soft closure operator on X. U

v
\]

Tl:((CTﬂ'* (ka f7 T) U CT,T* (ka 9, T’))/)

IN

Theorem 2.4 Let (X, C) be an intutionistic (resp., intuitionstic supra) fuzzy soft closure space.
Define the mappings 7¢, 77 : K — M (5" on X by follows:

(ro)u(f) = \/{r € My | C(k, f'.r) = £},

() = N\’ € Mo | C(k, f',r) = f'}.

Then the following properties are satisfied:

(1) If M is an order dense chain, (7¢, 75) is an intuitionistic (resp., intuitionistic supra) fuzzy
soft topology on X.

(2) Cre 7 1s finer than C.
Proof. (IS1) It is obvious from the definition.
(IS2) Let (X,C) be an intuitionistic supra fuzzy soft closure space. Since for all » € My, k €
K,C(k,0x,r) =0x and C(k, 1x,7) = 1x, we have (IS2).
(IS2) Suppose that there exists f = |_| fi € (L*)F such that (7¢)x(f) # /\(Tc)k( fi) and

i€l i€l
(2)6(f) £ \/(T&k)k( fi). Since M is an order dense chain, there exists 7y € My such that
ier
(re)i(f) < 10 < N(Te)(fi) and (0)e(f) > g > \/ (7w (fi):
ier i€l

For all i € T', there exist r; € M, with C(k, f/,r;) = f/ such that ro < r; < (7¢),(f;) and
ro > 7 2 (10)k(fi)-

On the other hand, since C(k, f/,ro) T C(k, f/,r;) = f/, by (C2) of Definition 2.9, we
have C(k, f],ro) = f!. It implies for all i € T, C(k, f',ro) C C(k:,f{,ro) = fI. It follows that
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C(k, f',ro) C Myerfl = f'. Thus, C(k, f',r0) = f', thatis (1¢)x(f) > ro and (73)x(f) < r(. Itis
a contradiction. Hence, (7¢, 7) is an intuitionistic supra fuzzy soft topology on X.
Let (X, C) be an intuitionistic fuzzy soft closure space. Suppose there exist fi, f» € (LX)E

such that (7¢)r(f1 1 f2) Z (7e)e(f1) A (7e)e(f2) and (7¢)k(f1 11 f2) £ (78)k(f1) V (78)k(f2)-

Since M is an order-dense chain, there exists » € M such that (7¢)x(f1 M fo) < r <

(o) A (e f2) and (72)e(fi 1 f2) > )V (7E(fa):

For each i € {1, 2}, there exist r; € My with C(k, f!,r;) = f!/ such that r < r; < (7¢)x(fi)
and (72)(fi) <rl <1

On the other hand since C(k, f/,r) = f/ from (C2) and (C4) of Definition 2.2, we have for
eachi € {1,2}, C(kif] U f5,r) = fi U fs. It follows (7¢)k(f1 M fo) > rand (75)k(f1 1 f2) < 7.
It is a contradiction. Hence, for all f,g € (LY)E k € K, (7¢)e(f1 1 f2) > (70)e(f1) A (10)i(f2)
and (7¢)x(f1 11 f2) < (78)k(f1) V (78)(f2).

Therefore, (7¢, 75) is an intuitionistic fuzzy soft topology on X.
(2) Since f C C(k, f,r), (1c)x(C(k, f,r)") > r and (75)r(C(k, f,r)") < r' from (C5) of Defini-
tion 2.2, we have Cy, -+ (k, f,7) E C(k, f,7). Thus, C;, .+ is finer than C. O

3 Intuitionistic fuzzy soft bitopological spaces

Theorem 3.1 Let (X, (71, 77), (72, 75)) be an intuitionistic fuzzy soft bitopological space. For
eachk € K,r € My and f € (L*)¥, define a mapping Cy5 : K x (L*)F x My — (L%)¥ as
follows:

Cia(k, f,1r) = Coy i (i, f,1) M Cry s (K, f 7).

Then (X, Cy2) is an intuitionistic supra fuzzy soft closure space.
Proof. (C1), (C2) and (C4) are easily proved.
(C3) We prove it from the followings: for all f,g € (L*)? k € K and r € M,,

612<k7 f7 T) U ClQ(ku 9, T)
= (C‘rl,ff (ka f> T) r CTQ,TQ* (ka f7 T)) U (C‘rl,ff (ka 9, T) M CTQ,T; (k7g7 T))
S (Cﬁn’l*(ka f7 T) U CT1,7'1* (k:7 g, T)) Ml (C7'277'2* (k7 fu 7") . CTg,TQ* (ka g, T’))
= Cn,rf(/f, fuUg,r)m Cryrs (k,fug,r)
= ClQ(kv f Uy, T)'
(C5) We prove it from the followings: for all f € (LX) k € K andr € M,,
Cl?(ka 812(k7 fa 7“), 7“)
= C7—1,7—1* (l{?, Clg(k’, f, 7“), 7“) M (,’7277—2* (]{?7 Clg(k, f, r), T)
S Cry g (k, Cry g (ks f, ), 1) T Cry i (K, Cry o (K, 7))

= CTl,Tl* (ka fa T) M CTQ,Té‘ (ka f> T)
= CIZ(k7 f’ T’).
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Lemma 3.2 Let (X, 7, 7%) be an intuitionistic (resp., intuitionistic supra) fuzzy soft topological
space. Foreach k € K,r € My and f € (LX)F, define a mapping Z, .- : K x (L*)F x My —
(LX) as follows:

Lo (k, fr) = | {o € (B[ g C fimf) = rmmi(f) <o’}
Then Z, .« (k, f',r) = (Cr - (K, f,7))".
Proof. Forall f € (LX) k € K andr € Mj, following equality is valid:
Crre (b for)) = (Mg e (LX) g3 fimlg) =r7(g) <'})
= W' [93 fm(g) =2rand7i(g) <r'}
g | 9" € fimlgi(g) <r'}

- IT,T*(kafI7T)'
This completes the proof. U

Theorem 3.3 Let (X, (71, 77), (72, 75)) be an intuitionistic fuzzy soft bitopological space. For
each f € (LX) k € K and r € M, define a mapping Z;5 : K x (L*)F x My — (L*)F as
follows:
Tio(k, f,r) = T ve (ky for) Uy, 1 (K, fy 7).
Then Zy5(k, f',r) = (Cia(k, f,1))".
Proof. For all f € XE k € K and r € M,, the following equality is valid:
(Crak, f,1) = (Coirp (b fir) M Cryry (K, fim))
= (Crmp (b, f,r) U (Crpry (K, f 1))
= Tk for) ULy, (K, fr)
= Tk, f',r).
This completes the proof. U

From Theorem 2.4 and Theorem 3.3, we obtain the following corollary:

Corollary 3.4 Let (X, Cy2) be an intuitionistic supra fuzzy soft closure space. Define mappings
TCias T&km K= M(LX)E by follows:

(e k() = \/{r € My | Coa(k, f',7) = '} = \[{r € My | Tua(k, f,7) = f}.

(e )i(f) = \{r' € Mo | Tua(k, f.7) = £}

Then (7¢,,, 75,,) is an intuitionistic supra fuzzy soft topology on X.

Lemma 3.5 Let (X, 7, 7*) be an intuitionistic fuzzy soft topological space. Foreach f € (L*)¥ k €
K and r € M,, we have

|_| CT,T* (ka fa 8) = CT,T* (ka fa T)'
sEr
Proof. Straightforward. U
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Lemma 3.6 Let (X, (71, 7)), (72, 75 )) be an intuitionistic fuzzy soft bitopological space. For each
fe (LX) ke Kandr € My, we have

|_|612(k77f7 8) = Cl?(kv f7 T)'

sEr
Proof. Since Cy, 7+ (k, f,s) E Cr, r+(k, f,7) and Cr, (K, f,5) E Cry 7z (k, f,7) forall s 2 7,

| |(Crrrs (B, f8) M Cry g (K, f,8)) E Coy g (B f,7) MV Cry s (R, f ).

skr

It follows: | | Cia(k, f,5) C Cra(k, f.7).

sET
Suppose there exist z € X and e € E such that

\/(Cnﬁ* (k, f,8) A CTg,TQ* (k, f,8))e(x) 2 Cﬁ,ﬁ*(ka fim)e(x) A CTg,TQ* (K, f,r)e().

spEr

Since |_| Criri(k, fr88) = Coy i (K, f,r) for i € {1,2}, there exist r; with r; 2 7 for i €
Si BT
{1,2} such that \/(Cn,n* (k, f,s)/\CTQ,TQ*(k:,f, s))e(x) 2 Cn,Tf(/f7 fs rl)e(x)/\CTQ,Tg (k, f,r2)e(z).

sEr
Put 7* = r; V ryo. Then r* 2 r and

CleTf<k7f7r1)e($) N Cr, T2*<k fira)e(w)
< Cn,'r{‘(kaf T*)e( )/\CTQ Ty (k: f r ) ( )
S \/612(k7f )e( )

skr

It is a contradiction. Hence, |_| Cia(k, f,8) 3 Cia(k, f,7). O
sET
Theorem 3.7 Let (X, (71, 71*), (72, 72*)) be an intuitionistic fuzzy soft bitopological space. Let

(X,C12) be an intuitionistic supra fuzzy soft closure space. Define mappings 75,77 : K —
MEZ" by follows:

— \/{Tg(fl) ATE(f) | f= fil fol,

where V is taken over all families { f1, fo | f = fi U f2}, and

/\{Tk () VT (f) | f= il fol},

where A is taken over all families { f1, fo | f = fi1 U f2}, Then the following are satisfied:

(1) If M is an order dense chain, then (7,, 7)) = (7'012, 7¢,,) is the coarsest intuitionistic supra
fuzzy soft topology on X which is finer than (7!, 7!*) and (72, 72*).

2 C2=Crry = Cre -

Proof. (1) Suppose that there exist f € (L*)¥ and k € K such that (7¢,,)x(f) £ (7s)x(f) and
(78,6 (f) 2 ()k(f)-
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By the definition of (7¢,,, 7¢,,) from Corollary 3.4, there exists o € My with C12(k, f',79) =
f" such that (7e,, )i (f) > 10 > (7,)e(f) and (7, )(f) < 76 < (72)e(f).
On the other hand, since Cy2(k, f',79) = f', we have
J=Culk, 1) = (Cogr(k, [, 10) 1 Cra e (k, f',0))
= (Cripa(k, f'ir0)) U (Craran(k, f,r0))
= ITl’Tl* (k‘, 1 7“()) U 172,7-2* (k‘, I TO)'

Since
T (Lo (k. fim0)) = (g |9 C f.m(9) = ro, 737 (9) < 7))
> Mm(9) 19 E fmi(9) =70, 7%(9) <76} > 70,
7 (T (ks for0)) = m (ol 9C fimee) = r077—k “(9) <7o})

< V{T9) |9 C £milg) = ro,mi*(g) < 7} <7,
and, similarly 72(Z,2 ,2«(k, f,70)) > ro and 77*(Z,2 2« (k, f,70)) < 1§, so we have (75)x(f) > 7o
and (77)x(f) < rp. Itis a contradiction. Hence, 7¢,, < 7, and 75, > 7.

Suppose that there exist k € K and h € (L*)F such that (7¢,,)x(h) # (75)x(h) and
(2B Z (2 a(h).

Since M is an order-dense chain, there exist r; € M, such that (7¢,,)k(h) < 1 < (75)x(h)
and (73, )i (h) > 14 > (7)u(h)

By the definition of (75, 77), there exist hy, ho € (L)F with b = hyUhs such that (7¢,, )k (h) <
r1 < 7 () M (he) < (70)i(h), (78,)6(h) > 1y 2 7% (ha) U (ha) = (70)k(R).

On the other hand, since ; < 7((h;) and '} > 7/*(h;) forall i = 1,2, we get C,i .« (k, hf;, 1)
= h}. It follows that

Cio(k, W 1) = Crir1x (k,h',r) M Cr2 o« (k,h',r)
T Cor oo (b B ra) M Cot e (kB 1)
= hiMhy="n.

Hence, (7¢,,)k(h) > 71 and (75, )x(h) < r}. Itis a contradiction. Therefore, 7¢,, > 7, and
7, < 7i. Thus (7¢,,,75,) = (7, 7)) is an intuitionistic supra fuzzy soft topology on X from
Corollary 3.4.

Finally we will show that (75, 7)) is the coarsest intuitionistic supra fuzzy soft topology on X
which is finer than (71, 71*) and (72, 7).

For f = fUOx and i # j € {1,2}, we have (7,),(f) > 7(f) A 7i(0x) = 7i(f) and
(W) < T )V A (O0x) = ().

If (U4, U*) is the intuitionistic supra fuzzy soft topology on X which is finer than (7!, 7!*) and
(72, 72*) for every family { f1, fo} such that f = f; U f,, we have

T (f1) AT (f2) < Uk(fr) ANU(f2) < Un(fLU fa),

T () VT (f2) 2 Ui (1) VUL (f2) = Ui (fi U fo).

By the definition of (75, 7)), we get (75)r(f) < Uk(f) and (7))k(f) > U;(f) for all f €
(L)
(2) Suppose there exist e € F,x € X,r € My and f € (L*)F such that Cio(k, f,7)e(x) ?
Crors (K, f,7)e(). By the definition of Cyo, for i € {1,2}, there exist h; € (L*)* with h; J
fo7i(h;) > rand 7*(h]) < v such that Cia(k, f,7)e(z) < (hy M ho)e(x) < Cry 7o (K, f,7)e().
Since f £ hy M hy and (74)x((h1 M he)) = (ro)e(hy U Y > 7(R)) A m(hb) >
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(T2)e((he M he)') = (75)k(hy U RE > 7 (h5*) A me(R5) > r, by the definition of C,, ,«, it is
clear that C, ;- (K, f,7) © hy M hy. Itis a contradiction. Hence, Ci2 < Cr, ;.
Suppose there existe € E, 1, € X,k € K, € Myand w € (L*)¥ such that

Cia(k,w,m1)e(w1) £ Cry e (B, w, 71 )e(201).

By the definition of C, . there exists h € (L*)¥ with h J w, (75)x(h') > r; and
(73)k(R') < 7 such that Cio(k, w,71)e(21) > he(z1) > Cry 72 (K, w, r1)e(21). On the other hand,
since (75)x(h') > 71 and (7)), (h') < ), by the definition of (74, 7}), for all s 2 rq, there exist
91,92 € (L*)" with i = g1 U g, such that (7,)(h (g1) A 7Z(g2) > s and (73)x(hy*(g1) V
T2 (g9) < S

It follows that for ¢ € {1,2},Ci ;i+(k, g, s) = g. Since h T g, fori € {1,2}, C,i ;i (k, h, 5)
C CTi,Ti* (k7 97/;7 S)‘

So for all s 2 r;,

Clg(k‘, h, 8) = CT17T1*(k‘, h, S) 1 CszTz* (k‘, h, S)
C Crp=(k, g1, 8) MCr2 (K, g5, 8) = g1 T g5 = h.

Thus, C12(k, h, s) = h from (C2) of Definition 2.2. Hence by Lemma 3.6,

h = |_| ClQ(kvha S) - CIQ(k7h7T1>‘
sPr1

Since w C h, we have Cio(k,w,r1) C Cia(k,h,r) = h. It is a contradiction. Hence,
C12 Z CTS,T:' |:|
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