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1 Introduction

Since the concept of a fuzzy subset of a non-empty set was first introduced by Zadeh [15] in
1965, there have been a number of generalizations of this fundamental concept. The notion of
intuitionistic fuzzy sets, first introduced by Atanassov [1], is one among them.

The theory of hyperstructures was introduced by Marty [11] in 1934. Marty introduced the
notion of a hypergroup and then many researchers have been working on this new field of modern
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algebra and have been developing it. /,-rings first were introduced by Vougiouklis [14] in 1990.
The largest class of algebraic systems satisfying ring-like axioms is the H,-ring. So, he defined
the fundamental definition of H, -rings theory.

The concept of the fuzzy subhypergroup as well as of the fuzzy H, -group were introduced by
Davvaz [3] in 1999. Davvaz [4] defined the concept of fuzzy H,-ideal of an H,-ring, which is
a generalization of the concept of fuzzy ideal. The notion of intuitionistic fuzzy H,-ideal of an
H,,-ring were introduced by Davvaz, Dudek [5] in 2006.

Definition 1. [15] Let X be a nonempty set. A mapping  : X — [0,1] is called a fuzzy set in
X. The complement of i, denoted by 11, is the fuzzy set in X given by ¢ (x) = 1 — p () for all
x e X.

Definition 2. [1] An intuitionistic fuzzy set (shortly IFS) on a set X is an object of the form
A= (@, pa(),va(@)) @ € X},

where pa(x),(ua @ X — [0,1]) is called the “degree of membership of x in A”, va(x),
(va : X — [0,1]) is called the “degree of non-membership of x in A”, and where |14 and
v satisfy the following condition:

pa(z) +va(z) <1, forallx € X.

For the sake of simplicity, we shall use the symbol A = (ji4,V4) for the intuitionistic fuzzy
set A = {(z, pa(z),va(z)) : x}.

Definition 3. [?] Let A = (ua,va) and B = (up, vg) be intuitionistic fuzzy sets in X. Then
1. ACBiffua(z) < pup(z)andva(x) > v (x) forallx € X
2. A= {{z,va(x), pa(x)) : x € X}
3. AN B = {{z,ua(x) N ug (x),va(z) Vg (z)):x € X}
4. AUB = {{z,pa(x) V up (z),va(z) ANvg (z)) : x € X}
5. A=B: < ACBABCA

Definition 4. [11] A hyperstructure is a non-empty set H together with a mapping « : H x H —
P* (H) which is called hyperoperation, where P* (H ) denotes the set of all non-empty subsets of
H. The image of pair (x,y) is denoted by v xy. If v € H and A, B C H, thenby Ax B, Ax x
and x x B we mean, respectively,

AxB= U axbAxx=Ax{z} andxx B ={z} * B.

a€AbEB

Definition 5. [3] A hyperstructure (H, x) is called a hypergroup if the following axioms hold:
(i) (H,x) is a semihypergroup, that is, Vx,y,z € H,(x % (y x 2)) = ((x x y) * 2) ;
(1) x«H =Hxx=H forallx € H.
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Definition 6. [13] An H,-ring is a system (R, +,-) with two hyperoperations satisfying the fol-
lowing ring-like axioms:
(i) (R,+,") is an H,-group, that is,
Voe R,a+ R=R+a=R
Ve,y,z€ R, (x+y)+2)N(x+ (y+2)) #
(i1) (R,-)is an H,-semigroup, that is,

Ve,y,z € R, ((x-y)-2) 0 (x-(y-2) # Z;

(1ii) (-) is weak distributive with respect to (+) , that is, for all z,y, z € R,

(+y)-z)N(z-24+y-2) # O
(@-(y+2)N(z-y+az-z) # 2.

Definition 7. [3] Let (H, -) be a hypergroup (or H,-group) and let 11 be a fuzzy subset of H. Then,
W is said to be a fuzzy subhypergroup (or fuzzy H,-subgroup) of H if the following axioms hold:

() min {pe (2) e (o)} < inf {pr (), ey € H.
(17) forall x,a € H there existsy € H suchthat x € a -y and min {u (a), pu(z)} < p(y).

Definition 8. /3] Let (H, -) be an H,-group and let i be a fuzzy subset of H. Then, p is said to
be a T-fuzzy H,-subgroup of H with repect to T'-norm T' if the following axioms hold:

(@) T(u(2),n(y) < inf {u(a)} Yo,y € H;
(i1) forall x,a € H there exists y € H suchthat x € a-yand T (pu(a),p(x)) < u(y).

Definition 9. [5] An intuitionistic fuzzy set A = (ua,va) in R is called a left (resp., right)
intuitionistic fuzzy H,-ideal of R if

1) min{pa (z),pa (y)} <inf{ua(2): 2z € x +y}, forall x,y € R;

2) forall x,a € R there existy,z € R such that x € (a +y) N (z + a) and

min {4 (@), pa (x)} <min{pa (y), pa (2)};

3) pa(y) <inf{ua(z):ze€x-y}(resp,pa(x) <inf{pa(2):z€x-y})foralz,y e R;
4) sup{va (2):z € v+ y} <max{va (z),va(y)}, forall x,y € R;
5) forall x,a € R there existy,z € R such that x € (a +y) N (z + a) and

max {va (y),va(2)} <max{va(a),va(x)};

6) sup{va(z):z€x-y} <wvaly) (resp,sup{va(z):z €z -y} <ws(x))foralx,y € R.

Definition 10. [10] By a t-norm T, we mean a function T : [0,1] x [0,1] — [0, 1] satisfying the

following conditions:

1) T(z,1) =

2) T(x,y) < (

3) T(x,y) = T(yw),

4) T(x,T(y, 2)) = T(T(2,y), 2);
[0,1].

forall x,y,z € |0,1
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For a t-norm T on [0, 1], denote by A7 the set of element o € [0, 1] such that T'(«, o) = a,
ie, Ar:={ae€l0,1] : T(o,a) =a}.

Definition 11. [/0] Let T be a t-norm. A fuzzy subset i1 of R is said to satisfy the idempotent
property if S () C Ar.

2 Main results

Definition 12. Ler (R, +,-) be an H,-ring and A = (ua,v4) be an intuitionistic fuzzy subset
of R. Then, A = (ua,va) is said to be a T-intuitionistic fuzzy H,-subring of R with respect to
t-norm T’ if the following axioms hold:

1) T(pua(x),pa(y)) <inf{pa(2):z €x+y}, forallz,y € R;
2) sup{ra(2):z€x+y} <1-T1—-va(x),1—va(y)), forallz,y € R;
3) forall x,a € R there existy,z € R such that x € (a +y) N (z + a) and

T (pa(a),pa(z)) <T (pa(y),pa(2));

4) T (pua(z),pa(y)) <inf{ua(2):z€x-y}, foral x,y € R,
5) sup{ra(z):z€x- -y} <1-TA—-va(x),1—va(y)),foralx,y € R,
6) forall x,a € R there existy,z € R such that v € (a +y) N (2 + a) and

T(1—va(a),l—va(z)) <TA—=valy),l —va(2)).

Theorem 1. Let T’ be an t-norm and A = (jia,v4) be an T-intuitionistic fuzzy H,-subring of R.
Let j14, 1 — v have the idempotent property. Then, the following sets are H,-subring of R

R'={z€R:pa(x)>pa(w)}, L"={x € R:vys(x) <va(w)}.

Proposition 1. Let z,y € R™. Then, ua (x) > pa (w) and pa (y) > pa (w).
Since A = (pa,va) be a T-intuitionistic fuzzy H,-subring of R and 14 have the idempotent
property, it follows that

inf {pa (2): z€x+y}
a(w))
a(w)) = pa(w)

A\
N N
=5
RN
G0
= =

Hence, x +y C RY implies x +y € P*(R"). Similarly, we have © -y C R" and
x-y € P*(R").Hence,a+ R" C R” and R* +a C RY foralla € R".
Now, let x € R™. Then, there existy,z € R such that x € (a +y) N (2 + a) and

T (pa(a), pa(x)) < T (pa(y),pa(2)) .

Since a,x € R¥, we have

pa(w) =T (pa(w),pa(w)) < T (paa), pa(x))
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and so
pra (W) < T (pa(y), pa(z)) <min{pa (y), pa(2)},

which implies y € R" and z € R".
This proves that R* C a + R and R C R + a.
Since (R,+,-) is an H,-group and R* C R then forall x,y,z € R",

(z+y)+2)N(z+(y+2) #F;

(x+y)-2)N(z-2+y-2) #

(@-(y+2)0(r-y+a-2)#;

((z-y)-2)n(z-(y-2) # 2.
Consequently, R" is an H,-subring of R.

If z,y € LY, then vy(z) < va(w) and vy (y) < va(w). Since A = (pa,va) is a
T-intuitionistic fuzzy H,-subring of R and 1 — v4 has the idempotent property, it follows that

sup{ra(z):z€x+y}<1-T{A—-va(x),1—v4(y))
<T-T{A—-va(w),1 —va(w)) =va(w).

Hence, x +y C L. Similarly, we have x - y C L". Hence, a + L* C L and L +a C L"
foralla € L".
Let x € L. Then, there existy,z € R suchthat x € (a +y) N (2 + a) and

T(1—vala),1—va(x)) <T(A—-va(y),l —va(z)).
Since a,x € L™, we have

1—va(w)=T(1—va(w),1—vs(w))
<T(A—-va(w),l—va(x) <T(1—vala),l —va(z)),

and so
l—va(w) <T(1—-va(y),l —va(2)) <min{l —va(y),1 —va(2)},

which implies y € L" and z € L".
This proves that L C a+L" and L* C L¥+a. Since (R,+,") isan H,-group and L’ C R,
then forall x,y,z € L™,

(z+y)+2)N(z+(y+2) #9;
(z+y)-2)N(x-2+y-2) #2;
(@-(y+2)N(@-y+z-2)#;
(z-y)-z)N(x-(y-2) # 2.

Consequently, L be an H,-subring of R.
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Proposition 2. Let H be a non-empty subset of an H,-ring R and let the fuzzy sets j1,v in R be

defined by
oy, wT€H Bo,x € H

p(x) = , vi(z)=
«q, otherwise (1, otherwise

where 0 < ay < g, 0 < By < frand a; + 5; < 1 fori =0, 1.
Let 11,1 — v have the idempotent property. Then, A = (u,v) is a T-intuitionistic fuzzy
H,-subring of R < H is an H,-subring of R.

Proof. Suppose that A = (1, v) is a T-intuitionistic fuzzy H,-subring of R. Let x,y € H. Then,

inf {11(2) s 2 € 2 +y} 2 T (@), 1 () = T (v, a0) = a.

It follows that x + y C H. Similarly, we have z - y C H.
Hence,a + H C Hand H +a C H foralla € H. Let x € H. Then, there existy,z € R
such that z € (a +y) N (2 + @) and

T (p(a), p(x) <T (u(y),pm(z)).

Since a,x € H, we have

ag =T (u(a),p(x)) <T(u(y),m(2) <min{u(y),p(z)},

which implies y € H and z € H.
This proves that H C a + H and H C H + a. Since (R,+,-)is an H,-groupand H C R
then for all z,y, 2z € H,

(+y)+2)N(z+(y+2)#9;
(+y)-z)N(x 24y 2)#3;
yt+))N(x-y+a-z)#9;
(@-y)-z)N(x-(y-2)) # 2.
Therefore H is an H,-subring of R.

Conversely suppose that H is an H,-subring of R. Letz,y € R.Ifr € R\ Hory € R\ H,
then p () = oy or  (y) = oy and so

(
(
(-
(

inf {p(2) 1z € x+y} 2min{p(x),ny)} =1 2T (@), 1Y)

Assume that x € H and y € H. Then, x +y C H and hence
inf {p(2) 1z € x+y} 2min{p(x),n @)} =a0 =T (@), 1Y)
Letz,ye R.Ifr€e R\ Hory € R\ H,thenv (z) = /5, or v (y) = (; and so

sup{v (2) : 2z € v +y} < B = max{v (z),v(y)}
=l-min{l—v(),l-vy}<1-TA-v(x),1-v(y)).
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Assume that v € H and y € H. Then, x +y C H and hence

sup{v(2) 1z € v +y} < B = max{v(v),v(y)}
=l-min{l—-v(@),l-v(y)}<1-T{A-v(z),l-v(y).

Letz,y € R.Ifxr € R\ Hory € R\ H,then u(z) = oy or u(y) = ; and so

inf {p(z):z€x -y} >2min{p(z),n(y)t =ar 2T (u(x), pn(y)).

Assume that x € H and y € H. Then, x + y C H and hence

inf {p(z):z€x -y} Z2min{p(x),n(y)} =ao =T (u(x), pn(y)).

Letz,y € R.Ifxr € R\Hory € R\ H,thenv (x) = ; or v (y) = ; and so

sup{v (z) 1z € v -y} < By = max{v (v),v(y)}
=l-min{l—v(@),l-v(y)}<1-T{1-v(z),1-v(y).

Assume that v € H and y € H. Then, x +y C H and hence

sup {v (2) 1 z € 2 -y} < fo = max {v (z) ,v ()}
=l-min{l—v(z),l-v}<1-T{1—-v(x),1-v(y).

Let x,a € R. Since R is an H,-ring, then there exist y, z € Rsuchthatz € (a + y)N(z + a).
Ifxr € R\Hora € R\H,then i (z) = ajorpu(a) =cajandhence p (z) < p(y), p(a) < p(z).
And so

T(p(a), p(x) <T (u(y),pn(2)).

Assume that z € H and @ € H. Since H is an H,-subring of R, then there exist y,z € H
suchthatz € (a +y) N (24 a). Then, u(z) = p(y) = p(a) = p(z) = ap and so

T(p(a),p(x) <T (u(y), pn(2)).
Similarly, we have for all z,a € R there exist y, 2 € R such that x € (a 4+ y) N (2 + a) and
Tl—-v(a),l—v(x)<TA-v(y),1—-v(2).

Consequently A = (u, v) be a T-intuitionistic fuzzy H,-subring of R. [l
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