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1 Introduction

The Intuitionistic Fuzzy Sets (IFSs, see [2, 5]) were defined as extensions of the ordinary fuzzy
sets, but during the last 25 years they have also been object of extensions and applications.

Exactly 20 years ago, Anthony Shannon and the author introduced the concept of an Intu-
itionistic Fuzzy Graph (IFG) [9]. The definition from [2, 5] is the following.

Let V be a set of vertices. For a fixed Cartesian product ◦ over IFSs (see [2, 5]), the set

G∗ = {〈〈x, y〉, µG(x, y), νG(x, y)〉 〈x, y〉 ∈ V × V }

is called ◦-IFG (or briefly, an IFG) if the functions µG : V × V → [0, 1] and νG : V × V → [0, 1]

define the degree of membership and the degree of non-membership, respectively, of the arc
〈x, y〉 ∈ V × V to the set G ⊂ V × V , where × is a standard set-theoretical Cartesian product
and the functions µ and ν have the forms of the corresponding components of the o-Cartesian
product over IFSs and for all 〈x, y〉 ∈ V × V,
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0 ≤ µG(x, y) + νG(x, y) ≤ 1.

For simplicity, we write G instead of G∗.

2 Short remarks on index matrix, intuitionistic fuzzy
index matrix and extended intuitionistic fuzzy index matrix

The concept of Index Matrix (IM) was introduced in [1] and discusssed in more details in [3, 4].
Here, following [3], the basic definitions and properties related to IMs are given.

Let I be a fixed set of indices and R be the set of all real numbers. By IM with index sets K
and L (K,L ⊂ I), we mean the object,

[K,L, {aki,lj}] ≡

l1 l2 . . . ln

k1 ak1,l1 ak1,l2 . . . ak1,ln
k2 ak2,l1 ak2,l2 . . . ak2,ln
...
km akm,l1 akm,l2 . . . akm,ln

,

where K = {k1, k2, ..., km}, L = {l1, l2, ..., ln}, and for 1 ≤ i ≤ m, and 1 ≤ j ≤ n : aki,lj ∈ R.
On the basis of the above definition, in [4] the new object – the Intuitionistic Fuzzy IM (IFIM)

– was introduced in the form

[K,L, {〈µki,lj , νki,lj〉}]

≡

l1 l2 . . . ln

k1 〈µk1,l1 , νk1,l1〉 〈µk1,l2 , νk1,l2〉 . . . 〈µk1,ln , νk1,ln〉
k2 〈µk2,l1 , νk2,l1〉 〈µk2,l2 , νk2,l2〉 . . . 〈µk2,ln , νk2,ln〉
...
km 〈µkm,l1 , νkm,l1〉 〈µkm,l2 , νkm,l2〉 . . . 〈µkm,ln , νkm,ln〉

,

where for every 1 ≤ i ≤ m, 1 ≤ j ≤ n: 0 ≤ µki,lj , νki,lj , µki,lj + νki,lj ≤ 1.

The Extended IFIM (EIFIM) has defined in [6] by:

[K∗, L∗, {〈µki,lj , νki,lj〉}]

≡

l1, 〈αl1, βl1〉 . . . lj, 〈αlj, βlj〉 . . . ln, 〈αln, βln〉
k1, 〈αk1, βk1 〉 〈µk1,l1 , νk1,l1〉 . . . 〈µk1,lj , νk1,lj〉 . . . 〈µk1,ln , νk1,ln〉
...

... . . .
... . . .

...
ki, 〈αki , βki 〉 〈µki,l1 , νki,l1〉 . . . 〈µki,lj , νki,lj〉 . . . 〈µki,ln , νki,ln〉
...

... . . .
... . . .

...
km, 〈αkm, βkm〉 〈µkm,l1 , νkm,l1〉 . . . 〈µkm,lj , νkm,lj〉 . . . 〈µkm,ln , νkm,ln〉

,
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where for every 1 ≤ i ≤ m, 1 ≤ j ≤ n: µki,lj , νki,lj , µki,lj + νki,lj ∈ [0, 1],

αk1, β
k
1 , α

k
1 + βk1 ∈ [0, 1],

αl1, β
l
1, α

l
1 + βl1 ∈ [0, 1]

and here and below,

K∗ = {〈ki, αki , βki 〉|ki ∈ K} = {〈ki, αki , βki 〉|1 ≤ i ≤ m},

L∗ = {〈lj, αlj, βlj〉|lj ∈ L} = {〈lj, αlj, βlj〉|1 ≤ j ≤ n}.

Let
K∗ ⊂ P ∗ iff (K ⊂ P ) & (∀ki = pi ∈ K)((αki < αpi ) & (βki > βpi )).

K∗ ⊆ P ∗ iff (K ⊆ P ) & (∀ki = pi ∈ K)((αki ≤ αpi ) & (βki ≥ βpi )).

All operations and relations over EIFIM must be re-defined, because they have different forms
from the above ones. Obviously, the hierarchical operators are not applicable now.

3 Standard operations over EIFIMs

For the EIFIMs A = [K∗, L∗, {〈µki,lj , νki,lj〉}], B = [P ∗, Q∗, {〈ρpr,qs , σpr,qs〉}], operations that
are analogous to the usual matrix operations of addition and multiplication are defined, as well as
other specific ones.

(1.a) Alddition-(max,min)

A⊕(max,min) B = [T ∗, V ∗, {〈ϕtu,vw , ψtu,vw〉}],

where
T ∗ = K∗ ∪ P ∗ = {〈tu, αtu, βtu〉|tu ∈ K ∪ P},

V ∗ = L∗ ∪Q∗ = {〈vw, αvw, βvw〉|vw ∈ L ∪Q},

αtu =



αki , if tu ∈ K − P

αpr , if tu ∈ P −K

max(αki , α
p
r), if tu ∈ K ∩ P

,

βvw =



βlj, if vw ∈ L−Q

βqs , if tw ∈ Q− L

min(βlj, β
q
s), if tw ∈ L ∩Q

,
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and

〈ϕtu,vw , ψtu,vw〉 =



〈µki,lj , νki,lj〉, if tu = ki ∈ K
and vw = lj ∈ L−Q
or tu = ki ∈ K − P
and vw = lj ∈ L;

〈ρpr,qs , σpr,qs〉, if tu = pr ∈ P
and vw = qs ∈ Q− L
or tu = pr ∈ P −K
and vw = qs ∈ Q;

〈max(µki,lj , ρpr,qs), if tu = ki = pr ∈ K ∩ P
min(νki,lj , σpr,qs)〉, and vw = lj = qs ∈ L ∩Q

〈0, 1〉, otherwise

(1.b) Addition-(min,max)

A⊕(min,max) B = [T ∗, V ∗, {〈ϕtu,vw , ψtu,vw〉}],

where T ∗, V ∗, αtu, β
v
w, have the forms from (1.a), but

〈ϕtu,vw , ψtu,vw〉 =



〈µki,lj , νki,lj〉, if tu = ki ∈ K
and vw = lj ∈ L−Q
or tu = ki ∈ K − P
and vw = lj ∈ L;

〈ρpr,qs , σpr,qs〉, if tu = pr ∈ P
and vw = qs ∈ Q− L
or tu = pr ∈ P −K
and vw = qs ∈ Q;

〈min(µki,lj , ρpr,qs), if tu = ki = pr ∈ K ∩ P
max(νki,lj , σpr,qs)〉, and vw = lj = qs ∈ L ∩Q

〈0, 1〉, otherwise

(2.a) Termwise multiplication-(max,min)

A⊗(max,min) B = [T ∗, V ∗, {〈ϕtu,vw , ψtu,vw〉}],

where
T ∗ = K∗ ∩ P ∗ = {〈tu, αtu, βtu〉|tu ∈ K ∩ P},

V ∗ = L∗ ∩Q∗ = {〈vw, αvw, βvw〉|vw ∈ L ∩Q},
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αtu = min(αki , α
p
r), for tu = ki = pr ∈ K ∩ P,

βvw = min(βlj, β
q
s), for vw = lj = qs ∈ L ∩Q

and
〈ϕtu,vw , ψtu,vw〉 = 〈max(µki,lj , ρpr,qs),min(νki,lj , σpr,qs)〉.

(4.2.b) Termwise multiplication-(min,max)

A⊗(min,max) B = [T ∗, V ∗, {〈ϕtu,vw , ψtu,vw〉}],

where T ∗, V ∗, αtu, β
v
w, have the forms from (2.a), but

〈ϕtu,vw , ψtu,vw〉 = 〈min(µki,lj , ρpr,qs),max(νki,lj , σpr,qs)〉.

(3.a) Multiplication-(max,min)

A�(max,min) B = [T ∗, V ∗, 〈ϕtu,vw , ψtu,vw〉}],

where
T ∗ = (K ∪ (P − L))∗ = {〈tu, αtu, βtu〉|tu ∈ K ∪ (P − L)},

V ∗ = (Q ∪ (L− P ))∗ = {〈vw, αvw, βvw〉|vw ∈ Q ∪ (L− P )},

αtu =


αki , if tu = ki ∈ K

αpr , if tu = pr ∈ P − L
,

βvw =


βlj, if vw = lj ∈ L− P

βqs , if tw = qs ∈ Q
,

and
〈ϕtu,vw , ψtu,vw〉 =

=



〈µki,lj , νki,lj〉, if tu = ki ∈ K
and vw = lj ∈ L− P −Q

〈ρpr,qs , σpr,qs〉, if tu = pr ∈ P − L−K
and vw = qs ∈ Q

〈 max
lj=pr∈L∩P

(min(µki,lj , ρpr,qs)), if tu = ki ∈ K

and vw = qs ∈ Q
min

lj=pr∈L∩P
(max(νki,lj , σpr,qs))〉,

〈0, 1〉, otherwise
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(3.b) Multiplication-(min,max)

A�(min,max) B = [T ∗, V ∗, 〈ϕtu,vw , ψtu,vw〉}],

where T ∗, V ∗, αtu, β
v
w, have the forms from (3.a), but

〈ϕtu,vw , ψtu,vw〉 =

=



〈µki,lj , νki,lj〉, if tu = ki ∈ K
and vw = lj ∈ L− P −Q

〈ρpr,qs , σpr,qs〉, if tu = pr ∈ P − L−K
and vw = qs ∈ Q

〈 min
lj=pr∈L∩P

(max(µki,lj , ρpr,qs)), if tu = ki ∈ K

and vw = qs ∈ Q
max

lj=pr∈L∩P
(min(νki,lj , σpr,qs))〉,

〈0, 1〉, otherwise

(4) Structural subtraction

A	B = [T ∗, V ∗, {〈ϕtu,vw , ψtu,vw〉}],

where
T ∗ = (K − P )∗ = {〈tu, αtu, βtu〉|tu ∈ K − P},

V ∗ = (L−Q)∗ = {〈vw, αvw, βvw〉|vw ∈ L−Q},

for the set–theoretic subtraction operation and

αtu = αki , for tu = ki ∈ K − P,

βvw = βlj, for vw = lj ∈ L−Q

and
〈ϕtu,vw , ψtu,vw〉 = 〈µki,lj , νki,lj〉, for tu = ki ∈ K − P and vw = lj ∈ L−Q.

(5) Negation of an EIFIM

¬A = [T ∗, V ∗, {¬〈µki,lj , νki,lj〉}],

where ¬ is one of the intuitionistic fuzzy negations given in [5], or another possible negation.

(6) Termwise subtraction

A−max,min B = A⊕max,min ¬B,

A−min,max B = A⊕min,max ¬B.

Operations “reduction”, “projection” and “substitution” over EIFIMs coincide with the re-
spective operations defined in [3, 4, 6].
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4 Operations “reduction” over an EIFIM

Here and below we use symbol “⊥” for lack of some component in the separate definitions. In
some cases, it is suitable to change this symbol with “0”.

Now, we introduce operations (k,⊥)- and (⊥, l)-reduction of a given EIFIMA = [K,L, {aki,lj}]:

A(k,⊥) = [K − {k}, L, {ctu,vw}]

where
ctu,vw = aki,lj for tu = ki ∈ K − {k} and vw = lj ∈ L

and
A(⊥,l) = [K,L− {l}, {ctu,vw}],

where
ctu,vw = aki,lj for tu = ki ∈ K and vw = lj ∈ L− {l}.

Second, we define
A(k,l) = (A(k,⊥))(⊥,l) = (A(⊥,l))(k,⊥),

i.e.,
A(k,l) = [K − {k}, L− {l}, {ctu,vw}],

where ctu,vw = aki,lj for tu = ki ∈ K − {k} and vw = lj ∈ L− {l}.

Third, let P = {k1, k2, ..., ks} ⊆ K and Q = {q1, q2, ..., qt} ⊆ L. Then, we define the
following three operations:

A(P,l) = (...((A(k1,l))(k2,l))...)(ks,l),

A(k,Q) = (...((A(k,l1))(k,l2))...)(k,lt),

A(P,Q) = (...((A(p1,Q))(p2,Q))...)(ps,Q) = (...((A(P,q1))(P,q2))...)(P,qt).

Obviously,
A(K,L) = I∅ and A(∅,∅) = A.

5 Operation “substitution” over an EIFIM

Let EIFIM A = [K,L, {ak,l}] be given. First, local substitution over the EIFIM is defined for the
couples of indices (p, k) and/or (q, l), respectively, by[

p

k
;⊥
]
A = [(K − {k}) ∪ {p}, L, {ak,l}] ,

[
⊥; q

l

]
A = [K, (L− {l}) ∪ {q}, {ak,l}] ,

Second, [
p

k
;
q

l

]
A =

[
p

k
;⊥
] [
⊥; q

l

]
A,
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i.e. [
p

k
;
q

l

]
A = [(K − {k}) ∪ {p}, (L− {l}) ∪ {q}, {ak,l}] .

Let the sets of indices P = {p1, p2, ..., pu}, Q = {q1, q2, ..., qv} be given. Third, for them we
define sequentially: [

P

K
;⊥
]
A =

[
p1
k1

p2
k2
...
pu
ku

;⊥
]
A,

[
⊥; Q

L

]
A = (

[
⊥; q1

l1

q2
l2
...
qv
lv

]
A),

[
P

K
;
Q

L

]
A =

[
P

K
;⊥
]
(
[
⊥; Q

L

]
A).

6 Short remarks on index matrix representation
of ordinary graphs

Let us have the following oriented graph C

@
@
@@R

�
�

��	?
�

�
��	

@
@
@@R

• • •

•

• •

a b c

d

e f

For it, we can construct the (0, 1)-IM, i.e., IM with elements from set {0, 1}, which is an
adjacency matrix of the graph

C =

a b c d e f

a 0 0 0 1 0 0

b 0 0 0 1 0 0

c 0 0 0 1 0 0

d 0 0 0 0 1 1

e 0 0 0 0 0 0

f 0 0 0 0 0 0

.

Shortly, we denote this matrix by “Adjacency IM” (AdIM).
Obviously, the columns indexed by a, b, c and the rows, indexed by e, f contain only zeros

and do not give any information. So, we can transform the AdIM to the form

D =

d e f

a 1 0 0

b 1 0 0

c 1 0 0

d 0 1 1

,
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in which the isolated vertices are omitted. This new (0, 1)-IM can be called “reduced AIM”.
An important question is whether this modification is a correct one. Really, we see that the

connections between the immediate neighbouring vertices of the graph are seen, but we must
check the basic property of the standard adjacency matrix X , that the elements of the multiplica-
tion X2 = X �(×,+) X represent which vertices are adjacent (see, e.g., [8]). Using the operation
�(max,min), we obtain for the (0, 1)-IM D

D �(max,min) D =

d e f

a 1 0 0

b 1 0 0

c 1 0 0

d 0 1 1

�(max,min)

d e f

a 1 0 0

b 1 0 0

c 1 0 0

d 0 1 1

=

d e f

a 0 1 1

b 0 1 1

c 0 1 1

d 0 0 0

.

Now, we illustrate the results of the applications of different operations over (0, 1)-IMs, that
represent some oriented graphs. Let us have the graph E

•

•

•

•

•

•

•

e

c

a b

d

f

g

? ?

�
�
�	

? ?

@
@
@R

�
�
�	
A
A
AU

�
�
��

Its (0, 1)-IM (in the reduced form, i.e., with omission of the row indexed by g) is

E =

c d e f g

a 1 0 0 0 0

b 1 1 0 0 0

c 0 0 1 1 0

d 0 0 1 1 0

e 0 0 0 0 1

f 0 0 0 0 1

.

Then, we calculate:

E2 = E �min E =

c d e f g

a 0 0 1 1 0

b 0 0 1 1 0

c 0 0 0 0 1

d 0 0 0 0 1

e 0 0 0 0 0

f 0 0 0 0 0

.
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As above, we can reduce the (0, 1)-IM E2 to the form

e f g

a 1 1 0

b 1 1 0

c 0 0 1

d 0 0 1

.

It is interesting to see that

E �min E
2 =

c d e f g

a 0 0 0 0 1

b 0 0 0 0 1

c 0 0 0 0 0

d 0 0 0 0 0

e 0 0 0 0 0

f 0 0 0 0 0

= E2 �min E.

Therefore, E�minE
2 = E3 = E2�minE. We see that the resultant (0, 1)-IM can be reduced

to
g

a 1

b 1

.

Let us construct a graph, that is a result of operation substitution
[
h
c
i
f
; h
c
i
f

]
over graph C, then

we obtain the graph F with IM:

a b h d e i

a 0 0 0 1 0 0

b 0 0 0 1 0 0

h 0 0 0 1 0 0

d 0 0 0 0 1 1

e 0 0 0 0 0 0

i 0 0 0 0 0 0

and with the form:

@
@
@R

�
�
�	?

�
�
�	

@
@
@R

• • •

•

• •

a b h

d

e i

In the present case, when both index sets coincide, it is suitable to use notation
[
h
c
i
f

]
.

If we like to unite the graphs E and F , we obtain the following graph with the form
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•

•

•

•

•

•

• •

•e

c

a b

d

f

g

i

h

?

@
@
@R?

�
�
�	

? ?

@
@
@R

�
�
�	
A
A
AU

�
�
��

�
�
�	
@
@
@R

and with (0, 1)-IM

E ⊕max F =

c d e f g i

a 1 1 0 0 0 0

b 1 1 0 0 0 0

c 0 0 1 1 0 0

d 0 0 1 1 0 1

e 0 0 0 0 1 0

f 0 0 0 0 1 0

h 0 1 0 0 0 0

.

The (0, 1)-IM that is a result of operation termwise multiplication with sub-operation “max”
over (0, 1)-IMs E and C is

E ⊗max F =

d e

a 1 0

b 1 0

d 0 1

,

with sub-operation “min” is

E ⊗min F =

d e

a 0 0

b 1 0

d 0 1

and it has, respectively, the graph-forms

•

•

•

•a b

d

e
and

@
@@R?

? •

•

•b

d

e

?

?

30



In addition, we mention that the graph-representation of the (0, 1)-IM

E ⊕min F =

c d e f g i

a 0 0 0 0 0 0

b 0 1 0 0 0 0

c 0 0 0 0 0 0

d 0 0 1 0 0 0

e 0 0 0 0 0 0

f 0 0 0 0 0 0

h 0 0 0 0 0 0

and in the reduced form

E 	min F =

d e

b 1 0

d 0 1

i.e., the graph form is

•

•

•

•e

c

f

g

?
A
A
AU

�
�
��

If we like to omit some vertex of a graph, we can do this, using operation “reduction”. For
example,

E(d,d) =

c e f g

a 1 0 0 0

b 1 0 0 0

c 0 1 1 0

e 0 0 0 1

f 0 0 0 1

.

This (0, 1)-IM has a graph-representation

•

•

•

•

•

•

e

c

a b

f

g

?

�
�
�	

?

@
@
@R

A
A
AU

�
�
��

Now, we illustrate operation �(◦,∗). Let us have graphs G and H
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• • •

•G a

b c d
?

�
�
�	

@
@
@R • •

•H x

y z

A
A
AU

�
�
��

Let us like to add to each of the lower vertices of G new graphs with the form of H and let the
vertices of these new graphs be the triples (b, p, q), (c, r, s) and (d, t, u) that will replace vertices
(x, y, z), respectively. Then, we obtain the graph

• • • • • •

• • •

•
a

b c d

p q r s t u

A
A
AU

�
�
��

A
A
AU

�
�
��

A
A
AU

�
�
��

HHH
HHHj

���
���� ?

that has the (0, 1)-IM-representation

G�(◦,∗)

([
b

x

p

y

q

z

]
H ⊕(max)

[
c

x

r

y

s

z

]
H ⊕(max)

[
d

x

t

y

q

u

]
H

)
.

Of course, if, e.g., the graph C is not an oriented, then its AdIM has the form

a b c d e f

a 0 0 0 1 0 0

b 0 0 0 1 0 0

c 0 0 0 1 0 0

d 1 1 1 0 1 1

e 0 0 0 1 0 0

f 0 0 0 1 0 0

,

while, if we add to it, e.g., the arc (a, e), its AdIM obtains the form

a b c d e f

a 0 0 0 1 1 0

b 0 0 0 1 0 0

c 0 0 0 1 0 0

d 1 1 1 0 1 1

e 1 0 0 1 0 0

f 0 0 0 1 0 0

.
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If the graph has a loop, e.g., (b, b), then its AdIM has the form

a b c d e f

a 0 0 0 1 1 0

b 0 1 0 1 0 0

c 0 0 0 1 0 0

d 1 1 1 0 1 1

e 1 0 0 1 0 0

f 0 0 0 1 0 0

.

Let us have, for example, the following multi-graph

•

•

•

•

•

•

e

c

a b

f

g

???

�
�
�

��	

�
�
�

��	

?

@
@
@
@@R

A
A
A
AAU

A
A
A
AAU

A
A
A
AU

�
�
�
���

Now, the AdIM has the form

P =

c e f g

a 3 0 0 0

b 2 0 0 0

c 0 1 1 0

e 0 0 0 3

f 0 0 0 1

.

By similar way we can represent a weighted graph. When we apply to AdIM P operations
“Sum-row-aggregation” and “Sum-column-aggregation”, we obtain the IMs (they are not (0, 1)-
IM):

σsum(P, k) =
c e f g

k 5 1 1 4

and

ρsum(P, l) =

l

a 3

b 2

c 2

e 3

f 1

that shows how many arcs enter and how many arcs leave the individual vertices, where, following
[7] we define for the IM A:
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Sum-row-aggregation operation

ρsum(A, k0) =
l1 l2 . . . ln

k0
m∑
i=1

aki,l1
m∑
i=1

aki,l2 . . .
m∑
i=1

aki,ln

and

Sum-column-aggregation operation

σsum(A, l0) =

l0

k1
n∑
j=1

ak1,lj

...
...

km
n∑
j=1

akm,lj

.

7 Main results: Extended intuitionistic fuzzy graphs

Let V = {v1, v2, ..., vn} be a fixed set of vertices and let each vertex x to have a degree of
existence α(x) and a degree of non-existence β(x). Therefore, we can construct the Intuitionistic
Fuzzy Set (IFS; see [2, 5]):

V ∗ = {〈x, α(x), β(x)〉|x ∈ V } = {〈vi, α(vi), β(vi)〉|1 ≤ i ≤ n},

where for each x ∈ V :
0 ≤ α(x), β(x), α(x) + β(x) ≤ 1.

Let H be a set of arcs between vertices from V . We again can juxtapose to each arc a degree
of existence µ(x, y) and a degree of non-existence ν(x, y). Therefore, we can construct the new
IFS

H∗ = {〈〈x, y〉, µ(x, y), ν(x, y)〉|x, y ∈ V }

= {〈〈vi, vj〉, µ(vi, vj), ν(vi, vj)〉|1 ≤ i, j ≤ n},

where for each x, y ∈ V :

0 ≤ µ(x, y), ν(x, y), µ(x, y) + ν(x, y) ≤ 1.

Now, for the graph G = (V,H) we can construct the Extended Intuitionistic Fuzzy Graph
(EIFG) G∗ = (V ∗, H∗). It has the following IM-representation:

[V ∗, V ∗, {〈µ(x, y), ν(x, y)〉}] = [V ∗, V ∗, {〈µ(vi, vj), ν(vi, vj)〉}]

≡

v1, 〈α(v1), β(v1)〉 . . . vn, 〈α(vn), β(vn)〉
v1, 〈α(v1), β(v1)〉 〈µv1,v1 , νv1,v1〉 . . . 〈µv1,vn , νv1,vn〉
...

... . . .
...

vi, 〈α(vi), β(vi)〉 〈µvi,v1 , νvi,v1〉 . . . 〈µvi,vn , νvi,vn〉
...

... . . .
...

vn, 〈α(vn), β(vn)〉 〈µvn,v1 , νvn,v1〉 . . . 〈µvn,vn , νvn,vn〉

,
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where for every 1 ≤ i, j ≤ n: µvi,vj , νvi,vj ∈ [0, 1], µvi,vj + νvi,vj ∈ [0, 1], α(vi), β(vi) ∈
[0, 1], α(vi) + β(vi) ∈ [0, 1].

Let us discuss here for simplicity only the case of oriented graph. Let us denote by x → y

the fact that both vertices x and y are connected by an arc and x is higher that y. Let operation
◦ ∈ {+,max,@,min,×}.

We call that the EIFG G∗ is “well-top-down-(very strong, strong, middle, weak, very weak)-
ordered”, or shortly, “well-top-down-◦-ordered”, if for every two vertices vi and vj , such that
vi → vj , the following inequality holds:

〈αi, βi〉 ◦ 〈µvi,vj , νvi,vj〉 ≥ 〈αj, βj〉.

Analogously, we call that the EIFG G∗ is “well-bottom-up-(very strong, strong, middle, weak,
very weak)-ordered”, or shortly, “well-bottom-up-◦-ordered”, if for every two vertices vi and vj ,
such that vi → vj , the following inequality holds:

〈αi, βi〉 ◦ 〈µvi,vj , νvi,vj〉 ≤ 〈αj, βj〉.

We illustrate the way for IM-interpretation of the EIFGs by the following example. Let us
have the EIFG G∗ with the form

•

•

•

•

•

•

•

•
A
A
A
AAU

Q
Q
Q
Q
Q
QQs

�
�
�
���

�
�
�
���

�
�
�
���

�
�
�
���

A
A
A
AAU

�
�
�
���

A
A
A
AAU

a b c

d e

f g

h

Its H∗-component has the following form (where, obviously, the information about the IFS
V ∗ is included in it):

H∗ = [{〈a, 1
2
,
1

3
〉, 〈b, 1

3
,
1

3
〉, 〈c, 1

3
,
1

2
〉, 〈d, 2

3
,
1

8
〉, 〈e, 3

4
,
1

4
〉, 〈f, 1

10
,
7

8
〉, 〈g, 2

5
,
3

5
〉,

〈h, 1
5
,
1

5
〉}, {〈a, 1

2
,
1

3
〉, 〈b, 1

3
,
1

3
〉, 〈c, 1

3
,
1

2
〉, 〈d, 2

3
,
1

8
〉, 〈e, 3

4
,
1

4
〉, 〈f, 1

10
,
7

8
〉,

〈g, 2
5
,
3

5
〉, 〈h, 1

5
,
1

5
〉}, {µx,y, νx,y}].

Now, we can modify the IM to the form

H∗ = [{〈a, 1
2
,
1

3
〉, 〈b, 1

3
,
1

3
〉, 〈c, 1

3
,
1

2
〉, 〈d, 2

3
,
1

8
〉, 〈e, 3

4
,
1

4
〉, 〈f, 1

10
,
7

8
〉, 〈g, 2

5
,
3

5
〉},

{〈d, 2
3
,
1

8
〉, 〈e, 3

4
,
1

4
〉, 〈f, 1

10
,
7

8
〉, 〈g, 2

5
,
3

5
〉, 〈h, 1

5
,
1

5
〉}, {µx,y, νx,y}].
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The form of the new IM is

d, 〈2
3
, 1
8
〉 e, 〈3

4
, 1
4
〉 f, 〈 1

10
, 7
8
〉 g, 〈2

5
, 3
5
〉 h, 〈1

5
, 1
5
〉

a, 〈1
2
, 1
3
〉 〈3

4
, 1
5
〉 〈1

2
, 1
4
〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

b, 〈1
3
, 1
3
〉 〈2

3
, 0〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

c, 〈1
3
, 1
2
〉 〈0, 1〉 〈1

5
, 2
5
〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

d, 〈2
3
, 1
8
〉 〈0, 1〉 〈0, 1〉 〈1

5
, 2
5
〉 〈3

4
, 1
5
〉 〈0, 1〉

e, 〈3
4
, 1
4
〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈2

3
, 1
6
〉 〈0, 1〉

f, 〈 1
10
, 7
8
〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈1

3
, 1
4
〉

g, 〈2
5
, 3
5
〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈3

5
, 1
5
〉

Let the EIFIM A = [K∗, L∗, {〈µki,lj , νki,lj〉}] be given.
Let for i = 1, 2, 3 : ρi, σi, ρi + σi ∈ [0, 1] be fixed numbers.
In [2, 5], several level operators were defined. One of them, for a given IFS

X = {〈x, µX(x), νX(x)〉|x ∈ E}

is
Nα,β(X) = {〈x, µX(x), νX(x)〉|x ∈ E & µX(x) ≥ α & νX(x) ≤ β},

where α, β ∈ [0, 1] are fixed and α + β ≤ 1.
Here, its analogues are intoduced. They are three: N1

ρ1,σ1
, N2

ρ2,σ2
, N3

ρ3,σ3
and affect the K-,

L-indices and 〈µki,lj , νki,lj〉-elements, respectively. The three operators can be applied over an
EIFIM A either sequentially, or simultaneously. In the first case, their forms are

N1
ρ1,σ1

(A) = [Nρ1,σ1(K
∗), L∗, {〈ϕki,lj , ψki,lj〉}],

where
〈ϕki,lj , ψki,lj〉 = 〈µki,lj , νki,lj〉

only for 〈ki, αki , βki 〉 ∈ Nρ1,σ1(K
∗) and for each 〈lj, αlj, βlj〉 ∈ L∗;

N2
ρ2,σ2

(A) = [K∗, Nρ2,σ2(L
∗), {〈ϕki,lj , ψki,lj〉}],

where
〈ϕki,lj , ψki,lj〉 = 〈µki,lj , νki,lj〉

for each 〈ki, αki , βki 〉 ∈ K∗ and only for 〈lj, αlj, βlj〉 ∈ Nρ2,σ2(L
∗);

N3
ρ3,σ3

(A) = [K∗, L∗, {〈ϕki,lj , ψki,lj〉}],

where

〈ϕki,lj , ψki,lj〉 =


〈µki,lj , νki,lj〉, if µki,lj ≥ ρ3 & νki,lj ≤ σ3

〈0, 1〉, otherwise
,

In the second case, their form is

(N1
ρ1,σ1

, N2
ρ2,σ2

, N3
ρ3,σ3

)(A) = [Nρ1,σ1(K
∗), Nρ2,σ2(L

∗), {〈ϕki,lj , ψki,lj〉}],
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where

〈ϕki,lj , ψki,lj〉 =



〈µki,lj , νki,lj〉, if 〈ki, αki , βki 〉 ∈ Nρ1,σ1(K
∗)

and 〈lj, αlj, βlj〉 ∈ Nρ2,σ2(L
∗)

and µki,lj ≥ ρ3 & νki,lj ≤ σ3

〈0, 1〉, if 〈ki, αki , βki 〉 ∈ Nρ1,σ1(K
∗)

and 〈lj, αlj, βlj〉 ∈ Nρ2,σ2(L
∗)

and µki,lj < ρ3 ∨ νki,lj > σ3

,

Now, we can apply one or more of the level-operatorsN1
ρ1,σ1

, N2
ρ2,σ2

, N3
ρ3,σ3

and in a result, the
form of the graph will be changed. It is important to mention that in the present case (when the
two index sets coincide), the first two level operators must have equal parameters and, therefore,
if some vertex has to be omitted from one of both index sets, it will be omitted from the other
index set, too. For example, if we apply operator N1

1
5
, 1
4

over G∗, we obtain

N1
1
5
, 1
4
(G∗) =

d, 〈2
3
, 1
8
〉 e, 〈3

4
, 1
4
〉 g, 〈2

5
, 3
5
〉 h, 〈1

5
, 1
5
〉

a, 〈1
2
, 1
3
〉 〈3

4
, 1
5
〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

b, 〈1
3
, 1
3
〉 〈2

3
, 0〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

c, 〈1
3
, 1
2
〉 〈0, 1〉 〈1

5
, 2
5
〉 〈0, 1〉 〈0, 1〉

d, 〈2
3
, 1
8
〉 〈0, 1〉 〈0, 1〉 〈3

4
, 1
5
〉 〈0, 1〉

e, 〈3
4
, 1
4
〉 〈0, 1〉 〈0, 1〉 〈2

3
, 1
6
〉 〈0, 1〉

g, 〈2
5
, 3
5
〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈3

5
, 1
5
〉

and the new graph has the form

•

•

•

•

•

•

•
A
A
A
AAU

Q
Q
Q
Q
Q
QQs

�
�
�
���

�
�
�
���

�
�
�
���

A
A
A
AAU

�
�
�
���

a b c

d e

g

h

On the other hand, if we can apply, e.g., operator N3
1
4
, 1
3

over G∗, we obtain

N3
1
4
, 1
3
(G∗) =

d, 〈2
3
, 1
8
〉 e, 〈3

4
, 1
4
〉 f, 〈 1

10
, 7
8
〉 g, 〈2

5
, 3
5
〉 h, 〈1

5
, 1
5
〉

a, 〈1
2
, 1
3
〉 〈3

4
, 1
5
〉 〈1

2
, 1
4
〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

b, 〈1
3
, 1
3
〉 〈2

3
, 0〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

c, 〈1
3
, 1
2
〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

d, 〈2
3
, 1
8
〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈3

4
, 1
5
〉 〈0, 1〉

e, 〈3
4
, 1
4
〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈2

3
, 1
6
〉 〈0, 1〉

f, 〈 1
10
, 7
8
〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈1

3
, 1
4
〉

g, 〈2
5
, 3
5
〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈3

5
, 1
5
〉
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and the new graph has the form

•

•

•

•

•

•

•

•
A
A
A
AAU

Q
Q
Q
Q
Q
QQs

�
�
�
���

�
�
�
���

A
A
A
AAU

�
�
�
���

A
A
A
AAU

a b c

d e

f g

h

and the IM G∗ can be reduced to

d, 〈2
3
, 1
8
〉 e, 〈3

4
, 1
4
〉 g, 〈2

5
, 3
5
〉 h, 〈1

5
, 1
5
〉

a, 〈1
2
, 1
3
〉 〈3

4
, 1
5
〉 〈1

2
, 1
4
〉 〈0, 1〉 〈0, 1〉

b, 〈1
3
, 1
3
〉 〈2

3
, 0〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

c, 〈1
3
, 1
2
〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

d, 〈2
3
, 1
8
〉 〈0, 1〉 〈0, 1〉 〈3

4
, 1
5
〉 〈0, 1〉

e, 〈3
4
, 1
4
〉 〈0, 1〉 〈0, 1〉 〈2

3
, 1
6
〉 〈0, 1〉

f, 〈 1
10
, 7
8
〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈1

3
, 1
4
〉

g, 〈2
5
, 3
5
〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈3

5
, 1
5
〉

Obviously, vertex f remain in the first index set, because an arc goes out of it. On the other
hand, vertex c here is an isolated one.
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