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1 Introduction

In 1983, Krassimir T. Atanassov presented in [5] the concept of some kind of vague sets, called
Intuitionistic Fuzzy Sets (IFSs).

Definition 1 ([5]). Let U be a fixed, classical set. An Intuitionistic Fuzzy Set (for shortly: IFS) A
over the universe U is defined as

A= {X ua(x), va(x)) | x € U},
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where ua, va: U — [0, 1] are the membership degree and non-membership degree of the element
X to the set A, respectively, and

Ha(X) + va(x) <1,
forany x e U.

The concept is directly alluded to the concept of Fuzzy Sets (FSs) introduced in 1965 by L.A.
Zadeh. IFS, however, differs from FS, because an independence (besides the condition za(x) +
va(X) < 1) of the membership degree and non-membership degree of element x to the set A was
introduced. While in the FS the non-membership degree of an element x to the FS A is equal to
1 — ua(x), where wua(x) is the membership degree, Atanassov introduced separate values ua(x)
and va(x) of memberships and non-memberships of x to the IFS A.

For such a set we can define for any xeU the value

mn(X) = 1 — ua(x) — va(x)
called the hesitancy degree (degree of indeterminacy) of the element x.
Three special cases of IFSs are the sets E*, F*, and FI*, called the Empty Intuitionistic Fuzzy
Set, the Full Intuitionistic Fuzzy Set and the Full Ignorance Intuitionistic Fuzzy Set, defined as

follows:
E*={(x0,1)|xeU},

F* ={(x,1,0)|xeU},
FI*={(x,0,0) | xeU}.

The sets can be named also complete falsity set, complete truth set and complete uncertainty set,
respectively (see: [11]).

For these sets the hesitancy degree are for any element x € U equal to 0, 0, and 1, respectively.

In the Intuitionistic Fuzzy Logic (IFL) the truth-value of a variable x is given by ordered pair
(a, by, where a, b, a + b € [0, 1]. Such pair we will call (see: [9]) an Intuitionistic Fuzzy Pair
(IFP). The numbers a and b are interpreted as the degrees of validity and non-validity of x. We
denote the truth-value of x by V(x).

The variable with truth-value True in the classical logic we denote by 1 and the variable False
by 0. Therefore, for these variables hold: V(1) = (1, 0) and V(0) = (0, 1). We will use also the
variable with the truth-value (0, 0). It will be called Full Ignorance FI. Symbolically: V(FI) = (0, 0).
Such a variable does not exist in both the classical and fuzzy logic.

We call the variable x an Intuitionistic Fuzzy Tautology (shortly: IFT), if and only if for
V(x) = (a, b) holds: a > b and, similarly, an Intuitionistic Fuzzy co-Tautology (IFcT), if the
inequality a < b holds.

The IFP can be also considered in isolation from IFL only as the pair (a, b) of numbers, where
a,b,a+be[0,1].

For the IF pairs we can defined different operations. One of them is introduced in [10] and
considered later in [11].
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Definition 2 ([10]). For IFPs (a, b) and {c, d), where a + b + ¢ + d > 0, the A operation is
defined as follows:

a+c b+d
a+b+c+d a+b+c+d”

(@, by Ac,d)= ¢

Additionally, we assume that
(0, 0y A (0, 0) =¢0.5, 0.5).

Let us notice that in the paper [10] the special value (0, 0) A (0, 0) is assumed to be equal to
(0, 0). It is really a rare computational case, but there exist some serious reasons to correct this
assumption with (0, 0) A (0, 0y =¢0.5, 0.5) as in [11].

Remark 1 ([10]). Directly from the definition it follows that the A operation is commutative,

ie.,
(a, by A<{c,dy={(c,d) A{a,b).

Remark 2 ([10]). For any IFPs {a, b) and {(c, d)
a+c N b+d
a+b+c+d a+b+c+d

The operation A can be also designated for the IFSs. In this case, it is defined as follows.

Definition 3 ([10]). For IFSs A = {{x, ua(X), va(X)) | x € U} and B = {{x, us(x), va(X)) | x € U},
such that for each x € U:

ua(x) + va(x) + us(x) + ve(x) > 0,
the A operation is defined as follows:

1,0 + 1 () Va(X) +vg(X)

A B= , ,
A B TV 00+ () T va (0" Hn () v () g () 775 ()

Y| x e UL

If for some y U thereis ua(y) + va(y) + us(y) + vs(y) =0, then we assume

1Y) + 15 (Y) Va(y) +ve(y)
Ha(Y) +Va(Y) + 15 (Y) +v(Y) 1 1A (Y) +Va(Y) + 15 (Y) + v (Y)

Y, Y=y, 0.5, 0.5).

Numerical example 1. Let U = {x, y, z, t} and the IFSs A and B are:
A ={x,0.5,0.5),(y, 0.7, 0.0), (z, 0.1, 0.4), (t, 0.6, 0.2)},
B = {(x, 0.3, 0.7), ¢y, 0.0, 0.0), (z, 0.3, 0.2), (t, 0.4, 0.4)},
then
A A B={x, 04,0.6),(y, 1.0,0.0), (z,0.4, 0.6, (t, 0.625, 0.375)}.

Numerical example 2. For
E*={(x0,1)|xeU},
F'={(x,1,0)|xeU},
FI"={(x,0,0)|xeU},
we have
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E"AE"=E",

E"AF " ={(x,05,05)|x e U},
E'AFI"=E",

F'AF"=F",

F'AFI"=F",
FI"AFI”"={(x,05,05)|x e U}.

Remark 3. For IFSs A and B on the universe U the set A A B is a fuzzy set on the universe U.

In [10, 11] the geometrical interpretation of the A operation is presented.

Let us notice, that formally there exists a conflict of notation in Definition 2 and Definition 3.
In the first place, the sign A denotes the operation between IF pairs while in the Definition 3 the
operation between IF sets. Nevertheless, we will use the same sign A in both cases.

In the next sections the operation will be used for the procedure of de-i-fuzzification of the
IFSs and for the correction of the unconscientious experts’evaluations.

2 Operation A and the de-i-fuzzification procedure

De-i-fuzzification procedures have been under development since 1988. First, remarks on this
subject are presented by Atanassov. He noticed in [6] that the then introduced operator D
transforms the IF set into an ordinary fuzzy set. In this paper, the term de-i-fuzzification is not
formally mentioned.

Presumably, the next paper in this direction is [1]. Angelov calls the presented procedure a
crispification. In his paper, the crispification is the mapping, linking the IFS A on the universe
U = % with a real number. Angelov presents the crispification as a procedure analogous to the
well-known defuzzification type COG/COA (center of gravity / center of area), MOM (mean of
maxima) or BADD (basic defuzzification distributions) presented earlier in [17, 18], for the
classical fuzzy sets.

Because the result of the A operation on the IFS A is an ordinary fuzzy set, the operation can
be used for the procedure of de-i-fuzzification. The procedure of de-i-fuzzification allows to
transform the IFSs (proper IFSs) into a (ordinary) fuzzy set. The procedure can be important
especially for the application of the IFSs in the case when the result as FSs or a real number is
required. As we already mentioned, the consideration about the changing IFSs into FSs or real
numbers are presented in 1988 in [6], and developed later in [1-4, 12, 13, 19-21]. We should
note that the literature about this subject is not abundant, although, there exist several procedures
of conversion of IFSs into FSs or real numbers.

The crispification, de-i-fuzzification and defuzzification can be illustrated as follows on Fig. 1.
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Figure 1. The crispification, de-i-fuzzification and defuzzification mappings

The proper de-i-fuzzification procedure maps the IFS A in the FS A’. It is therefore the
mapping D: IFS(U) — FS(U), where IFS(U) is the family of the IFSs on the universe U and
FS(U) is the family of the FSs on the universe U. The literature on de-i-fuzzification
(or crispification) is quite scarce, although the application of IFSs to the technique would require
case-by-case development as well as general research. In the existing literature on the subject no
general properties of such procedures are given (see: [1-4, 12, 13, 19-21]).

In basic monographs on the IFSs theory such conditions also do not exist (see: [7, 8]).

In a special case, the de-i-fuzzification procedure can be considered as some projection of the
point (a, b), where a + b < 1, on a straight line a + b = 1. The result of the projection should be
therefore a point (a’, b’) for which a’+ b’ = 1. If we take the central projection with the center
of projection to be the point O with coordinates (0, 0), then the result of the projection of the
points (a, b) # (0, 0) of the IF interpretational triangle, is a point with coordinates

a b
atb atb’
The result can be obtained by simple using the elementary analytical geometry.
We assume additionally, the “central projection” of the (0, 0) is equal to (0.5, 0.5).

@', b’ =

For the given point (a, b), the point (i, L) is the only point preserving of the ratio
a+b a+b

!

(proportion) of a to b. It means, for the given point (a, b) if %: % and a’+ b’= 1, then

@’, bry = <L, L) . Of course, for b = 0 and a # 0 the ratio a has no sense and we
a+b a+b b

take (@’, b’y = (1, 0). Similarly, for b = 0 and a = 0 the ratio has no sense and we take

(@’,b”y =(0.5,0.5).

The property of keeping the proportions can be considered as one of the most important
properties of the de-i-fuzzification procedure.

Let us marginally note that if we take some “infinitely far” center of projection, it is if the
center of projection would be (—0, —0), then we come to the orthogonal projection, used in fact
in de-i-fuzzification procedure as well (see [13]).

After these considerations we can formulate some remarks.
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Remark 1. The value (a, b) A (a, b) = <L, L) is the fuzzy image of the intuitionistic
a+b a+b

fuzzy pair (a, b) in the central projection with the center (0, 0).

Remark 2. For any IFP (a, b) the equality:
(a,b) A @ by=(a by A 0, 0=(— 2, -2 )
a+b

a+b
holds.
Remark 3. For the given point (a, b) there exist infinitely many points with the projection image
in the form of (i, L).
a+b a+b
Remark 4. If the IFP (a, b) is an IFT, then <L, L) is an IFT, and if the IFP (a, b) is an
a+b a+b
a b .
IFCcT, then (——, — Yisan IFcT.
a+b a+b

The central projection is illustrated on Fig. 2.

I 3

(0.1) ‘\\
N (a'.b")
{a b
0 (1.0)

Figure 2. The central projection of the point (a, b) of the IF interpretational triangle
The same projection can be considered not only for IFPs but for the whole IF sets.

Theorem 1. For IFSs A = {( X, ua(x), va(X)) | x € U}, the set

_ _ * _ 1, (X) V(%)
DIF(A)=AAA =AAFI ={(x ,uA(X)+vA(X)’ ,LIA(X)+VA(X)>|X€U}

is the FS preserving the ratio of membership and non-membership function values of the IFS A.

Proof: Follows from the definition of the operation A. L]
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Remark 5. The fuzzy set is typically described only by membership function . The non-
membership function is always equal to 1 — . The membership function upir : DIF(A) — %, of
the fuzzy set DIF(A) is based on the xa and va functions and for any x € U itis

1, (X)
1a(X) +v,(X) .
If 1a(X) = va(x) = 0 for some x € U, then we assume pir(x) = 0.5.

poiF(X) =

Remark 6. The FS DIF(A) can be called the result of the de-i-fuzzification procedure of the IFS A.

Remark 7. If for the IFP (a, b) with a + b = 1 it is valid:

(a, by A (a, b)={(a, by A0, 0)=<a, b).
Remark 8. For the FS A it is DIF(A) = A.

The operation A can be therefore used as a tool in the de-i-fuzzification procedure, thus, the
result can be a simple contribution to the solution of Open Problem 23 from [8].

Numerical example 3. Let U = {x, y, z, t} and the IFS A is:
A ={(x, 0.5, 0.5), ¢y, 0.7, 0.0), (z, 0.1, 0.4), <t, 0.6, 0.2)},

then
DIF(A) = {{x, 0.5, 0.5), ¢y, 1.0, 0.0), (z, 0.2, 0.8), t, 0.75, 0.25)}.

3 Operation A and the correction of the unconscientious
experts’ evaluations

In the monograph [8], in one of the subsections, the issues regarding the use of experts’opinions
to determination of the membership degree and the non-membership degree, with which the
evaluated variant belongs/does not belong to the IF set of variants satisfying certain criterion,
are discussed. The issue was also studied later in [14-16].

In the IF environment, the experts’evaluation can be considered as an IFP. In this case, some
problems can arise if an expert is more than 100% sure that the variant belongs either to the
specific set or to the complement of this set. More precisely, we can describe this fact in terms
of membership, and non-membership degrees as follows: we will call the experts’evaluation
(a, b) an unconscientious evaluation (UE), ifa,b € [0,1]anda + b > 1.

To apply the intuitionistic fuzzy sets theory to the processing of evaluations, the UE (a, b)
must be adjusted (converted) to the correct IF pair (a’, b’y for which a’, b’ < [0, 1] and
a’+b’ [0, 1]. The IFP has the hesitation margin equalto 7/ =1—a’—b".

Atanassov [8] notes that the fact of existence of this kind of problems by the evaluation of
events distinguishes the decision aid in the intuitionistic fuzzy environment from the decision
aid in the (classical) fuzzy environment, where such unconscientious evaluations do not exist (or
are very easy to be corrected).
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In the literature (except for [14-16]), no general condition has been imposed that should be
fulfilled in order for the conversion to be a proper one. However, we think that the conversion
should fulfill at least the properties (P1, P2, P3) given below.

Property 1 (Dworniczak, [14]).
a) If a>b,then a’>b’,
b) If a<b,then a’<b".

This property can be, equivalently, written in the other notation.

Property 1’.

a) Ifthe IFP (a, b) isan IFT, then{a’, b’) is an IFT,

b) If the IFP (a, b) isan IFcT, then (a’, b’) isan IFcT.

In the case of unconscientious experts evaluations the sum a + b is too large and must be
reduced. The reduction can be done in three ways:

a) we reduce both of the degrees a and b to a’ and b’, respectively,

b) we reduce the membership degree a to a’ leaving the non-membership degree b’ = b,

c) we reduce the non-membership degree b to b’ leaving the membership degree a’ = a,
S0 as to obtain the corrected IFP (a’, b’y such thata’ + b’ < 1.

Based on above reasoning the conversion’s mapping should fulfill, in addition to the Property 1
also the Property 2.

Property 2 (Dworniczak, [16]).
a) a’<a,
b) b’ <h.

This property specifies that we should not increase any of the a and b values.
The last of the proposed properties says that the uncertainty of the assessment should not increase
during the correction process.

Property 3 (Dworniczak, [16]). If (a, b) is an UE, then, for the corrected value (a’, b’) the
inequality 7’ < 7° should be satisfied, where z° = a + b — 1 is called the hesitance degree of the
UE.

In the previously literature of subject some ways for the adjustment of the values in the
unconscientious experts case are proposed. One of the ways is presented in [7, 28]. This way of
correction can be viewed in the distance sense by using the so-called SNCF distance (called also
French metro metric, radial metric hedgehog metric or other). This type of approach is discussed
in [16]. This type of correction of the UE (a, b) leads to the result
a b,

al,bI: ,
< ) <a+b a+b

For the given UE (a, b), the point (i : L) is the closest point in the SNCF metric for
a+b a+b
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which the sum of coordinates is less or equal to 1. It is therefore the closest point which can be
considered as correction of the UE (a, b). For this kind of correction the Properties 1, 2 and 3
are fulfilled.

This way of UE correction can be obtained also by use of some enlargement of the A
operation. In the Definition 2, the operation A is defined for a, b € [0, 1], a + b < 1. We can use
the same calculation fora, b € [0, 1], a+ b > 1.

Definition 4. For pairs (a, b) and (a, d), where a, b, ¢, d € [0, 1], the A’ operation is defined as
follows:
a+c b+d

a, by Ar{c, dy= , .
@ b ( ><a+b+c+d a+b+c+d

Additionally, we assume that
(0, 0y A’ (0, 0y =(0.5, 0.5).

Of course, if the pairs (a, by and {c, d) are IFPs then A’ is equal to the operation A from the
Definition 2.

Now we can formulate the theorem on the correction of the unconscientious experts’
evaluation related to the above operation.

Theorem 2. For any UE (a, b) the corrected evaluation (a’, b’y = (a;ab, %) can be
a+

calculated by A’ operation as:
(@’ b’ = (a, by A (a, by = (a, by A’ (0, 0y = (—> P
a+b a+b

Proof: By definition of A’ operation. 0

The theorem presents in fact the constructive way for the obtaining the correction of the
unconscientious experts’evaluation.

Numerical example 4.
a) Forthe UE (a, b) =(0.9, 0.6) the corrected value is (a’, b’y = (0.6, 0.4),
b) For the UE (a, b) = (0.6, 0.6) the corrected value is (a’, b’y = (0.5, 0.5).

4 Conclusion

In the paper, the A operation is presented and used as the tool for the de-i-fuzzification
procedure. The simple extension of the A operation is used as the tool for the correction of the
unconscientious experts’ evaluations. The constructive theorems for these operations are
formulated. Some remarks pointing to the usefulness of these proposal are given. Some
properties of the A operation, related to the de-i-fuzzification procedure and to the correction of
the unconscientious experts’evaluations are presented. The further research can be concerned on
the dependencies between the A operation and the other operations defined on intuitionistic
fuzzy sets.
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