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In a series of research the two types of modal operators, defined over the Intuitionistic
Fuzzy Sets (IFSs, [3] were generalized to two operators. Here, we will prove that they
coincide.

Over IFSs there have been defined not only operations and relations similar to the
ordinary fuzzy set ones, but also operators that cannot be defined in the case of ordinary
fuzzy sets.

Let a set E be fixed. An IFS A over E is an object of the following form:

A= {<[E,MA<J}), VA(I»M S E}7

where functions g : E — [0,1] and v4 : E' — [0, 1] define the degree of membership and
the degree of non-membership of the element x € F, respectively, and for every x € E:

0 <palz)+rvalz) <1
Let for every x € E:

ma(r) =1— pa(x) —va(x).

Therefore, function 7 determines the degree of uncertainty.
For every two IFSs A and B a lot of relations and operations are defined (see, e.g.
[3]), the most important of these are:

Ac B it (Vz € E)(pua(z) < pup(x)&rva(z) > vg(x));
A=B iff (Vz € E)(ua(r) = pp(x)&va(z) =vp(x));

The standard modal operators (see, e.g. [10]) obtained IFS-form in the first author’s
paper [1]:
DA = {(z,pa(2), 1 — pa(z))|z € E};
QA ={(x,1 —va(x),va(z))|x € E}.
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After this, they were object of a sequence of extensions:

D, (A) = {(z, pa(z) + a.ma(z),va(z) + (1 — @).ma(2)) |2 € E};

Fo5(A) = {(x, pa(z) + ama(x),va(z) + B.wa(x))|z € E}, where a+ (5 < 1;
Gap(A) = {(z,a.pa(x), Bva(z))|x € E}.

Hop(A) = {(z, a.ppa(z), va(z) + B.ra(z))|z € EY,

H; 5(A) = {{z, .ppa(@), va(z) + .1 — aepa(z) — va(z))) |z € EY,

Jo,8(A) = {(z, pa(z) + ama(z), Bra(z))|z € £},

Jas(A) = {{z, palz) + a.(1 = pa(x) — Bva(z)), Bva(z))|z € E}.

This sequence finishes with operator
Xapedes(A) = {{z, a.pa(z) +0.(1 = pa(z) — cva(z)),

da(e) + (1~ fpa(x) — va(e)))lz € E}, 1)
where a,b,c,d, e, f € [0,1] and:

ate—ef<1, (2)
b+d—bc<1. (3)

This operator can represent all previous ones (see, e.g., [3]).
On the other hand, a modification of the modal operator were introduced (see, [2, [3]
4,15, 9]):

BA = {(z, /LA2(33)’ VA(JCQ) + 1>|x c B},
KA = {(z, “A(”;) 1 ”Aé"”m € E).

and they also were extended sequentially to:
HoA = {(z,.pa(z), ava(z) + 1 —a)|lz € E},

XaA={(z,a.pa(z) + 1 —a,avs(z))|x € E},

for ac € [0, 1];
HaosA = {(z,a.pua(z), ava(z) + B)|x € EY,

XasA = {{z,a.ua(z) + 5, ava(z))|x € EY,
where «, 3, + 3 € [0,1] (this extension is introduced in [9] by Katerina Dencheva),
EaﬂﬂA = {<JZ, a‘uA(x)>ﬁ'VA(x) + 7>|$ S E}»

Ma,p7A = {{z,0.pa(@) + 7, Bva(z))|z € £},
where «, 3,7 € [0,1] and max(«, 5) +v < 1,

Eus(A) = {(. Bapua(®) + 1 — @), a(Baa(z) + 1 — B)|r € B},
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where «, 3 € [0, 1] (this extension is introduced in [8] by Gékhan Cuvalcioglu),

®apr6A = {{z, a.pa(@) + 7, B.valx) + 6)|r € E},

where «, 3,7,60 € [0,1] and
max(a, ) +v+0 <1
introduced in [5] [6].

The most general form of these operators is operator:
OlagrsecA={{z,a.pa(x) —cva(x)+ v, Bra(r) — C.palz) + 6)|z € B},
where «, 3,7,6,¢,¢ € [0, 1] and
max(a —(,f—¢)+v+d <1,

min(ao — (,6—¢€)+v+3d >0
introduced in [7].
Here, we shall prove the following
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Proof Let a,b,c,d, e, f € [0,1] and satisfy and . Let us put

a=a—b,
B=d—e
V=0
0=e,
e = b,
¢=ef.
Let
X = a.ua(x) —ewalz) +v = (a—b).ua(z) — b.cva(x) + b,
Y = fwa(z) — Cpalx) + 5= (d—e)va(x) —e.fualx) +e.
Then
X>(@a—=0)0—-becl+b=0b(l-c)>0,
X<(a=b.1-becO+b=a<1,
Y>([d—e)l0—efl+e=e(l—f)>0,
Y<(d-—e)l—efO0+e=d<1
and

X+Y =(a—0b)us(x) —bcva(x)+ b+ (d—e)vs(x) —e.foua(z) +e
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=(a—b—e.f)ua(z)+(d—e—bc)va(x) +b+e
<(a—b—e.f)uas(zr)+(d—e—b.c)(l —pa(z)) +b+e
=d—e—bc+b+te+(a—b—ec.f—d+e+b.c)ua(r))
<d—-bc+b+(a—b—ef—d+e+bc)
=a—ef+e<l

(from (2)) ).

Then we obtain that
OlogrsecA={{z,a.pa(x) —evalx)+ v, Bva(r) — Cpalx) +6)|z € E}
={(z,(a = b).pa(z) — b.cvs(x) +b,(d—e)va(x) —e.fua(z) + e)|z € E}
= (@ ap0a(@) + b1 — pale) — eva@)), dwa@) +e.(1 — fpale) — val@))le € E)

= a,b,c,d,e,f(A) .

In the opposite case, let a, 3,7, 4, ¢, ¢ € [0, 1] and satisfy (5) and (6]). From (6] it follows
that fora==0=(=0: ¢ <~, whilefora==v=¢=0: Cgé;fromit
follows that for =0 =e=(=0: a+vy<1,whilefora=y=e=(=0: g+§<1.
Then, let us put

Let

X =apa(r) +b.(1 = pa(z) = cva(e)) = (a+7).pa(@) +7.(1 = palz) - %-VA(I)),

Y = doa(z) + (1 — Fpua(x) — va@)) = (B + 6)wa(z) + 6.1 — %m(m) ().

Then from above we obtain:
0<y—e<X=oapa(x)+y—cvalz) <a+vy <1,

0§5—C§Y:ﬁ.yA(x)+5—§.,uA(x)gﬂ—l—égl,
X+Y =apa(x)+vy—cva(z)+ Bvalz) + 6 — Cua(z)
= (a=¢)-pa(z) = (B —e)valz) +7y+9
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< (0= Carala) — (8= 2).(1 — uala)) + ga+ 0
=(a—=C+pF—¢)palx) = f+y+d+¢e
<a—(+P—-e—-PB+v+d+e
=a—(C+v+0
<max(a—(,f—¢)+7+d<1

(from (f)).

Then we obtain that
Xa,b,c,d,e,f(A)

={{z,a.pa(x) +b.(1 — pa(z) — cva(z)),dva(x) + e (1 — foua(z) —va(z)))|xr € E}
= {{z @) a7 (1=pa0)~Sa(w). (349 2a(w) +5.1= 5 piale) =) € B}

= {(&, (a+7)-pa(@) +7=7.pa(2) —eva(z), (B+0) va(r) +0 = Cpua(r) = dva(z))|zr € B}
= {(&,a.pa(x) — eva(z) + 7, Bva(x) = C.pa(z) + )|z € E}
= o grsecA

Therefore, the two operators are equivalent.
Finally, we shall construct the following diagram in which “X — Y” denotes that
operator X represents operator Y, while the opposite is not valid.

@a,ﬁ,%&e,c Xa7b,c7d7e7f

o,B,y
l
Be.s Hop  Jap  Jap
Ha
|
H
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