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1. Introduction

The specific growth rate of the fed-batch processes determines the nomi-
nal biotechnological condition [14, 16]. The complexity of the biotechnological
fermentation process makes difficult the determination of the “best” process pa-
rameters. The incomplete information sometimes is compensated by the use
of imprecise human estimations [8, 12, 13]. People’s preferences contain char-
acteristics of subjective and probabilistic uncertainty. This makes difficult the
mathematical incorporation of human preferences in complex systems. The ne-
cessity of a merger of empirical knowledge with mathematical exactness and
descriptions causes difficulties. Possible approach for solution of these problems
is the stochastic approximation ([1, 4, 5]). The uncertainty of the subjective
preferences could be viewed as a noise which can be eliminated as typical for
the stochastic approximation procedures. A main requirement of the stochastic
assessment is the analytical presentation of the qualitative nature of the human’s
preferences and notions ([1, 12, 18]).

Our experience is that the human estimation of the process parameters of
a cultivation process contains uncertainty in the range from 10% to 30%. Here
a mathematical utility evaluation procedure for elimination of the uncertainty
in the decision-maker’s (DM) preferences and evaluation of the DM’s utility is
proposed [1, 12, 15, 18]. The approach permits iterative and precise evaluation
of the “best” growth rate of the fed-batch process in agreement with the DM’s
preferences as maximum of this utility function [15]. In the paper is presented
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mathematical methodology that is useful for dealing with the uncertainty of
human behavior and judgment in complex control problems and mathematical
description of the complex system “technologist-fed-batch process” . The dia-
logue “DM - computer” realizes a machine learning on the base of the DMs
preferences.

2. Description of fed-batch extended Monod kinetic model

Mathematical unstructured models of fed-batch process can be written based
on mass balance equations [14, 19, 20]. Unstructured models take cell mass as
a uniform quality without internal dynamic. The reaction rates depend only
upon the macroscopic conditions in the liquid phase of the bioreactor. Below
we investigate an extended form Wang-Monod model [20]. In Monod kinetic
model the acetate and the ethanol production are included [16, 19, 20]. In the
case of E-coli cultivation the equation describing the ethanol production can be
omitted. The dynamics of the specific growth rate in the modification proposed
by Wang in Wang-Monod model is described as a first order lag process with a
rate constant in response to the deviation in the growth rate [20]:

Ẋ = µX −
F

V
X,

Ṡ = −kµX + (S0 − S)
F

V
,

µ̇ = m

(

µm

S

(KS + S)
− µ

)

,

V̇ = F,

Ė = k2µE −
F

V
E,

Ȧ = k3µX −
F

V
A,

(1)

where X is the concentration of biomass, [g/l]; S - the concentration of
substrate (glucose), [g/l]; V - bioreactor volume, [l]; F - substrate feed rate
(control input), [h−1]; S0 - substrate concentration in the feed, [g/l]; µmax-
maximum specific growth rate, [h−1]; KS - saturation constant, [g/l]; k, k2
and k3 - constants, [g/g]; m-coefficient [-]; E- the concentration of ethanol,
[g/l]; A - the concentration of actate, [g/l]. We preserve the notation U(·) fot
the criteria for optimization (a unimodal polynomial utility functionof degree
6 in this investigation[15, 16]. The system parameters are as follows: µm =
0.59[h−1], KS = 0.045 [g/l], m = 3 [-], S0 = 100 [g/l], k2 = 3.79 [-], k3 = 1/71
[-], kE = 50 [-], Fmax = 0.59 [h−1], Vmax = 1 [l]. The 5th equation describes
the production of ethanol (E). The last equation describes the production of
acetate (A). This equation is dynamically equivalent to the first one after the
implementation of a simple transformation (X = (1/k3)A). The initial state
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variables are taken as follows:

Xi(0) = 0.99;Si(0) = 0.01;µi(0) = 0.1;EI(0) = 0.01;Vi(0) = 0.5.

3. Value and Utility Functions

We begin with the simplest case, the value functions ([8, 12]). Let X be the
set of alternatives (X ⊆ Rm). A “value” function is a function u∗(·) for which
it is fulfilled ( Keeney & Raiffa, 1976):

((x, y) ∈ X2, x ≻ y) ⇔ (u∗(x) > u∗(y)) (2)

The decision maker’s (DM’s) preferences over X are expressed by (≻). A
value function gives us only the possibilities for determination of the maxi-
mum or minimum of a solution. The analytical presentation of a value function
could be used in optimal control problem for description and control of complex
dynamical biotechnological problems. Mathematical expectations with value
functions are not possible. The description of a utility function is more difficult.
Let X be a set of alternatives and P is a subset of discrete probability distri-
butions over X. A utility function is any function u(·) for which it is fulfilled
([8]):

(

p ≻ q, (p, q) ∈ P2
)

⇔

((∫

u(·) dp >

∫

u(·) dq

)

, p ∈ P, q ∈ P

)

(3)

According to Von Neumann and Morgenstern the above formula means that the
mathematical expectation of u(·) is a quantitative measure in the interval scale
with regard to the expert’s preferences for probability distributions P over X

([8, 12, 18]). The DM’s preferences over P, including those over X, (X ⊆ P)
are expressed by(≻). The indifference realtion ∼ is defined as

((x ∼ y) ⇔ ¬((x ≻ y) ∨ (x ≺ y))) .

It is well known that the existence of an utility function u(·) over X determines
the “preference” relaton (≻) as a as a negatively transitive and asymmetric one
([8])

Proposition 1. If the relation (≻) is negatively transitive and asymmetric, the
“indifferenece” relation (∼) is transitive.

Corollary 1. If the relation (≻) is negatively transitive and reflexive, the “in-
differenece” relation (∼) is an “equivalence” [8] .

Every discrete probability distribution over X is called a “lottery”. We de-
note the lottery as 〈x, y, α〉 where α is the probability of the appearance of the
alternative x and (1−α)- the probability of the alternative y. The most used ap-
proach in assessment of the utility uses the following comparisons: z ∼ 〈x, y, α〉,
where (x ≻ z ≻ y), α ∈ [0, 1], (x, y, z) ∈ X3 ([7, 12, 18]). The weak points of
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these approaches are the so called “certainty effect” and “probability distortion”
identified by Kahneman and Tversky ( [10, 11, 13] ). The determination of the
best alternative x and the worst alternative y on condition that (x ≻ y ≻ z)
where z is the analyzed alternative is not easy. The transitivity violations of
the “indifference” relation lead to the declinations in the assessments (Cohen,
& Jaffray, 1988). They explain the DM behaviour observed in the famous Allais
Paradox that arises from the “independence” axiom ([8]):
(

p ≻ q, 0 < α < 1, (p, q, r) ∈ P3
)

⇒ ((αp+ (1− α)r) ≻ (αq + (1− α)r)) (4)

The utility function u(·) over X is determined with the accuracy of the affine
transformation (interval scale), according to the following proposition ([8]):

Proposition 2. If (x ∈ X, ((p(x) = 1) ⇒ (p ∈ P))) and ((q, p) ∈ P2 ⇒
αp+ (1− αq) ∈ P, α ∈ [0, 1]) are realized, then u(·) is defined with precision up
to the affine transformation (u1(·) ∼ u2(·)) ⇔ (u1(·) = au2(·)+b, a > 0∧b ∈ R).

This property is essential for the application of the utility theory, since it
allows a decomposition of the multiattribute utility functions into simpler func-
tions [12]. The first condition in Proposition 2 can be interpreted as a capability
of the DM to imagine one alternative independently on the others. The second
condition is a capability of the DM to report on the uncertainty of the results.
This proposition reveals that the utility measurement scale of the utility func-
tion is equivalent to the temperature scale (interval scale). Several non-expected
utility theories have been developed in response of the displayed transitivity vi-
olations [10, 11, 13]. Among these theories the rank dependent utility model
and its derivative cumulative prospect theory are currently the most popular.
In the rank dependents utility (RDU) the decision weight of an outcome is not
just the probability associated with this outcome. It is a function of both the
probability and the rank (the alternative) x. For example the RDU of the lottery
(p1, x1; p2, x2; . . . ; pn, xn) is:

RDU =

n
∑

i=1

W (pi)u(xi).

Based on empirical researches several authors have argued that the probability
weighting functionW (·) has inverse S-shaped form, which starts on concave and
then becomes convex. Our approach permits accounting for this particular case
and evaluations in the conceptions of RDU.

4. Utility evaluation and stochastic approximation

The following notations will be used:

Au = {(α, x, y, z)| αu(x) + (1 − α)u(y) > u(z)} ;

Bu = {(α, x, y, z)| αu(x) + (1− α)u(y) < u(z)}
(5)

The expected DM utility is constructed by pattern-recognition of Au and Bu

[1, 15]. Key element in this solution is the next proposition [15]:
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Proposition 3. If Au1
= Au2

then u1(·) = au2(·) + b, a > 0.

The following presents the procedure for evaluation of the utility functions:
The DM compares the “lottery” 〈x, y, α〉 with the simple alternative z, z ∈ X

(“better - ≻, f(x,y, z,α) = 1”, “worse - ≺ , f(x,y, z,α) = −1” or “can not
answer or equivalent - ∼, f(x,y, z,α) = 0”, f(·) denotes the qualitative DM
answer). This determines a learning point ((x,y, z,α), f(x,y, z,α)). The fol-
lowing recurrent stochastic algorithm constructs the utility polynomial approxi-
mation u(x) =

∑

i Φi(x)

cn+1
i = cni + γn

[

f(tn+1)− (cn, ψ(tn+1))ψi(t
n+1)

]

∑

n

γn = +∞,
∑

n

γ2n < +∞, ∀n, γn > 0
(6)

In the formula the following notations (based on Au) are used: t = (x, y, z, α),
ψi(t) = ψi(x, y, z, α) = αΦi(x)+ (1−α)Φi(y)−Φi(z), where (Φi(x)) is a family
of polynomials. The line above y = (cn, ψ(t)) means y = 1 if y > 1, y = (−1) if
y < (−1) and y = y if (−1) ≤ y ≤ 1 [1, 15]. The learning points are set with
a pseudo random sequence. The expert relates intuitively the “learning point”
(x, y, z, α) to the set Au with probability D1(x, y, z, α) or to the set Bu with
probability D2(x, y, z, α). The probabilities D1(x, y, z, α) and D2(x, y, z, α) are
mathematical expectation of f(·) over the set of positive answers - Au and over
the set of negative answers-Bu, respectively, D1(x, y, z, α) = M(f |x, y, z, α), if
M(f |x, y, z, α) > 0, D2(x, y, z, α) = (−M(f |x, y, z, α)), if M(f |x, y, z, α) < 0.
Let D′(x, y, z, α) is the random value:

D′(x, y, z, α) =







D1(x, y, z, α) if M(f |x, y, z, α) > 0;
−D2(x, y, z, α) if M(f |x, y, z, α) < 0;
0, if M(f |x, y, z, α) = 0.

The following decomposition is used in (6):

f(tn+1) =
[

D′(tn+1) + ξn+1
]

(7)

In the formula above ξ denotes the uncertainty in the expert answers. We
approximate D′(x, y, z, α) by a function of the type:

G(x, y, z, α) = (αg(x) + (1− α)g(y)− g(z)), g(x) =
∑

i

ciΦi(x)

The function g(x) is an approximation of the utility u(·). The coefficients
cni take part in:

gn(x) =
N
∑

i=1

cni Φi(x), (c
n,Ψ(t)) = αgn(x)+(1−α)gn(y)−gn(z) = Gn(x, y, z, α).

(8)
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Figure 1: Utility function evaluation

The function Gn(x, y, z, α) is positive over Au and negative over Bu depending
on the degree of approximation of D′(x, y, z, α). The convergence of the proce-
dure is analyzed in[1]. The learning points ((x, y, z, α), f(x, y, z, α)) are set with
a pseudo random Lpτ

sequence and this defines a priori the number of learning
points in the procedure (p ∈ N, n = 2p, 64, 128, 256, . . .).

The proposed procedure and its modifications are machine learning [1, 15].
The computer is taught to have the same preferences as the DM. The DM is
comparatively quick in learning to operate with the procedure. For example a
session with 128 questions (learning points) takes approximately no more than
45 minutes and the utility function is evaluated with mathematical precision.

5. Growth rate evaluation of a cultivation process

The complexity of the biotechnological fermentation processes makes dif-
ficult the determination of the optimal process parameters. The incomplete
information is compensated with the participation of imprecise expert estima-
tions. Our experience is that the human estimation of the process parameters
of a fermentation process contains uncertainty in the range of 10% to 25%.

Let Z be the set of alternatives (Z = specific growth rates − µ ≡ [0, 0.6])
and P be a convex subset of discrete probability distributions over Z. The expert
“preference” relation over P is expressed through (≻) and this is also true for
those over Z(Z ⊆ P). As mentioned above the utility function is defined with
precision up to affine transformation (interval scale). A decision support system
for subjective utility evaluations is built and used. The results are shown on
Fig.1. The utility function is approximated by a polynomial:
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Figure 2: Pattern recognition

U(µ) =
6
∑

i=0

ciµ
i (9)

The polynomial representation permits exact analytical determination of the
derivative of the utility function and determination of the optimal technological
parameters, optimal specific growth rate (optimal set point) (Fig.1) [15]. The
utility is evaluated with 64 learning points. This number of questions is for a
primary orientation. The seesaw line (Fig.2) is pattern recognition of Au and
Bu. This seesaw line recognizes correctly more than 97% of the expert answers.
The polynomial approximation of the DM utility u(µ) is the smooth line in
Fig. 2. The expert utility recognizes correctly more than 81% of the expert
answers (learning points). The maximum of the utility function determines the
optimal set point of the fed-batch process after the technologist. The pattern
recognition is stochastic because Au ∩ Bu = ∅, since the human uncertainty
appears in the mathematical presentation as additive noise.

6. Control design and stabilization in the “best” growth rate

The presentation of the control design follows the presentations in papers
[15, 16, 17]. We preserve the notation U(·) for the DM utility. The control
design is based on the solution of the following optimal control problem:
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Max(U(µ)), where the variable µ is the specific growth rate, (µ ∈ (0,µmax], D ∈

[0, Dmax]). Here U(µ) is an aggregation objective function (the utility function)
and D is the control input (the dilution rate):

max(u(µ)), µ ∈ [0, µmax], t ∈ [0, Tint], D ∈ [0, Dmax]

Ẋ = µX −DX

Ṡ = −kµX + (S0 − S)D

µ̇ = m

(

µm

S

(KS + S)
− µ

)

(10)

The differential equation in (10) describes a a continuous fermentation

process . The Monod-Wang model permits exact linearization to Brunovsky
normal form following the procedures in papers [3, 17]. The optimal solution is
determined with the use of the Brunovsky normal form of model (10):

Ẏ1 = Y2

Ẏ2 = Y3

Ẏ3 =W.

(11)

In the formula above, W denotes the control input of the Brunovsky model (11).
The vector (Y1, Y2, Y3) is the new state vector [15]:

Y1 = u1

Y2 = u3(u1 − ku21)

Y3 = u23(u1 − 3ku21 + 2k3u31) +m

(

µm

u2
(Ks + u2)

− u3

)

(u1 − ku21)





u1
u2
u3



 = Φ(X,S, µ) =





X
S0−S

S
µ





(12)

The derivative of the function Y3 determines the interconnection between
W and D. The control design is a design based on the Brunovsky normal form
and the application of the Pontrjagins maximum principle step by step for suf-
ficiently small time periods T [2, 11, 15, 16]. The reason for the choice of such
optimal control design is that the input control set in the Brunovsky form is
time-dependent [9]. The interval T could be the step of discretization of the
differential equation solver. The optimal control law has the analytical form
[15, 16]:

Dopt = sign

((

6
∑

i=1

iciµ
(i−1)

)

(T − t)

[

(T − t)µ(1 − 2kY1)

2
− 1

]

)

Dmax

where

sign (r) = 1, r > 0, sign (r) = 0, r ≤ 0

(13)
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Figure 3: Stabilization of the fed-batch process

The sum is the derivative of the utility function. It is clear that the optimal
“time-minimization” control is determined from the sign of the utility derivative.
The control input is D = Dmax or D = 0. The solution is in fact a “time-
minimization” control (if the time period Tint is sufficiently small). The control
brings the system back to the set point for minimal time in any case of specific
growth rate deviations [15, 16]. The control law of the fed-batch process has
the same form because D(t) is replaced with F (t)/V (t) in Monod-Wang model
(5). Thus, the feeding rate F (t) takes F (t) = Fmax or F (t) = 0, depending on
D(t) which takes D = Dmax or D = 0.

We conclude that the control law (13) brings the system to the set point
(optimal growth rate) with a “time minimization” control, starting from any
deviation of the specific growth rate. We use this control law as a main part in
a more complex chattering control law solution for stabilization of the system in
the “best” growth rate position [6, 15, 16].

This type of control may be used only for cumulative criteria for which the
Bellman principle is valid in the optimal control [9]. For example, such are the
amount of biomass at the end of the process and the time-minimization optimal
control.

The deviation of the fed-batch process with this chattering control is shown
on Fig.3. After the stabilization of the system in equivalent sliding mode control
position the system can be maintained around the optimal parameters with
sliding mode control (Fig.3) [6, 15, 16]. The iterative utility function design
and the iterative corrections in the DM preferences permit adjustment of the
control law and of the optimal control final results in agreement with the changes
in the opinion of biotechnologist. The procedure could be interprets as learning
procedure in the two opposite directions, in direction to biotechnologist or in
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Figure 4: The methodology for extracting experts knowledge for the design of the control law

direction to the final optimal solution.

7. Final remarks

Here we would like to present a flow-chart of the methodology used to once
more emphasize the generality of such approach which can be used succesffuly
in other areas. The flowchart on Fig. 4 will serve as a basis for a detailed
generalized net ([21]) model of the methodology to be developed in future work.
Here we present only the main steps, as the technical details are specific for each
process and implementation. For instance, the degree of the polynomial used to
approximate the utility function may vary. What is important to note is that
the human preferences are quantified by the construction of the utility function
and at the same time the expert may further input new preferences based on
the observed result, so with each iteration both the quantified evaluations and
the qualitative reasoning of the expert are improved.

8. Conclusions

In the paper a mathematical utility evaluation procedure for elimination of
the uncertainty in the decision-makers preferences and evaluation of the “best”
technological conditions is proposed. The approach permits iterative and pre-
cise evaluation of the “best” specific growth rate of the fed-batch process and
iterative control design in agreement with the DMs preferences as maximum of
this utility function.

10



Acknowledgements:

This work is partially supported by the Bulgarian National Science Fund un-
der grant No. DID-02-29 “Modelling Processes with Fixed Development Rules”

References

[1] Aizerman, M. A., E. Braverman, L. Rozonoer, Potential Function Method
in the Theory of Machine Learning. Moscow, Nauka,1970.

[2] Aleksiev V., V. Tihomirov, S. Fomin, Optimal Control. Moscow, Nauka,
1979.

[3] Elkin V., Reduction of Non-linear Control Systems: A Differential Geomet-
ric Approach – Mathematics and its Applications, Vol. 472, Handbound,
Kluwer, 1999

[4] Pavlov, Yu. A recurrent algorithm for the construction of the value
function. (Russian) C. R. Acad. Bulg. Sci. 42, No.7, 41-42 (1989).
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0688.90009&format=complete

[5] Pavlov, Y. Subjective Preferences, Values and Decisions:
Stochastic Approximation Approach. Proceedings of the Bul-
garian Academy of Sciences, T. 58, N 4, 2005, 367-372
http://cat.inist.fr/?aModele=afficheN&cpsidt=16768115

[6] Emelyanov S., S. Korovin, A. Levant, Higher-order Sliding Modes
in Control Systems, Differential Equations, 29 (11), 1993, 1627-1647.
http://www.zentralblatt-math.org/zbmath/search/?q=an%3A0815.93015

[7] Farquhar, P., (1984): Utility Assessment Methods, in: Management Science,
N30, 1283-1300http://www.jstor.org/pss/2631564

[8] Fishburn, P. (1970). Utility Theory for Decision-Making, Proceedings, New
York, Wiley

[9] Hsu J., A. Meyer, (1972). Modern. Control Principles and Applications,
McGRAW-HILL, New York

[10] Cohen, M., Jean-Yves Jaffray (1988), Certainty Effect Versus Prob-
ability Distortion: An Experimental Analysis of Decision Making
Under Risk, Journal of Experimental Psychology: Human Per-
ception and Performance, Vol. 14, 4, November 1988, 554-560
http://www.sciencedirect.com/science/article/pii/S0096152302012622

[11] Kahneman, D., A. Tversky (1979): Prospect theory: An analysis of decision
under risk, Econometrica, 47, 263-291.

[12] Keeney R, H. Raiffa, Decision with Multiple Objectives: Preferences and
Value Trade-offs, Cambridge University Press, Cambridge & New York,
(1976) 1993.

11

http://www.zentralblatt-math.org/zmath/en/search/?q=an:0688.90009&format=complete
http://cat.inist.fr/?aModele=afficheN&cpsidt=16768115
http://www.zentralblatt-math.org/zbmath/search/?q=an%3A0815.93015
http://www.jstor.org/pss/2631564
http://www.sciencedirect.com/science/article/pii/S0096152302012622


[13] Mengov G. Decision Making under Risk and Uncertainty. Sofia, Bulgaria,
Publishing houseJANET 45, 2010 (in Bulgarian).

[14] Neeleman R., Biomass Performance: Monitoring and Control in Bio-
pharmaceutical production, Thesis, Wageningen University, Netherlands,
2002 http://edepot.wur.nl/121354

[15] Pavlov Y., Preferences, Utility Function and Control De-
sign of Complex process, Bucharest, Romania, Proceed-
ings in Manufacturing Systems, Vol. 5 (2010), No. 4, 225-
231.http://www.icmas.eu/Volume5_No4_2010.htm#pp_225

[16] Pavlov Y., Brunovsky Normal Form of Monod Kinetics and Growth Rate
Control of a Fed-batch Cultivation Process, Online journal Bioautomation,
V. 8, Sofia, Bulgaria, 2007, 13-26.http://clbme.bas.bg/bioautomation/

[17] Pavlov Y., Exact Linearization of a Non Linear Biotechnological Model
/Brunovsky Model/, Comptes Rendus de l’Academie Bulgares des Sci-
ences (Proceedings of Bulgarian Academy of Sciences), N10, 2001, 25-30.
http://adsabs.harvard.edu/abs/2001CRABS..54j..25P

[18] Raiffa, H., Decision Analysis. Introductory Lectures on Choices under Un-
certainty, Addison-Wesley, 1968

[19] Tzonkov St., B. Hitzmann, Functional State Approach to Fermentation
Process Modelling, Prof. Marin Drinov Academic Poublishing House, Sofia,
Bulgaria, 2006

[20] Wang T., C. Moore, D. Birdwell (1987), Application of a Ro-
bust Multivariable Controller to Non-linear Bacterial Growth Systems.
Proc. of the 10-th IFAC Congress on Automatic Control, Munich, 39-
56.http://www.ifac-control.org/events/congresses

[21] Atanassov K., Generalized Nets, World Scientific, Singapore, New Jersey,
London, 1991.

12

http://edepot.wur.nl/121354
http://www.icmas.eu/Volume5_No4_2010.htm#pp_225
http://clbme.bas.bg/bioautomation/
http://adsabs.harvard.edu/abs/2001CRABS..54j..25P
http://www.ifac-control.org/events/congresses

