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1 Introduction

Interval-Valued Intuitionistic Fuzzy Sets (IVIFSs; see, e.g., [1]) were introduced as extensions of
Intuitionistic Fuzzy Sets (IFSs; see [1, 2]) by George Gargov (7 April 1947 — 9 November 1996)
and the author in [5]. A lot of operations, relations and operators were defined over them.
During last years, the interest in IVIFSs increased and now they are object of intensive re-
search and applications.
A of 2018, the author has started working actively over the development of the IVIFSs theory.
In [3], new intuitionistic fuzzy operators from standard (first) modal type were introduced and



some of their basic properties were discussed. In [4], new intuitionistic fuzzy operators from
second type were introduced and some of their basic properties were discussed, too.

In the present paper, using the notations from papers [3, 4], we introduce a series of intuition-
istic fuzzy modal type operators of second type over IVIFSs. They are analogues of the modal
type operators of second type over IFSs, discussed in [2].

2 Preliminaries

An IVIFS A over universe F is an object of the form:
A = {{z, Ma(z), Na(x)) | = € E},
where M4 (z) C [0,1] and N4(z) C [0, 1] are intervals and for all z € E:
sup M4 (z) + sup Na(z) < 1.
For any two IVIFSs A and B the following relations hold:

ACB iff (Vxe E)(inf Ma(x) <inf Mp(z) & inf Ny(z) > inf Np(x)
&sup Ma(x) < sup Mp(x) & sup Na(z) = sup Np(z)),

A=B iff ACB&BCA.
For any two IVIFSs A and B the following operations hold:
A = {{z,Na(z), Ma(x)) |z € E},
ANB = {(x,[min(inf M(z),inf Mp(z)), min(sup M4 (z),sup Mp(zx))],
[max(inf Na(z),inf Np(z)), max(sup Na(z),sup Ng(z))]) | = € E},
AUB = {(z,[max(inf Ms(z),inf Mg(z)), max(sup M4 (z)sup Mp(x))],
[min(inf Na(z),inf Ng(z)), min(sup Na(z),sup Ng(z))]) | z € E}
A+ B = {(x,[inf Mus(z)+inf Mp(x) — inf M4(z).inf Mp(x),
sup Ma(z) 4+ sup Mp(z) — sup Ma(x). sup Mp(x)],
[inf Ny (z).inf Ng(x),sup Na(x).sup Ng(z)]) | z € E}
A.B = {(z,[inf My(z).inf Mp(x),sup Ms(z).sup Mp(z)],
[inf Ny(z) + inf Ng(x) — inf Na(x). inf Ng(z),
sup N4 (z) + sup Np(x) — sup Na(x).sup Ng(z)]) | z € E}
AQB = {(z,[(inf Ms(z) + inf Mp(z))/2, (sup Ma(z) + sup Mp(z))/2],
[(inf Na(z) +inf Np(z))/2, (sup Na(z)) +sup Ng(x))/2] | x € E}
The standard intuitionistic fuzzy operators of modal type are defined over IVIFSs similarly to
those, defined for IFSs:
0A= {{z,Ms(z),[inf Na(z),1 —sup My(z)]) | z € E},
QA= {(x,[inf M4s(x),1 —sup Na(z)], Na(z)) | z € E}.
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3 Main results

We describe standard interval-valued forms of some intuitionistic fuzzy modal-like operators of
second type, following [2], where their IFS-forms are given. We study some basis properties of
the defined operators. Below, we formulate only these operator properties that are valid for the
currently discussed type of operators and are not valid for the next operator extensions.

Let the IVIFS

A = {{z,[inf M4(z),sup Ma(x)], [inf Na(x),sup Na(x)]) | z € E},

be given.
Now, we introduce the first two new IVIFS-operators of second type H and [X] as follows.

DA = {(s, {infMA(:v) supMA(:lr)} | [ianA(a:) +1 sup Na(z) +1

2 ’ 2 2 ’ 2

ye e 3.

XA = {(z, {infMA(x) + 1 sup My(x) + 1} ’ [ianA(x) sup Na(x)

()21 sup Mo 0 ey e ),

All of their properties are valid for their immediare extensions, that for a given real number
ag,ap € [0,1] and oy < g, and IVIFS A have the forms:

B, . \A = {{z,[aqinf My(z), o sup Ma(z)],
( ) {(z,] ) p Ma(z)]

[ inf Ng(z) + 1 — ag,aasup Na(z) + 1 — ap))|z € E},
)A = {{x,|orinf Ma(x) +1 — ay,agsup Ma(z) + 1 — as],

[y inf Na(x), agsup Na(x)])|x € E}.
Obviously, for every IVIFS A:

= A= HA,
(5)
( 05 >A = XA.
0.5
Therefore, the new operators ( o ) and ( . ) are generalizations of the first ones from

this paper and of operators H, XI, (H,,, X, from [4].
The following assertions hold for the first two types of the next operators. We give the proof
of only one of them (Theorem 1 (b)), while the rest assertions are proved in the same manner.

Theorem 1. For every IVIFS A and for every oy, as € [0,1] and oy < a:

(@ B/, \ACACK, A
U () ()
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CECET ) )
(e) ( o )( o )AQ ( o )A.
Proof. We will prove (b). Let A be an IVIFS and a1, ay € [0,1] and oy < ap. Then

- -A
(o)

ﬁﬁ( . )ﬁ{(x, [inf M4 (), sup Ma(z)], [inf Na(x),sup Na(z)]) | x € E}

= —|E( - ){<a:, [inf Ny(z),sup Na(z)], [inf Ma(x),sup My(z)]) | z € E}

= —{(z, [a1 Inf Ng(z), agsup N4(z)],

[aginf My(z) +1 — ag, agsup Ma(z) + 1 — aol) |z € E},
= {(z,[arinf Ma(x) + 1 — aq, g sup My(z) + 1 — ),
[ inf Ny (), agsup Na(x)])|z € E}
= ( . )A.

a2

The rest assertions in Theorem 1, as well as from the subsequent theorems, are proved by
analogy.

O
Theorem 2. For every two IVIFSs A and B:

(a)l(z;)(AHa CE< )A+E(2>B
(b)( )A+BQ ( >+(Z§>
IR )
@, ) (Z;)A.(Z;)B.

Moreover, the following assertions are also true.

Theorem 3. For every IVIFS A and for every two real numbers aq, as, 51,52 € [0,1] and
ar < ag, B < Bo:



@ B, B, , \A=B,, \B, . \A4,
ST ) ()

= X
o B1 A B1
o B2 B2

VB REPS

(31

B1
B2

ORI ()

o B2 o

The second extension has the forms:

E( N )A = {(z, [y inf Ma(z), agsup Ma(z)],

az B2

[ag inf Na(x) + B1, g sup Na(z) + 5o} |x € E},

a1 B
oy B2

( >A: {(x, [oq inf Ma(x) + Br, asup Ma(z) + B,

[aq inf Na(x), agsup Na(z)])|z € E},

where vy, g, B1, B2, g + B2 € [0, 1] and a; < g, i < fo.
Obviously, for every IVIFS A:

o
o

HEI R CRER

a2 1—
( al)A:(az 1a2>A.
The following assertions hold for the new operators.

Theorem 4. For every IVIFS A and for every i, as, 51, fa, 00 + B1,a2 + P2 € [0,1] and
ar < ag, B < P

(a) ﬁ@( w1 B >—\A: ( w1 By )A,

az B2 oy P2

oy B2 az B2

(b) —|( N )ﬂA: E( N )A.
Theorem 5. For every IVIFS A and for every oy, as, 51, 82,71, V2, 01, 02, a1 +51, g + Po, 71 +
01,72 + 02 € [0, 1] and oy < g, B1 < P2, 71 < 72,61 < o,

)T ) T ) (e )

az B2 az B2 az B2 az P2
Now, we introduce the third extension of the above operators. They have the forms:

E(al P )A

az P2 2

= {(x, [ag inf M4 (), agsup M4 ()], [B1inf Na(z) 4+ y1, fasup Na(z) + )|z € E},
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(m R )A

az B2 72
= {{x, [ag inf Ms(x) + 71, ag sup Ma(x) + 2], [B1inf Na(z), Be sup Na(z)])|z € E},

where aq, g, 51, B2, 71,72 € [0, 1], max(a;, ;) +7; < 1fori=1,2and a; < ag, 51 < f2,71 <

Y2-
Obviously, for every IVIFS A:

A A= A,
(m5)" " (ann)

The following assertions hold for the new operators.

Theorem 6. For every IVIFS A and for every oy, as, 51, B2, 71, 72 € [0, 1], max(ay, ;) +7: < 1
fori =1,2and aq < ag, 51 < fa, 71 < 7

(a) _'E(al B1 m

oy B2 2

) e )

B2 a2 72

M) -X,  , \-A=8,, . A
(m2x)” (2az)

az P2 72 B2 az 72

Theorem 7. For every two IVIFSs A and B and for every ay, as, 1, B2, 71, V2 € [0, 1], max(ay, 5;)+
vi <1fori=1,2and a; < ay, 1 < Bo, 71 < 7o

AN

H

B M
B2 72

Q Q
[

az B2 72 oy B2

(a) EH( o 8 71>(AQB):EH(M B

)
B1 M )B’

B1 M
az B2 72

)
R D R CT I S TR
© B n o )AVBI=E 0 0 Wy AUE 0 B
R I L T T R R
(e) E(al gl 71)(14@3):%<&1 gl VI)A@E(QI gl n)B’
)

® ( ar B

az B2 72

(A@B) =X, AQN, . \B
( ) )

az B2 72

Theorem 8. For every IVIFS A and for every oy, as, 51, B2, 71, 72 € [0, 1], max(ay, 5;) +7: < 1
fori =1,2and a; < ay, B < f2, 11 < 72t

@ B, o o \CA=CE, . . A
7 ) ( )

az B2 72 az B2 72



BB a o)A =CE a0y
S e E I

d) ( . M>J(A)=1((al . 71)14).

az B2 72 az B2 72

A natural extension of the last two operators is the operator

E](al . 51>A

az P2 y2  d2
= {(z, [y inf Ma(x) 4+ 71, g sup M4 (x) + 2],
[Byinf Na(x) + 01, fasup Na(z) + do])|x € E},

where i, ay, 81, B2, 71,72,01,02 € [0,1], max(e, ;) + v + 6 < 1fori = 1,2 and
ar < ag, 1 < Ba,71 < 72,01 < 0o

It is the fourth type of operators from the current type.

Obviously, for every IVIFS A:

= A=W VA
(22 ™ a )

az B2 72 az B2 0 2

(al . M)A:E](al o g)A.

oy B2 2 az B2 2

The following assertions hold for the new operator.

Theorem 9. For every IFS A and for every ay, as, 51, B2, 71,72, 01,02 € [0, 1], max(ay, B;) +
Y +0; < 1fori=1,2and a; < g, 81 < Bo, 71 < 72,01 < 0o

(a) _'E](al R 61>_'A:E](ﬁ1 S n)A’

ay B2 v2 b2 B2 a2 OS2 2

(b) (¢ PR 61)(AQB):E](Q1 5 m 61)Am@<a1 5 m 51>B,

B2 vz 62 az P2 vz 62 ag B2 vz b2

Q Q

B1 M 4
B2 vz 02

1
1

(c) [o

QR

: (AUB)IE](C” PR 51)AUE]<&1 P 51)37

oz B2 y2 62 az B2 vz 02

B v 41
8

B2 72 az P2 vz b2 az B2 vz 62

) (A@B):E](al P 51>A@E]( . s 61)B,
(e) ¢,

B2 vz 62

Q Q

() ©

a1 B v b1
az B2 vz 62

(
(
@)
(
(

)
)

P 61)[]142 D@(al A 51>A,
)



Theorem 10. For every IVIFS A and for every oy, as, 81, 52, 71,72, 01, 02 € [0, 1], max(c;, 5;)
+yi+0; < 1fori=1,2and a; < ag, 81 < fa2,71 < 72,01 < 025 €1, €2, C1, 2,1, 12, 01,02 €
[0, 1], max(ei,(’i) + i -+ 91 < 1 fori = 1,2 and €1 < £9, Cl < Cg,?h < 772,91 < 92:

az B2 vz O2 €2 G2 m2 B2

E]<a1 B m 51)(E]<al G om el)A)

= E]( ater B1¢1 cami +y1 P16 + 61 )A

agez PBala aznz +y2 B2z + 02

Theorem 11. For every IVIFS A and for every ay, ag, f1, B2, 71, V2, 01, 02 € [0, 1], max(«, 5;)
+7i+0; < 1fori=1,2and a; < ag, f1 < f2,71 < 72,01 < 0

(a) E](al B m 51>C(A>:C(E]< o B om 61)14)7

oy B2 y2 62 oy B2 y2 62

(b) @(al b 51)1(A)=1(@<a1 - 51)14).

az P2 vz 62 az B2 vz 62

The extended form of all above operators is the operator

az B2 y2 S22 G2

@(al B1 v 61 e1 1 )A

= {(z, [y Inf My (z) — e1inf Na(z) + 71, ag sup Ma(z) — eginf Na(z) + 2],
[Brinf Na(x) — ¢ inf Ma(x) + 01, Basup Na(z) — Ginf Ma(z) + &))|z € E},

where oy, 81,71, 61,61, G, 2, B2, 72,02, €2, ¢ € [0,1], and a7 < ag, f1 < fa, 11 < 92,01 <
02,61 > €2,(1 < (g, and fori = 1,2:

max(a; — G, 8 —ei) + 7 +0; < 1, (1)

min(o; — G, 8 — &) + v + 0; > 0. (2)
Obviously, for every IVIFS A:

E](al P 51)A:@(a1 5w s o 0>A.

az P2 vz 62 az P2 y2 2 0 0O

The following assertions hold for the operator [©] ( or B o 6 e )

az P2 y2 b2 2 Q2
Theorem 12. For every IVIFS A and for every a1, 51,71, 01, €1, (1, Qa, B2, Y2, 02, €2, (2 € [0, 1],
and o < ag, b1 < B, 11 < Yo,01 < 02,61 > €2,(1 < (o, for which (1) and (2) are valid, the
equality

ﬁ@<a1 B m b1 a1 G )ﬁA:E](ﬁl a6 1 G en )A

az P2 y2 2 e1 G B2 a2z b2 y2 (2 e2

holds.



Theorem 13. For every two IVIFSs A and B and for every ay, 51,71, 01, €1, (1, i, B2, Y2, 02,
€2, € [0,1], and o < g, B1 < B, 1 < 72,01 < Ga,61 2> €2, (1 < (o, for which (1) and (2)
are valid, the equality

az B2 vz b2 2 (2

@(m b o s e <1>(A@B)

:@(al B w8 e cl)A@@(al Biom 8 e cl)B

ay P2 y2 S22 G2 az P2 vz 2 ez G2

holds.
We must note that equalities

@<a1 8 w8 e C1><AmB)

az B2 vz b2 e2 (2

az P2 vz b2 e2 (2 az P2 y2 2 e2 G2

:@( ar B v 61 a1 G )Am@( a1 B v 61 a1 G )B’

@(al B w6 e C1>(AUB)

az P2 vz 62 ez (2

:@( ar B1 1 &1 e1 G )AU@( ar P11 & e1 G )B’

ag B2 y2 b2 e2 G2 ag B2 y2 b2 e2 G2

which are valid for operator [®],, g ., 5, are not always valid now.

Theorem 14. For every IVIFS A and for every ay, 51,71, 01, €1, (1, Qa, B2, Y2, 02, €2, (2 € [0, 1],
and a; < g, 01 < Po,m1 < 79,01 < 09,61 > 9,1 < (5, for which (1) and (2) are valid,
for every 1,61, 11, K1, A1, f1, M2, 02, Lo, Koy Aoy e € [0,1], and my < 19,01 < Oa,01 < 19,/ <
Koy A1 > A, i1 < g, for which

max(m — ;L,,Ql — )\1) + L; + R S 1,
min(n; — fi, 0; — Ni) + i + K >0

are valid, the equality

@(al B1 v 61 e1 Cl)

az B2 v2 b2 e2 (2

@<7I1 1 w1 k1 A1 p1 )A

n2 02 L2 K2 A2 u2

- @ aim +erpr B101 +C1Ar arn —e1kr + 1 Bikr —Cer +61 arAr +e161 Bipr +Gm
agnz +eap2 B2l +CaX2  agip —eaka +y2 Bake — G2tz + 62 azda +e26a Bapz + Can2

holds.

4 Conclusion

In [4], inf- and sup-components have equal parameters (real numbers). In the present research,
these parameters for the inf- and sup-components have different values. Their specific properties
were studied. In a next paper, the author will introduce a next generalizations of all the operators,
describing here and in [4] for a first time. In near future, the author plans to extend the results

from the present paper to a book.
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