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1 Introduction

In 1983, K. Atanassov laid the foundation for the development of the theory of intuitionistic fuzzy
sets [1–3]. This concept is a generalization of fuzzy theory introduced by L. Zadeh in 1965 [12].

In [6], O. Kaleva gave the existence and uniqueness for a solution of the fuzzy differential
equation

x′(t) = f(t, x(t)),

In [5], S. Melliani et al. discussed the existence and uniqueness for a solution of the intuition-
istic fuzzy differential equation

x′(t) = f(t, x(t)), x(0) = x0.

Several works made in the study of the averaging of fuzzy differential equations [7, 8, 11].
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In this paper, we establish averaging of intuitionistic fuzzy differential equations in order to
generalize the results stated for fuzzy differential equations.

Consider the following problem with a small parameter ε: u′(t) = f

(
t

ε
, u(t)

)
u(0) = u0 ∈ IF.

, (1)

where f : R+ × U −→ IF , U ⊆ IF is an open subset and ε > 0 is a small parameter.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are used through-
out this paper.

Definition 1. We denote

IF =
{

(u, v) : R→ [0, 1]2 |∀x ∈ R /0 ≤ u(x) + v(x) ≤ 1
}

where

1. (u, v) is normal i.e there exists x0, x1 ∈ R such that u(x0) = 1 and v(x1) = 1.

2. u is fuzzy convex and v is fuzzy concave.

3. u is upper semicontinuous and v is lower semicontinuous

4. supp(u, v) = cl({x ∈ R : v(x) < 1}) is bounded.

For α ∈ [0, 1] and (u, v) ∈ IF , we define

[(u, v)]α = {x ∈ R | v(x) ≤ 1− α}

and
[(u, v)]α = {x ∈ R | u(x) ≥ α}

Remark 1. We can consider [(u, v)]α as [u]α and [(u, v)]α as [1− v]α in the fuzzy case.

Definition 2. The intuitionistic fuzzy zero is intuitionistic fuzzy set defined by

0(1,0)(x) =

{
(1, 0), x = 0

(0, 1), x 6= 0

Definition 3. Let (u, v) ,(u′, v′) ∈ IF and λ ∈ R, we define the addition by :

((u, v)⊕ (u′, v′)) (z) =

(
sup
z=x+y

min(u(x), u′(y)); inf
z=x+y

max(v(x), v′(y))

)

λ(u, v) =

{
(λu, λv) if λ 6= 0

0(0,1) if λ = 0
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According to Zadeh’s extension principle, we have addition and scalar multiplication in intu-
itionistic fuzzy number space IF as follows:

[(u, v)⊕ (z, w)]α = [(u, v)]α + [(z, w)]α

[λ(u, v)]α = λ[(u, v)]α

[(u, v)⊕ (z, w)]α = [(u, v)]α + [(z, w)]α

[λ(u, v)]α = λ[(u, v)]α

where (u, v), (z, w) ∈ IF and λ ∈ R.
We denote

[(u, v)]+l (α) = inf{x ∈ R | u(x) ≥ α}

[(u, v)]+r (α) = sup{x ∈ R | u(x) ≥ α}

[(u, v)]−l (α) = inf{x ∈ R | v(x) ≤ 1− α}

[(u, v)]−r (α) = sup{x ∈ R | v(x) ≤ 1− α}

Remark 2. [
(u, v)

]
α

=
[
[(u, v)]+l (α), [(u, v)]+r (α)

]
[
(u, v)

]α
=
[
[(u, v)]−l (α), [(u, v)]−r (α)

]
Theorem 1. ( [10]) let M = {Mα, M

α : α ∈ [0, 1]} be a family of subsets in R satisfying
Conditions (i)− (iv)

i) α ≤ β ⇒Mβ ⊂Mα and Mβ ⊂Mα

ii) Mα and Mα are nonempty compact convex sets in R for each α ∈ [0, 1].

iii) for any nondecreasing sequence αi → α on [0, 1], we have Mα =
⋂
iMαi and Mα =⋂

iM
αi .

iv) For each α ∈ [0, 1], Mα ⊂Mα and define u and v, by

u(x) =

{
0 if x /∈M0

sup {α ∈ [0, 1] : x ∈Mα} ifx ∈M0

v(x) =

{
1 if x /∈M0

1− sup {α ∈ [0, 1] : x ∈Mα} ifx ∈M0

Then (u, v) ∈ IF.

The space IF is metrizable by the distance of the following form:

d∞ ((u, v), (z, w)) =
1

4
sup

0<α≤1
|[(u, v)]+r (α)− [(z, w)]+r (α)|

+
1

4
sup

0<α≤1
|[(u, v)]+l (α)− [(z, w)]+l (α)|
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+
1

4
sup

0<α≤1
|[(u, v)]−r (α)− [(z, w)]−r (α)|

+
1

4
sup

0<α≤1
|[(u, v)]−l (α)− [(z, w)]−l (α)|

where |.| denotes the usual Euclidean norm in R.

Theorem 2. ( [10]) (IF, d∞) is a complete metric space.

On IF , we define the H-difference [9] as follows: u�v has sense if there exists w ∈ IF such
that

u� v = w ⇔ u = v + w.

Definition 4. A function f : I −→ IF is continuous at a point t0 ∈ I if,

∀ε > 0, ∃η > 0, t ∈ I |t− t0| < η ⇒ d∞(f(t), f(t0)) < ε.

f continuous on I if it is continuous at every point t0 ∈ I .

Definition 5. A function f : I × IF −→ IF is continuous at a point (t0, u0) ∈ I × IF if,

∀ε > 0, ∃η > 0, (t, u) ∈ I × IF |t− t0| < η and d∞(u, u0) < η ⇒ d∞(f(t, u), f(t0, u0)) < ε.

f continuous on I × IF if it is continuous at every point (t0, u0) ∈ I .

Definition 6. A function f : I × IF −→ IF is continuous in u0 ∈ IF uniformly with respect to
t ∈ I if, for any u ∈ IF

∀ε > 0, ∃η > 0, u ∈ IF, d∞(u, u0) < η ⇒ d∞(f(t, u), f(t0, u0)) < ε, ∀t ∈ I.

Definition 7. A mapping f : [a, b] −→ IF is said to be differentiable at t0 if there exist f ′(t0) ∈
IF such that the following limits:

lim
h→0+

f(t0 + h) � f(t0)

h
and lim

h→0+

f(t0) � f(t0 − h)

h

exist and they are equal to f ′(t0).

Theorem 3. ( [5]) Let f : I −→ IF be differentiable and f ′ is integrable over I . Let a ∈ I ,
then, for each t ∈ I , we have

f(t) = f(a) +

∫ t

a

f ′(s)ds.

3 Main results

Definition 8. A mapping u : [0, a) −→ U , 0 < a ≤ ∞, is called a solution of problem (1) if it is
continuous, for all t ∈ [0, a) and satisfies the integral equation

u(t) = u0 +

∫ t

0

f
(s
ε
, u(s)

)
ds.
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Definition 9. A mapping u is called a maximal solution of problem (1) if there exists a maximal
positive interval of definition I of u, such that u is a solution of (1) on I .

We associate Eq.(1) with the averaging equation{
v′(t) = f̄(v(t))

v(0) = u0.
(2)

Where the function f̄ : U −→ IF , is such that,

f̄(u) = lim
T→+∞

1

T

∫ T

0

f(s, u)ds, ∀u ∈ U,

with the metric d∞.
To establish our results, we introduce the following assumptions:

(i) the function f : R+ × U −→ IF is continuous;

(ii) the function f is continuous in u ∈ U uniformly with respect to t ∈ R+;

(iii) there exists a locally integrable function ϕ : R+ −→ R+ and M > 0 such that

d∞
(
f(t, u), 0(1,0)

)
≤ ϕ(t), ∀t ∈ R+, ∀u ∈ U,

and ∫ t2

t1

ϕ(t)dt ≤M(t2 − t1), ∀t1, t2 ∈ R+;

(iv) the limit

lim
T→+∞

1

T

∫ T

0

f(s, u)ds = f̄(u),

exists for all u ∈ U ;

(v) there exists a constant N > 0 such that, for all continuous fuctions u, v : R+ −→ U and
t ≥ 0,

d∞

(∫ t

0

f̄(u(s))ds,

∫ t

0

f̄(v(s))ds

)
≤ N

∫ t

0

d∞(u(s), v(s))ds.

To establish our main result we will prove the following lemmas:

Lemma 1. Let assumptions (ii), (iii) and (iv) be satisfied. Then the function f̄ is continuous
and

d∞(f̄
(
u), 0(1,0)

)
≤M, ∀u ∈ U.
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Proof. Let u1 ∈ U , From the assumption (ii), we get, for all ε > 0, there exists δ > 0 such that,
∀u ∈ U

d∞(u, u1) < δ ⇒ d∞(f(s, u), f(s, u1)) <
ε

2
, ∀s ∈ R+.

And, by assumption (iv), we have, for all η > 0, there exists T0 > 0 such that

∀T ≥ T0, d∞

(
1

T

∫ T

0

f(s, u)ds, f̄(u)

)
< η, ∀u ∈ U.

Hence,

d∞(f̄(u), f̄(u1))

≤ d∞

(
f̄(u),

1

T

∫ T

0

f(s, u)ds

)
+ d∞

(
1

T

∫ T

0

f(s, u)ds,
1

T

∫ T

0

f(s, u1)ds

)
+ d∞

(
1

T

∫ T

0

f(s, u1)ds, f̄(u1)

)
≤ 2η +

1

T

∫ T

0

d∞(f(s, u), f(s, u1))ds

≤ 2η +
ε

2

For η =
ε

4
, we get

d∞(f̄(u), f̄(u1)) ≤ ε.

Then, f̄ is continuous at u1.
From the assumption (iv), we have for all η > 0, there exists T0 > 0 such that ∀T ≥ T0

d∞

(
f̄(u),

1

T

∫ T

0

f(s, u)ds

)
< η, ∀u ∈ U.

Therefore,

d∞(f̄(u), 0(1,0)) ≤ d∞

(
f̄(u),

1

T

∫ T

0

f(s, u)ds

)
+ d∞

(
1

T

∫ T

0

f(s, u)ds, 0(1,0)

)
≤ η +

1

T

∫ T

0

d∞(f(s, u)ds, 0(1,0))

≤ η +M.

Since η is arbitrary, hence the result is proved.

Lemma 2. Let assumption (iv) be satisfied. Then for all b > 0 and α > 0, we have

lim
ε→0

sup
t∈[0,b]

d∞

(
ε

α

∫ t
ε
+α
ε

t
ε

f(s, u)ds, f̄(u)

)
= 0, ∀u ∈ U.

Proof. Let u ∈ U , b > 0 and α > 0. It is easy to note that from (iv), if t = 0, we have

lim
ε→0

d∞

(
ε

α

∫ α
ε

0

f(s, u)ds, f̄(u)

)
= 0, ∀u ∈ U.

49



Now, for t ∈ (0, b], we have that

ε

α

∫ t
ε
+α
ε

0

f(s, u)ds =
ε

α

∫ t
ε

0

f(s, u)ds+
ε

α

∫ t
ε
+α
ε

t
ε

f(s, u)ds,

since

ε

α
=

1
α
ε

=
t
α

+ 1
t
ε

+ α
ε

,

Thus,
t

α

1
t
ε

+ α
ε

∫ t
ε
+α
ε

0

f(s, u)ds+
1

t
ε

+ α
ε

∫ t
ε
+α
ε

0

f(s, u)ds

=
t

α

1
t
ε

∫ t
ε

0

f(s, u)ds+
ε

α

∫ t
ε
+α
ε

t
ε

f(s, u)ds,

(3)

Therefore, from (3), we have

d∞

(
ε

α

∫ t
ε
+α
ε

t
ε

f(s, u)ds, f̄(u)

)

= d∞

(
t

α

1
t
ε

+ α
ε

∫ t
ε
+α
ε

0

f(s, u)ds

+
1

t
ε

+ α
ε

∫ t
ε
+α
ε

0

f(s, u)ds	 t

α

1
t
ε

∫ t
ε

0

f(s, u)ds, f̄(u) +
t

α
f̄(u)	 t

α
f̄(u)

)
≤ t

α
d∞

(
1

t
ε

+ α
ε

∫ t
ε
+α
ε

0

f(s, u)ds, f̄(u)

)
+ d∞

(
1

t
ε

+ α
ε

∫ t
ε
+α
ε

0

f(s, u)ds, f̄(u)

)

+
t

α
d∞

(
1
t
ε

∫ t
ε

0

f(s, u)ds, f̄(u)

)
Hence,

sup
t∈(0,b]

d∞

(
ε

α

∫ t
ε
+α
ε

t
ε

f(s, u)ds, f̄(u)

)
≤ b

α
sup
t∈(0,b]

d∞

(
1

t
ε

+ α
ε

∫ t
ε
+α
ε

0

f(s, u)ds, f̄(u)

)

+ sup
t∈(0,b]

d∞

(
1

t
ε

+ α
ε

∫ t
ε
+α
ε

0

f(s, u)ds, f̄(u)

)

+
b

α
sup
t∈(0,b]

d∞

(
1
t
ε

∫ t
ε

0

f(s, u)ds, f̄(u)

)
.

Now, from (iv), we get that

lim
ε→0

sup
t∈(0,b]

d∞

(
1

t
ε

+ α
ε

∫ t
ε
+α
ε

0

f(s, u)ds, f̄(u)

)
= 0,

and

lim
ε→0

sup
t∈(0,b]

d∞

(
1
t
ε

∫ t
ε

0

f(s, u)ds, f̄(u)

)
= 0.

Then, the result is proved.
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Corollary 1. Let assumptions (i), (iii) and (iv) be satisfied. Let uε be a maximal solution of (1)
on [0, aε), 0 < aε ≤ ∞. Then for all b ∈ [0, aε) and α > 0, we have

lim
ε→0

sup
t∈[0,b]

d∞

(
ε

α

∫ t
ε
+α
ε

t
ε

f(s, uε)ds, f̄(uε)

)
= 0.

Proof. It is easy to prove that from (i) and (iii), uε is well defined. Then the result follows
directly from Lemma 2.

Lemma 3. Let assumptions (i)− (iv) be satisfied. Let uε be a maximal solution of (1) on [0, aε),
0 < aε ≤ ∞. Then for all b ∈ [0, aε), we have

lim
ε→0

sup
t∈[0,b]

d∞

(∫ t

0

f
(s
ε
, uε(s)

)
ds,

∫ t

0

f̄(uε(s))ds

)
= 0.

Proof. Let b ∈ [0, aε), We divide the segment [0, b] into n equal parts by the points ti,

t0 = 0 < t1 < · · · < tn = b, n ∈ N,

let eε = ti+1 − ti, i = 0, 1, · · · , n− 1 with lim
ε→0

eε = 0.

For t ∈ [tp, tp+1], p ∈ {0, 1, · · · , n− 1}, we have

d∞

(∫ t

0

f
(s
ε
, uε(s)

)
ds,

∫ t

0

f̄(uε(s)ds)

)
= d∞

(∫ tp

0

f
(s
ε
, uε(s)

)
ds+

∫ t

tp

f
(s
ε
, uε(s)

)
ds ,

∫ tp

0

f̄(uε(s))ds+

∫ t

tp

f̄(uε(s))ds

)

≤ d∞

(∫ tp

0

f
(s
ε
, uε(s)

)
ds,

∫ tp

0

f̄(uε(s))ds

)
+ d∞

(∫ t

tp

f
(s
ε
, uε(s)

)
ds,

∫ t

tp

f̄(uε(s))ds

)

≤
p−1∑
i=0

d∞

(∫ ti+1

ti

f
(s
ε
, uε(s)

)
ds,

∫ ti+1

ti

f̄(uε(s))ds

)

+ d∞

(∫ t

tp

f
(s
ε
, uε(s)

)
ds,

∫ t

tp

f̄(uε(s))ds

)
.

(4)

From (iii) and Lemma 1, we have

d∞

(∫ t

tp

f
(s
ε
, uε(s)

)
ds,

∫ t

tp

f̄(uε(s))ds

)

≤ d∞

(∫ t

tp

f
(s
ε
, uε(s)

)
ds, 0(1,0)

)
+ d∞

(∫ t

tp

f̄(uε(s))ds, 0(1,0)

)

≤
∫ t

tp

d∞

(
f
(s
ε
, uε(s)

)
ds, 0(1,0)

)
+

∫ t

tp

d∞
(
f̄(uε(s))ds, 0(1,0)

)
≤ 2M(t− tp)
≤ 2M(tp+1 − tp) ≤ 2Meε.

(5)
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From i = 0, 1, · · · , n and s ∈ [ti, ti+1] and from (iii), we have

d∞ (uε(s), uε(ti)) = d∞

(
u0 +

∫ s

0

f(τ, uε(τ))dτ, u0 +

∫ ti

0

f(τ, uε(τ))dτ

)
≤ d∞

(∫ ti

0

f(τ, uε(τ))dτ +

∫ s

ti

f(τ, uε(τ))dτ,

∫ ti

0

f(τ, uε(τ))dτ

)
≤ d∞

(∫ s

ti

f(τ, uε(τ))dτ, 0(1,0)

)
≤
∫ s

ti

d∞
(
f(τ, uε(τ)), 0(1,0)

)
dτ

≤M(s− ti) ≤Meε.

Hence, by (ii), we get

d∞

(
f
(s
ε
, uε(s)

)
, f
(s
ε
, uε(ti)

))
≤ βiε, with lim

ε→0
βiε = 0, (6)

and from Lemma 1,

d∞
(
f̄ (uε(s)) , f̄ (uε(ti))

)
≤ γiε, with lim

ε→0
γiε = 0. (7)

Then, from (4), (5), (6) and (7), it follows that

d∞

(∫ t

0

f
(s
ε
, uε(s)

)
ds,

∫ t

0

f̄(uε(s)ds)

)
≤

p−1∑
i=0

d∞

(∫ ti+1

ti

f
(s
ε
, uε(s)

)
ds,

∫ ti+1

ti

f
(s
ε
, uε(ti))ds

))

+

p−1∑
i=0

d∞

(∫ ti+1

ti

f
(s
ε
, uε(ti)

)
ds,

∫ ti+1

ti

f̄(uε(ti))ds

)

+

p−1∑
i=0

d∞

(∫ ti+1

ti

f̄(uε(ti))ds,

∫ ti+1

ti

f̄(uε(s))ds

)

+ d∞

(∫ t

tp

f
(s
ε
, uε(s)

)
ds,

∫ t

tp

f̄(uε(s))ds

)

≤
p−1∑
i=0

eεd∞

 ε

eε

∫ ti
ε
+
eε
ε

ti
ε

f (s, uε(ti)) ds, f̄(uε(ti))


+

p−1∑
i=0

∫ ti+1

ti

(
βiε + γiε

)
ds+ 2Meε (8)

≤ sup
t∈[0,b]

d∞

 ε

eε

∫ t

ε
+
eε
ε

t

ε

f (s, uε(t)) ds, f̄(uε(t))

 p−1∑
i=0

eε

+ max
i∈{0,1,··· ,p−1}

(
βiε + γiε

) p−1∑
i=0

∫ ti+1

ti

ds+ 2Meε
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≤ sup
t∈[0,b]

d∞

 ε

eε

∫ t

ε
+
eε
ε

t

ε

f (s, uε(t)) ds, f̄(uε(t))

 p−1∑
i=0

eε

+ max
i∈{0,1,··· ,p−1}

(
βiε + γiε

) p−1∑
i=0

∫ ti+1

ti

ds+ 2Meε

≤ sup
t∈[0,b]

d∞

 ε

eε

∫ t

ε
+
eε
ε

t

ε

f (s, uε(t)) ds, f̄(uε(t))

 p−1∑
i=0

(ti+1 − ti)

+ max
i∈{0,1,··· ,p−1}

(
βiε + γiε

) p−1∑
i=0

(ti+1 − ti) + 2Meε

≤ b sup
t∈[0,b]

d∞

 ε

eε

∫ t

ε
+
eε
ε

t

ε

f (s, uε(t)) ds, f̄(uε(t))


+ b max

i∈{0,1,··· ,p−1}

(
βiε + γiε

)
+ 2Meε.

Consequently, according to Corollary 1, (6), (7) and (8), the result is obtained.

Now, we are in the position to establish our result.

Theorem 4. Let assumptions (iii)− (v) be satisfied. Let u0 ∈ U , uε be a maximal solution of (1)
on [0, aε), 0 < aε ≤ ∞ and v be the maximal solution of (2) on [0, a), 0 < a ≤ ∞. Then for all
b ∈ (0, aε) ∩ (0, a) and ξ > 0, there exists κξb > 0 such that

d∞ (uε(t), v(t)) < ξ, ∀t ∈ (0, κξb], t ∈ [0, b].

Proof. For t ∈ [0, b] and from (v), we have

d∞ (uε(t), v(t)) = d∞

(
u0 +

∫ t

0

f
(s
ε
, uε(s)

)
ds, u0 +

∫ t

0

f̄(v(s))ds

)
≤ d∞

(∫ t

0

f
(s
ε
, uε(s)

)
ds,

∫ t

0

f̄(v(s))ds

)
≤ d∞

(∫ t

0

f
(s
ε
, uε(s)

)
ds,

∫ t

0

f̄ (uε(s)) ds

)
+ d∞

(∫ t

0

f̄ (uε(s)) ds,

∫ t

0

f̄(v(s))ds

)
≤ sup

t∈[0,b]
d∞

(∫ t

0

f
(s
ε
, uε(s)

)
ds,

∫ t

0

f̄ (uε(s)) ds

)
+N

∫ t

0

d∞ (uε(s), v(s)) ds.

Denote

θε = sup
t∈[0,b]

d∞

(∫ t

0

f
(s
ε
, uε(s)

)
ds,

∫ t

0

f̄ (uε(s)) ds

)
,
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From Lemma 3, we have lim
ε→0

θε = 0. By Gronwall Lemma, we get

d∞ (uε(t), v(t)) ≤ θεe
Nt ≤ θεe

Nb.

Finally, we obtain

lim
ε→0

sup
t∈[0,b]

d∞ (uε(t), v(t)) = 0.

This completes the proof.
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