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1 Introduction

The concept of Index Matrix (IM) was discussed in a series of papers (see, e.g., [1, 2] and others)
and it was extended to the concept of an Intuitionistic Fuzzy Index Matrix (IFIM) in [3].
Initially, in Section 2, we give some elements of Intuitionistic Fuzzy Logic (IFL, see, e.g.,
[4]). In Section 3, following [3], we give definition of IFIM and some operations over them.
Eight new operations over IFIMs are introduced in Section 4 and some of their properties are
ddiscussed.

2 Short remarks on intuitionistic fuzzy logic

In IFL, the truth-value function V' assigns to each proposition p two real numbers p(p), v(p) €
[0, 1], called “degree of validity” and “degree of non-validity”, which satisfy condition (see [?]):

w(p) +v(p) < 1.
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If for propositions = and y, V' (z) = (a,b) and V (y) = (c,d), where a,b,c,d,a +b,c+ d €
0, 1], then
V(z) = V(y) if and only if a = cand b = d,

V(z) < V(y)ifand only ifa < cand b > d,
V(z) < V(y)ifandonlyifa < candb > d, ora < cand b > d,

(y)
(y) =V(z Ay) = (min(a, c), max(b, d)).

V(x) Vv
Vx) A

1% V(z Vy) = (max(a,c), min(b,d)),
Vv
When we have n variables z1, zs, ..., x,, with truth-values (a;, b;) for a;,b;,a; + b; € [0,1],

where ¢ = 1,2, ..., n, then

V(Viz;) = (max a;, minb;),
V(Niz;) = (min a;, max b;).

For the needs for Section 4, we introduce also operation “average value” for the truth-values
of n > 2 variables, that is analogous of operation @, defined over the intuitionistic fuzzy sets (see

[4]): | |

3 Short remarks on index matrices

and intuitionistic fuzzy index matrices

Let I be a fixed set of indices and R be the set of the real numbers. In [2], by IM with index sets
K and L (K, L C I), we denoted the object:

I Iy oy,
ki | akypy kg oo Gk,
K, L {ap,, Y = F2 | Ghoty Qhoy - Qo
km | Gty Qs -+ Gl

where K = {ki, kg, ... kn}, L ={li,ls,....0}, for1 <i<m,and 1 < j <n:ay €R.
In [2], different operations, relations and operators are defined over IMs.
In [3], by IFIM with the above mentioned index sets, we denoted the object:

ll l2 NP ln
kl <:uk1,l17 Vlil) <Mk17127 Vkl,l2> B <:u’k1,ln7 Vkl,ln>
[K7 L, {</"Lki,lj) Vki,lj>}] = ko </“€2,l17 sz,h) <Mk27127 Vk2,12> <. <:uk2,ln> sz,ln> )
Fon | (B s Vionn) (Bkdos Vi) - (bl s Vi)

where forevery 1 <@ <m,1 <7 <n: 0 < pigg 155 Vi by oty + Viit; < 1
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For the IMs A = [K, L, {{ftk; 1, Vkiy;) }, B = [P, Q,{{Pp,.qs> Op.q.) }], Operations that are
analogous of the usual matrix operations of addition and multiplication are defined, as well as
other specific ones.

(a) addition A B =[KUP,LUQ,{{Vt, vs: Vtyv.,) ], Where

<¢tu7ﬂw7¢tung> =
( <Mki7lj7 Vkl-,lj>a ift,=k € Kand v, = lj eL—-Q
ort,=k € K—Pandv, =1[; € L;

(Portsr Tprgs)s ift,=p, € Pandv, =q, € Q— L
ort,=p, € P—Kandv, =q, € Q;

(max(pig, ;) Pprg.)s ftu=ki=p, € KNP
min(uki’lj, Upr,qs)>7 and Vw = lj = (s clLn Q

[ (0,1), otherwise

(b) termwise multiplication A ® B = [K N P, LN Q, (¢t,.00s Vty.vw) }], Where
<gptuﬂ}w’ ¢tuﬂ}w> =

_ (min(eg, 1,5 Ppg)s  ftu=ki=p. € KNP
max(Vg, 1, 0p,q,)), and vy, =1; =¢q, € LNQ

(¢) multiplication A® B =[K U (P — L), QU (L — P),{¢t, vu> Vtu.0n) }], Where
<S0tu7'Uw7 wtu7Uw> =
( <:U’ki,lja Vki,lj>7 ift, =%k € Kand v, = lj elL-—-P

<ppr7‘I5’gpr7QS>7 1ftu:p7” GP_LandUw:CIs GQ

( max  (min(p,i,,Pp.q,)), ifty =4k € Kandv, =q, € Q
= lj=prELNP

mlIl (maX(Vki,lJW Upr:‘]s))>7
lj=preLNP

L (0, 1), otherwise

(d) structural subtraction A © B = [K — P,L — Q, {{®t, v,s Vtu.00) }], Where “= is the
set—theoretic difference operation and

<S0tu,vw7wtu,'uw> = <,uki,lj,Vki,zj>, fort,=k € K — Pand v, = lj eL-Q.

(e) negation of an IFIM —A = [K, L, {—(u,,, Vk, ;) }], where — is one of the above (or
another) negations.
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(f) termwise subtraction A — B = A ® —-B.

Let the two IFIMs A = [K, L, {(ax, bx;) }| and B = [P, Q, {(c, 4, dp4) }] be given. We shall
introduce the following (new) definitions where C and C denote the relations “strong inclusion”
and “weak inclusion”.

(a) strict relation “inclusion about dimension”

A Cy Biff (K C P)&(L C Q))V (K C P)&(L C Q) V(K C P)&(L CQ))

&(Vk - K)(Vl - L)((ak’l,bkﬂ = <Ck,ladk,l>)'

(b) non-strict relation ‘“inclusion about dimension”

ACy Biff (K C P)&(L C Q)&(Vk € K)(VI € L)({ag, bey) = (cki, dig))-
(¢) strict relation “inclusion about value”

AC, Biff (K = P)&(L = Q)&(Vk € K)(Vl € L)({aki, brg) < (Crus dii))-
(d) non-strict relation ‘““inclusion about value”

A Cy Biff (K = P)&(L = Q)&(Vk € K)(VI € L)({ary, bey) < (crps dia))-
(e) strict relation “inclusion”

ACBIff((KCP)&(LCQ)V(KCP)&(LCQ)V(KCP)&LCQ))

&(Vk € K)(Vl € L)(<(lk7l, bk71> < <Ck,l> dk,l>)'

(f) non-strict relation ‘““inclusion”

A C Biff (K - P)&(L - Q)&(Vk € K)(Vl € L)((ak,l,bm) < <Ck,lydk,l>)-

4 Main results

Let the IFIM A be given and let ky ¢ K and [y ¢ L are two indices. Now, we introduce the
following eight operations over it:
(a) max-row-aggregation

[y Ly
a4 Ro) = T e (), i (b)) o max (v, ), min (b))
(b) min-row-aggregation
\ I In
prinl A 0) =T T i e ). e ()] - (i (o, ), mma ()
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(c) average-row-aggregation
| L " Ly
1 - 1 - 1 o 1 - )
(o Zlaki,lua 2o bk) o (o 2 Wit oy 2o Okita)
1= =1 =1 =1

pav(Aka) = kO

(d) max-column-aggregation

lo

kl <1I£]ag}§1(ak1’l])7 llglgn(bklzl])>

O-max(Aa lO) = . . )

o | { max (ag,,1;),

Isrljlg’rb(bk”L 7lj ) >
(e) min-column-aggregation

lo

B | (min (ax,), max (b))

Umin<Aa lO) = . . )

ko, <1%i£n(akm,,lj), gl%ﬁ(bkm,lj»

(f) average-column-aggregation

Ky <% Z akl,zw% > brig,)
Uav<A7l0> = -

km | (£ > Wty s = > bkt
We can see immediately, that for every IFIM A and for every index i:

(D) pmaz(Pmaz(A; 1), 1) = pmaz (A, 1),
) pmin(Pmin(A,1),1) = pmin(A, 1),
3) Pav(pav(A;),7) = pav(A, 1),
4) Omaz(Omaz(A,1),1) = Omaz(A, 1),
(5) Tmin(Omin(A; 1), 1) = Tmin(A, 1),
(0) Oav(0av(A, 1), 1) = 0av(A, 7).
and for every two indices ¢ and j:
(D) pmaz(Omaz (A, 7),9) = Omaz(Pmaz (A, 1), 7),
2) pmin(Omin(A; 1), 1) = Omin(Pmin(A, ), 7)),
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(3) pav(o-av(Aaj)a Z) = Uav(an(A, Z)?])

The following assertion is valid.

Theorem. For every two IFIMs A and B and for every index i:
(D) pmaz(A® B, i) Co pras(A, 1) @ s (B, 1),
(2) pmin(A @ B,i) Dv prmin(A, 1) © pmin(B, 1),
3) par(A® B,i) = pav(A, i) ® pau(B, 1),

4) Prnae(A® B,i) D0 prax(A, 1) © pmaz (B, 1),

(5) pmin(A® B,i) Sy pmin(A;7) & pmin(B, 1),

(6) Prmac(A S B,i) = paz(A, 1) © Pmax(B, 1),

(D) pmin(A S B,i) = pmin(A, i) © pmin(B, 1),

(8) pav(A S B,i) = pav(A, i) © pav(B, 1),

(9) Ormaz(A© B,i) Sy Omaz(A, 1) © Oman(B, 1),
(10) pmin(A® B,1) Dy Omin(A, 1) ® Omin(B, 1),
(11) 0a(A® B,i) = 0au(A, 1) & 04y(B, 1),

(12) Omaz(A® B, 1) Dy Omaz(A, 1) ® Omaz(B, 1),
(14) 0min(A® B,1) Cy 0min(A, 1) & Omin(B, 1),
(15) Omaa(A O B,i) = Omaa(A, 1) © Omaa( B, 1),
(16) 0min(A S B,i) = 0pin(A, 1) © 0min(B, 1),
(17) 0a(A S B,i) = 04u(A,1) © 0av(B, ).

The operation ® does not enter relation with the new eight operations.

S Conclusion

In future, we will study the connectins between the new eight operations and the rest operations
and relations defined over IFIMs.
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