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1 Introduction

The study of groups arose early in the nineteenth century in connection with the solution of
equations. The theory of abstract groups plays an important part in present day mathematics and
science. Groups arise in a bewildering number of apparently unconnected subjects. Thus they
appear in crystallography and quantum mechanics, in geometry and topology, in analysis and
algebra, in physics, chemistry and even in biology.

The notion of fuzzy sets was first introduced by Zadeh [28]. Rosenfeld [26] introduced the
fuzzy sets in the realm of group theory. Since then many mathematicians have been involved
in extending the concepts and results of abstract algebra to the broader frame work of the fuzzy
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setting. Anthony and Sherwood [1] gave the definition of fuzzy subgroup based on ¢-norm. As a
generalization of a fuzzy set, the concept of an intuitionistic fuzzy set was introduced by Atanassov
[2,3]. Solairaju and Nagarajan [27] introduced the notion of ()-fuzzy groups.

Norms were introduced in the framework of probabilistic metric spaces. However, they are
widely applied in several other fields, e.g., in fuzzy set theory, fuzzy logic, and their applications.
In previous works [4-25], by using norms, we investigated some properties of fuzzy algebraic
structures, specially, we defined and investigated ()-fuzzy subgroups, anti ()-fuzzy subgroups,
Level subsets and translations ()-fuzzy subgroups, level subsets and translations of anti ()-fuzzy
subgroups and -intuitionistic fuzzy subgroups with respect to norms [4-7,25].

In this paper we introduce the notion of normality and translation of ()-intuitionistic fuzzy
subgroups with respect to norms (t-norm 7" and ¢-conorm (') and investigate some related
properties. Level cut subset of them is introduced and the relation between this representation
and them is discussed such that some of its properties are studied. Finally, some results of them
by using group homomorphisms are investigated.

2 Preliminaries

This section contains some basic definitions and preliminary results which will be needed in the
sequel. For more details we refer to [6,7,25].

Definition 2.1 (see [6]). A group is a non-empty set G on which there is a binary operation
(a,b) — ab such that:

(1) If a and b belong to G, then ab is also in G (closure),

(2) a(bc) = (ab)c for all a, b, c € G (associativity),

(3) There is an element e € G such that ae = ea = a for all a € G (identity),

(4) If a € G, then there is an element a~! € G such that aa™! = a~'a = e (inverse).

One can easily check that this implies the unicity of the identity and of the inverse. A group
G is called Abelian if the binary operation is commutative, i.e., ab = ba for all a,b € G. There
are two standard notations for the binary group operation: either the additive notation, that is
(a,b) — a + b in which case the identity is denoted by 0, or the multiplicative notation, that is
(a,b) — ab for which the identity is denoted by e.

Definition 2.2 (see [6]). A function (or map) f : G — H from one group G to another H is a
(group) homomorphism if the group operation is preserved in the sense that f(g1g2) = f(g1)f(92)
and f is called an anti (group) homomorphism if f(g192) = f(g2)f(g1) forall g1, g, € G.

Proposition 2.3 (see [7]). Let G be a group. Let H be a non-empty subset of G. The following
are equivalent:

(1) H is a subgroup of G.

(2) x,y € H implies xy~' € H forall z,y.
A subgroup H of a group G is called normal if ghg~ € H forany g € G and h € H.
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Definition 2.4 (see [7]). Let G be an arbitrary group with a multiplicative binary operation and
identity e. A fuzzy subset of G, we mean a function from G into [0, 1]. The set of all fuzzy subsets
of G is called the [0, 1]-power set of G and is denoted [0, 1]¢.

Definition 2.5 (see [25]). Forsets X,Y and Z, f = (f1, f2) : X — Y x Z is called a complex
mapping if f; : X — Y and f5 : X — Z are mappings.

Definition 2.6 (see [25]). Let X be a nonempty set. A complex mapping A = (pa,v4) : X —
[0,1] x [0, 1] is called an intuitionistic fuzzy set (in short, I F'S) in X such that j14,v4 € [0, 1]
and for all x € X we have (ua(x) + va(x)) € [0,1]. In particular @x and Ux denote the
intuitionistic fuzzy empty set and intuitionistic fuzzy whole set in X defined by @ x(z) = (0,1)
and Ux(x) = (1,0), respectively. We will denote the class of all /F'Ssin X as [F'S(X).

Definition 2.7 (see [25]). Let X be a nonempty set and let A = (ua,v4) and B = (up, vp) be
IFSsin X. Then

(1) Inclusion: A C Biff uy < upandvs > vp.

(2) Equality: A= Biff AC Band B C A.

Definition 2.8 (see [6]). A t-norm T’ is a function 7" : [0, 1] x [0, 1] — [0, 1] having the following
four properties:
(T1) T'(z,1) = z (neutral element)
(T2) T(z,y) < T(z,z) if y < z (monotonicity)
(T3) T'(z,y) = T(y, x) (commutativity)
(T4) T(z,T(y,2)) = T(T(x,y), z) (associativity),
forall z,y,z € [0, 1].

Corollary 2.9 (see [6]). Let T be a t-norm. Then for all x € [0, 1]
(1) T(z,0) = 0.
(2) T(0,0) = 0.

Example 2.10 (see [6]). (1) Standard intersection ¢-norm
Ton(z,y) = min{z, y}.

(2) Bounded sum ¢t-norm
Tb(xv y) = maX{O, rT+y— 1}

(3) Algebraic product ¢-norm

Tp(z,y) = zy.
(4) Drastic t-norm
y, ifx=1
Tp(z,y) =1 =z, ify=1

0, otherwise.

(5) Nilpotent minimum ¢-norm

min{z,y}, ifex+y>1
Tn ) = .
ml@,y) { 0, otherwise.
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(6) Hamacher product ¢-norm

0, ifr=y=0
THO<x7y):{ zy

pmy——r otherwise.

The drastic ¢-norm is the pointwise smallest {-norm and the minimum is the pointwise largest
t-norm:

TD(x7y) S T(I,y) S Tmin<x7y)
forall z,y € [0, 1].

Lemma 2.11 (see [6]). Let T be a t-norm. Then
T(T(z,y), T(w,2)) =TT (z,w),T(y,2)),
forall x,y,w, z € [0,1].

Definition 2.12 (see [7]). A t-conorm C'is a function C' : [0,1] x [0,1] — [0, 1] having the
following four properties:

(CD) C(z,0) ==
(€2) Cla,y) < e, 2) if y < =
(C3) C(z,y) = Cy, x)
(C4) C(, Cly, 2) = C(Cla
forall x,y, z € [0,1].

Y)s 2) s

Corollary 2.13 (see [7]). Let C' be a t-conorm. Then for all z € [0, 1]
() C(x,1) = 1.
(2) C(0,0) = 0.

Example 2.14 (see [7]).
(1) Standard union ¢-conorm
Cin(z,y) = max{z,y}.
(2) Bounded sum ¢-conorm
Cy(x,y) = min{l,z + y}.
(3) Algebraic sum t-conorm
Cp(z,y) =2 +y —zy.
(4) Drastic t-conorm
y, ifz=0
Cp(z,y) =< =z, ify=0
1, otherwise,

dual to the drastic t-norm.
(5) Nilpotent maximum ¢-conorm, dual to the nilpotent minimum 7'-norm:

max{z,y}, ife+y<l
1, otherwise.
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(6) Einstein sum (compare the velocity-addition formula under special relativity)

rT+y
1+2xy

CHQ ([E, y) =

is a dual to one of the Hamacher ¢-norms. Note that all ¢-conorms are bounded by the maximum
and the drastic ¢-conorm:

Crax(z,y) < C(2,y) < Cp(2,y)

for any ¢-conorm C and all z,y € [0, 1].

Recall that t-norm 7 (respectively, t-conorm C) is idempotent if for all z € [0, 1], T'(x,z) =
(respectively, C'(z, x) = x).

Lemma 2.15 (see [7]). Let C be a t-conorm. Then
C(C(z,y), C(w,z)) = C(C(z,w), Cly, 7)),
forall x,y,w,z € [0, 1].

Definition 2.16 (see [25]). Let (G, .) be a group and () be a non-empty set. An intuitionistic
fuzzy set A = (ua,va) € IFS(G x Q) is said to be a Q-intuitionistic fuzzy subgroup of G with
respect to norms (t-norm 7" and ¢-conorm C') if the following conditions are satisfied:

(D
A(ry, q) = (na(zy, q), valzy, q)) 2 A(T(na(z, q), 1a(y, q)), C(valz, q), valy, q))),

2
Az, q) = (nalz™',q),valz™,q)) 2 Alw,q) = (na(z,q),va(2,q)),

which means:

(@) pa(zy, q) > T(palz,q), pa(y, q)),
(b) va(zy,q) < C(va(w,q),va(y,q)),
(©) pa(z™, q) > palz,q),
(d) UA(x_lv q) < UA(xa q)a

forall z,y € Gand q € Q).

Throughout this paper the set of all Q-intuitionistic fuzzy subgroups of G with respect to
norms (t-norm 7" and ¢-conorm C') will be denoted by QI F'SN(G).

Proposition 2.17 (see [25]). Let T and C be idempotent. Then
A= (pa,va) € QIFSN(G)
if and only if
Alzy™, q) 2 A(T(pa(, ), na(y, q)), Cvalz, q), va(y, 0)))

forallx,y € Gand q € Q.
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3 Main results

Proposition 3.1. Let A = (ua,va) € QIFSN(G) and o, 5 € [0,1]. If T, C are idempotent, then
Aap={z€G: Az,9) 2 (a, B)}
is a subgroup of G.

Proof. Letx,y € A, p. Then A(x,q) 2 (o, B) and A(y, q) 2 («, B), thus pa(w, q), naly, q) > «
and VA(xJ q>7 VA(% Q) < B As

palzy™, q) > T(palz, q), paly™",q)) > T(palz, q), paly, q)) > T(o, o) = a

and

va(zy™ q) < Cvalz,q),valy™,q)) < Cwa(z,q),valy,q)) < C(B,8) =

so ua(zy™t, q) > aand va(zy~, q) < B, which implies that 2y~ € A, 5. Thus Proposition 2.3
gives us that A, 5 is a subgroup of G. [

Proposition 3.2. Let A = (ua,va) € QIFSN(G) and oy, B; € [0,1] for i = 1,2 such that
Alea,q) 2 (ay, B;) for i = 1,2 with oy > ag and By < Pa. Then Ay, g, = Aa,.p, Uf there is no
x € G such that (s, f2) C A(x,q) C (o, fr).

Proof. Let A,, g, = Aa, s, and there exists an € G such that (e, 82) C Az, ¢) C(aq, f1). Then
Au gy € Anyp,andsox € A,, p, but x ¢ A, 5, and this is a contradiction to A, 5, = An, 6,-
Thus there is no 2 € G such that (s, 82) C A(x,q) C (a1, 51).

Conversely, if there is no x € G such that (ag, f2) C A(z,q) C (aq,51), then A,, 5 =
Ans 85 O

Proposition 3.3. Let A = (pa,va) € IFS(G x Q) and A, p be a subgroup of G for all
a,f € 10,1 and Aleg,q) 2 (o, ). Then A = (ua,va) € QIFSN(G).

Proof. Let x,y € G and ¢ € @ with A(z,q) = (aq1,61) and A(y,q) = (a2, 52) and then

x € An, 5, and y € A,, 5,. Now we investigate the following conditions.

(DIfa; < agand By > B, theny € A,, g, and as A, g, is a subgroup of G so zy, e Ao, ;-
Now

pa(zy,q) > ar = T(ay, a) = T(palz, q), paly, ),

va(zy,q) < B = C(B1, f2) = C(valw, q),va(y, q)),
pa(z™,q) = on = palz, q),

va(z™,q) < i = va(z,q).

Thus A = (a,va) € QIFSN(G).

2)If oy = as and By > s, orif By = 5 and oy < iy, then the proof is similar to (1).
(3)Ifay < oy and By > By, thenx € A,, 5, and as A,, s, is a subgroup of G so zy, ™' € Ay, 5,

Now
pa(zy, q) > ag = T(ag, ar) = T(an, ag) = T(pa(z, q), pa(y, q)),
VA(SCy,Q) < By = 0(52751) = C(ﬁlaﬁQ) = C(VA(%Q>7VA<3/7Q))7
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palzt,q) > as = pa(z, q),
va(z™', q) < Ba = va(z,q).
Then A = (ua,va) € QIFSN(G).

(4) If a; = as and By > [y, orif B; = 5 and a; > i, then the proof is similar to (3).
(5) If vy = a7 and By = (4, then it is trivial. O

Proposition 3.4. Let A = (pua,va) € QIFSN(G) and o, B; € [0,1] fori = 1,2. If A,, s, and
A, p, are two subgroups in G, then A, g, N Aq, g, Will be a subgroup in G.

Proof. Let A(eg,q) 2 (a1, 1) and A(eg, q) 2 (ag, f2) and x € G, q € Q). Then

(D) If (o1, B1) C A(z,q) C (ag, B2), then Ay, 5, C Ay, 5, and so Ay, 5, N Any gy = Aay p, and
as A,, s, is a subgroup in GG, so A,, g, N Aa, 5, Will be a subgroup in G.

(2) If (ag, B2) C A(x,q) C (aq,p1), then Ay, 5, € Aa, p, and so Ay, 5, N Aay g, = Aay s, and
as A,, g, is a subgroup in G, so A,, g, N Aq, 3, Will be a subgroup in G.

(3) If (a1, 51) = (a9, B2), then A,, 5, = Ay, and then A,, 5, N Aq, 5, Will be a subgroup
inG. [

Corollary 3.5. Let A = (jua,va) € QIFSN(G) and {c;, B;}ier € [0, 1]. If A, g, are subgroups
in G, then NA,, , will be a subgroup in G.

Proposition 3.6. Let A = (ua,va) € QIFSN(G) and o, B; € [0,1] fori = 1,2. If A,, 5, and
Aq, p, are two subgroups in G, then A, g, U An, g, will be a subgroup in G.

Proof. Let A(eg,q) 2 (a1, 1) and A(eg, q) 2 (ag, f2) and x € G, q € Q). Then

(D) If (o1, B1) C A(z,q) C (a, B2), then Ay, 5, C An, 5, and so Ay, 5, U Ay g, = Aay g, and
as Ay, p, is a subgroup in GG, so A,, g, U A,, 3, Will be a subgroup in G.

(2) If (ag, B2) C A(zx,q) C (aq,p1), then Ay, 5, € A,y p, and so Ay, 5, U An,y g, = Aa, , and
as A,, g, 18 a subgroup in G, so A,, g, U A,, g, Will be a subgroup in G.

3) If (a1, 51) = (a9, P2), then A,, 5, = Aa,p, and then A,, 5, U A,, 5, Will be a subgroup
in G. [l

Corollary 3.7. Let A = (a,va) € QIFSN(G) and {c;, B }ier € [0, 1]. If A, g, are subgroups
in G, then UA,, g, will be a subgroup in G.

Proposition 3.8. Let T',C' be idempotent norms. Then any subgroup H of a group G can be
realized as a level subgroup of A = (ua,va) € QIFSN(G).

Proof. Let A = (ua,va) € IFS(G x Q) defined by

(,0) ifre Handge Qand0 < a < 1

(6%
A(z,q) = (palz, q),valz,q)) = { (0,8) ifr¢ Handg € Qand0 < 8 < 1.

We show that A = (ua,va) € QIFSN(G).
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Let z,y € GG and ¢ € () and now we consider the following conditions.
(1) If z,y € H, then as H is a subgroup of G so 2yt € H. Thus ps(z,q) = pa(y,q)
= pa(ry™t,q) = aand va(z,q) = va(y,q) = valzy™t,q) = 0. Then
paley™ q) =a>a=T(a,a) = T(ualw,q), pale,q))
and
va(zy™,q) =0<0=C(0,0) = C(valz,q),valz, q)),
and from Proposition 2.17 we get that A = (ua,va4) € QIFSN(G).
(2)Ifz € Handy ¢ H,then zy~' ¢ H and then p4(x,q) = aand pa(y, q) = palzy=t,q) =0
and v4(z,q) = 0and v4(y, q) = va(zy™t,q) = 8. Thus
palzy™,q) = 0> 0=T(,0) = T(palw,q), pa(y, )
and
va(zy™,q) = B < B=C(0,8) = Cva(z,q),valy. ),
and from Proposition 2.17 we obtain that A = (u4,v4) € QIFSN(G).
B)If x,y ¢ H, then pua(x,q) = pa(y,q) = 0 and va(z,q) = va(y,q) = B, then zy~" may or
may not belong to H.

e If zy~' € H, then

paley™ q) = a>0="T(0,0) = T(palx,q), 1a(y, q))
and

valzy™t,q) =0 < B=C(8,8) = Cva(z, q),valy, q))
thus as Proposition 2.17 we get A = (ua,v4) € QIFSN(G).

e Ifzy~' ¢ H, then

palzy,q) =02=0="1(0,0) = T(pa(z,q), paly, q))
and
va(zy™',q) = B < 8= C(B,B) = Cva(z,q),valy, )
as Proposition 2.17 we will have that A = (u4,v4) € QIFSN(G).
Thus in all the cases A = (pa,v4) € QIFSN(G). O

Definition 3.9. We say that A = (4,v4) € QIFSN(G)is anormal if pa(xyz=", q) = pa(y, q)
and va(zyx™t,q) = valy,q) for all z,y € G and ¢ € Q. We denote by NQIFSN(G) the
set of all normal Q-intuitionistic fuzzy subgroups of GG with respect to norms (¢-norm 7" and
t-conorm ().

Proposition 3.10. If A = (ua,va) € NQIFSN(G), then A, s is a normal subgroup of G for
all 0,8 € [0,1] and Alec,q) 2 (o, ).

Proof. Let A = (ua,va) € NQIFSN(G) then from Proposition 3.1 we will have that A, s is
a subgroup of G. Now let x € A, gandy € G and ¢ € Q) then p4(z,q) > o and v4(z,q) < 5.
Thus

palyzy ", q) = pa(z,q) >
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and
valyry™,q) = va(z,q) < 8
and then yzy ! € A, g and thus A, s will be a normal subgroup of G. O
Definition 3.11. Let A = (ua,va) € QIFSN(G) and o, f € [0,1 — sup{A(z,q) : z € G,
@x(x) =(0,1) C A(z,q) C Ux(z) = (1,0)}]. Then
T(i,,ﬁ) = (T&47T,§‘) = (pa,va) + (a, ) = (pa +a,va+ 5) : G x Q — [0, 1]

is called a translation of A if

Tiag(@,q) = (nale,q) + a,va(z, ) + 5)
forallz € G.
Also we say that T(‘i,,a) is normal if T(‘;ﬁ) (zyz~t,q) = T(‘;‘é’ﬁ) (y,q) forall z,y € G.
Proposition 3.12. Let A = (pua,v4) € QIFSN(G) and T((‘;ﬁ) be a translation of A. Then:
(1) T@ﬁ)(:c_l, q) = T(’gﬁ)(:c, q)forallz € Gandq € Qand o, 8 € [0,1].

) If T, C are idempotent norms, then T(‘gﬁ)(eg, q) 2 T(‘gﬁ) (,q) forall x € G and q € Q and
a, B €10,1].

Proof. Letz € G and q € Q and «v € [0, 1]. Then

(D

T, q) = palz,q) + o
= pa((z) ) +
> pa(z™q) +a
=T}z, q)
= palz™!,q) +
> pa(z,q) + o
=T (x,q)

then TBA(afl, q) = Té“(m, q).
Therefore

T(Ig,ﬁ)(x_lvq) = (Tj($_1,q)7Té4($_1,q)) = (T£($7Q)>TBA($’CD) = T(gﬁ)(fﬁ,q).

122



(2) T (eq,q) = pale, q) + a
= palrz™t q) +a
> T(palw,q), palz™,
> T(pa(r,q), palz, q)
= pa(z,q) +«
= T;(z,q)

q)) +«
) +a

so T (eq, q) > TA(z,q). Also

T3 (ec,q) = valeg, q) + B
=valzz™t q) + B
< C(valw,q),va(z™", q)) +5
< C(val(w,q),va(z,q)) +
=va(r,q) + 5
= Tj'(w,q)

so T4 (eq,q) < T4 (x,q). Thus
TG (ea q) = (T (e, q), Ts'(eq,q) 2 (T (x,q), Tj(x,q)) = Tl p(x,q). O

Proposition 3.13. Let A = (ua,va) € QIFSN(G) and T(A g be a translation of A. If T, C

are idempotent norms and T(Ii,ﬁ) (xy~t,q) = T(‘;‘lﬁ)(eg, q), then T(a 5@ q) = T(‘zﬂ)(y, q) for all
r,y€ Gandq € Qand o, f € [0, 1].

Proof. Letz,y € Gand ¢ € Q and o, B € [0, 1]. Then
T (e, q) = palr.q) +

(

alzy” yq)

MA(-M/ 4
,q

AV
=

~~

)MA(% q) +a
)+ a, paly, q) + @)
), T2 (y,q))
), T2 (y,q))
y,9), T (y, )

A/—\E\

ngipi};

/—\/m\/—\
Q @
Q

v Il

N === = I
S

+

Q

VA
=
b
<
=
=
-
_|_
Q

palyz™, q), palz,q)) +
(y2~' @) + o, pa(z,q) + a)
(yz~', q), T (2, q))
((zy™)7"q), TiN(x, q))
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(Th(zy~", q), T“( q))

AV

so T (eq, q) > TA(z,q). Also

T;(er ) (€G7 )

=va(x ‘I,Q)+6

< C(va(z,q),valz™,q)) + B
< C(va(z,q),valz,q)) + B
=va(r,q) + 8

= T3 (x,q)

and thus T (z, ¢) = T2 (y, ).
Also

T (ea,q) = palz, q) +
alzy ™y, Q)+ﬁ

valzy™,q),valy, q)) + 8

valzy™, q) + B,valy,q) + B)

Ty, q), T4y, q))

Ti(ec, q), T4 (v, q))

T5'(y,9), T3y, q))

(y,q)

=valy,q) + 5

a(yz~ e, q) + B

valyz™, q),valz, q)) + 5

valyz™,q) + B,va(z,q) + B)

Ti'(yz ", q), T3 (2, q))

T3 ((xwy™) " 0), T3 (2, q))

Ty (zy ™', q), T} (2, q))

TEL(GG,Q) T”(OC q))

Ty (x, q), T3 (. q)),

I IA
=

Il
Q29249

IIA
ai

X

N VAN

[ AN | R | |
49222992920
D

-

then T (x, q) = T5'(y, q). Therefore
T(I?X,B) (ZL’, Q) = (T(;?(QS', Q)a T;(ZL’, Q)) = (Tt;q(yv Q)v T;(ya q)) = T(ﬁ,ﬁ) (y7 q)
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Proposition 3.14. Let A = (pua,va) € QIFSN(G) and T(‘:/B) be a translation of A. Then
T(s 5 € QIFSN(G) forall a, B € [0,1].

Proof. Letxz,y € Gand ¢ € Q and o, B € [0, 1]. Then

1
M T (xy, q) = palzy, q) + a

> T(pa(r,q), naly, q)) +
= T(pa(z,q) + o, NA(?JuQ> )
= T(Tx,q), Ty, q)),

thus T (zy, q) > T(T:Nx, q), Ty, ).
2)
T q) = palz™,q) + a > palz, q) + o = T (z,q).

3
® Ti(zy, q) = va(zy,q) + B

< C(va(z,q),valy,q) + 5
= C(valz,q) + B,valy.q) + B)
= O(TMx,9), T2 (y, 0)),

then Tg'(zy, q) < C(T5\ (2, ), T35 (y, ).
“4)
T,éq(x_17Q) = VA(:U_17Q) +6 < I/A(QT,(]) +B = TBA(xch)

Then from (1)—(4) we get that T4

A = (T4,T4) € QIFSN(G) forall a, 8 € [0, 1]. 0

Proposition 3.15. Let A = (s, va) € QIFSN(G) and TA ) be a translation of A. If T, C are
idempotent norms, then H = {z € G : Té,,e) (r,q) = T(aﬁ (eg, q)} is a subgroup of G for all
a, € 10,1].

Proof. Letz,y € Handgq € Qand a, 8 € [0, 1]. Then T(A;ﬁ)(:v, q) = Téﬁ) (y,q) = T(A;lﬁ)(eg, q).
Now

&

<
L

)
~—

T

(,9), T2 (v " )
(z,9), Ty, q))
Q). T:Mea, q))

AVARY,

[
==
S
>

3

> T(TMxy ™, q), T2 ((vy ™)™, q))
> T(TAxy™", q), T (xy ™", q))
=TMNxy ™, q),

therefore T (xy~1, q) = T(eq, q).
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Also
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thus TﬁA(xy_l, q) = TE‘(QG, q)-

Now as T(ﬁﬁ)(xyfl,q) = (Tf(xyfl,CI%T[f(xy*lﬂ)) =
Proposition 2.3 gives us that H = {z € G : T(i,g) (r,q) = T(‘;‘[’B)(eg, q)} will be a subgroup of G
forall a, B € [0, 1]. O

T(sp(ec,q) so xzy™" € H and

Proposition 3.16. Let A = (pua,va) € QIFSN(G) and Té,,@) be a translation of A. If

T&B)(:Ey_l,q) = (1,0), then Téﬂ)(x,q) = T(fll’ﬁ)(y,q) for all x,y € G and q € Q and

a, € 10,1].

Proof. Letz,y € Gand ¢ € Q and o, B € [0, 1]. Then

T (x,q) = T (xy 'y, q)
> T(THNxy ™" q), T (. q))
=T(1,T(y, )
=T7(y,q)
=Ty q)
=T (e ey~ q)
> T(THa ™ q), Ty q))
> (T (2,9), T2 (xy ™", q))
= T(T7(2,9),1)
= TA(:J::, q).

«

Thus T (z, q) = Ty, q)-
Also
T3 (x,q) = Tj (zy "y, q)
< C(THMxy ™. q), T4 (y,9))
= C(0,T5\(y, q))
= T3 (y,q)
=T5(y " q)
=T« 2y q)
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Then T%'(x, q) = T4 (y, q). Therefore

T(g,ﬁ)(x7q) = (Tt;q(xv(J)aTﬁA(xaq)) = (Tf(y,q),Téq(y,q)) = T(Igz,ﬁ)(yaq) L
Definition 3.17. Let f : G — H be a group homomorphism such that A = (ua,v4) €
QIFSN(G) : G x Q — [0,1] and B = (up,vp) € QIFSN(H) : H x Q — [0,1]. Let
T(s5 = (T3, T4') be a translation of A and 77 ;) = (T.7,T) be a translation of B. Define a
fuzzy image by

F(Th )y, q)
= (f(T(y, @), F(T5))(y. 0))

_ ) up{Ti (e, q) |2 € G, f(w) =y}, inf{T3 (2, ) | v € G, f(2) = w}) i [T (y) #
(0,1) if f~1(y) =

Also f~HTE 5)(@,q) = (N T2, q), [THTF)(x,9)) = (T2 (f(2),0), TF (f(x),q)).

Proposition 3.18. Ler [ be an epimorphism from group G into group H. If A = (pa,va) €

QIFSN(G) and Téﬁ) is a translation of A, then f(T&B)) € QIFSN(H).

Proof. Let hy,hy € H and g € ). Then

(1

f(T&4>(h1h27 q) = SUP{Tf(glgm q) | 91,92 € G, f(g1) = hy, f(g2) = ha}
> Sup{T(T;(glaQ)7Tc;4(92aQ)> | 91,92 € Ga f(gl) - hl: f(gQ) = hQ}
= T(sup{T;(91,9) | 1 €G, f(g1) =h1},sup{T (g2, 0) | g2 € G, f(g2) =h2})
= T(f(T(;q>(h17 Q>7 f(T(f)(hQa Q))a
thus f(T)(hiha, q) > T(f(T;1)(h1,q). F(T)(ha, q))-

(2)
ST, @) =sup{T 97" ) |1 € G, flgr") =hi'}

> sup{7:(g1,9) | 91 € G, f(g1,9) = b1} = F(T)(h1,q)
SO f(T&A)(hl_laq) 2 f(T(f)<h1,Q)
(3)

F(T3) (haha, q) = mf{T5 (g192,9) | 91,92 € G, f(g1) = ha, f(g2) = ha}
< inf{C(Téq(gl,CI)aT,éq(ngI)) | 91,92 € G, f(g1) = ha, f(g2) = ha}
= C(inf{T5(91,9) | ;1 €G, f(g1)=h1},inf{T5 (92.9) | 2 € G, f(g2) =h2})
= C(f(T5)(h,q), f(T5) (R, q)),

then f(Tj'")(hihz, q) < C(f(T4)(h1, ), F(Tg) (2, q)).
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4)
ST @) = nf{T5(gr " q) | g1 € G, flor") = hi'}

< inf{T4(g1,9) | 91 € G, fg1,0) = I} = F(T§)(h1,q),

then f(T3)(hi*, q) < f(T5) (1, q)-
Therefore (1)—(4) give us that

F(Tiap) = (F(T2, f(T4) € QIFSN(H). N

Proposition 3.19. Let f be a homomorphism from group G into group H. If B = (up,vg) €

QIFSN(H) and T(B 5 = = (I, T7) is a translation of B, then ffl(T(gﬂ)) € QIFSN(G).

Proof. Let g1,g, € G and g € (). Then

ST (9192, 0) = TY (f(9192), 9)
= TB(f(gl)f(92)7 q)
(Tf(f(gl)aQ)7 (f(92) q))
(91:), fHT)(92, ),

—T(f NTY)
then f~(T2) (9192, ¢) > T(fHT2)(g1,0), F~H(T2) (92, 9))-
Also
f_l(TéB)(glg% q) =T, ( f(9192), q)
= T/a (f(91)f(92), )

(T, B(f(gl
= C(f NTF)

then [~ (TF)(g192,q) < C(f~(TF)(91,q), f(TF)(g2,9)).
Let g € G and g € ). Then

FHI ) =T2(flg), ) =T2(f(9) " q) = T2(f(9),0) = [ (T2)(g,9)

| Q

and

FHIT ) =T7 (fla7 1) 0) = T5 (Fl9) ™ a) < T (f(9),0) = fH(T5) (g, ).
Then (T8 5)) = (f~'(TP), ' (TF)) € QIFSN(G). m
Proposition 3.20. Let f be an anti homomorphism from group G into group H.If B = (up,vp) €

QIFSN(H) and T(B 5 = = (T, T7) is a translation of B, then f_l(T(§7B)) € QIFSN(G).

Proof. Let g1,g90 € G and g € (). Then

f_l(TocB)(gl.927 Q)

then f~(T.0)(9192,9) > T(fN(T2)(g1,9), f(TF)(g2,q))-



Also
ST (9192, 9) = TF (f(9192),9)

then [~ (T7)(9192,q) < C(f T (TF)(91,9), F 1 (TF)(92,9)).
LethGandqu Then

ST ) =T (flg"), ) =T2(fl9) " a) = T2 (f(9),q) = f(TD)(g,q)

and

I ) =T7(Flg7).0) =TF(Fl9) " q) <TF(f(9),0) = FH(TF)(g,9).
Then f~1(TE ;) = (f~1(TP), f(TF)) € QIFSN(G). 0

Proposition 3.21. Let f be an epimorphism from group G into group H. If A = (ua,va) €
NQIFSN(G) and T(‘gﬁ) is a translation of A, then f(T(‘;‘(ﬁ)) € NQIFSN(H).

Proof. As Proposition 3.18 we have f(T(‘gﬁ)) € QIFSN(H).Letz,y € H and ¢ € Q. Since f
is a surjection, f(u) = z for some u € G, then

F(TH) (wya™ q) = sup{T; (w,q) |w € G, f(w) = ya~"}
= sup{T2(u"'wu, q) | w € G, f(u wu) =y}
= sup{T;}(w,q) | w € G, f(w) =y}
= f(T)(y, a)-
Then f(T;)(zyz~", q) = f(T)(y, @)-
Also
FT) (aya™ q) = nf{T3 (w,q) | w € G, f(w) = 2y2~"}
= inf{T/f(u_lwu, q) | w e G, f(u'wu) =y}
— inf{T (w,q) | w € G, f(w) = y}
= (T (. 0),
thus f(T5")(zyz™",q) = f(T4')(y, q). Therefore

F(Tap) (rya™ q) = (F(T) (wya™", q), (T3 @y q))
= (F(THy. 0), F(T5)(y. a))
= [(Ta5) (0, 0)

and then f(T(‘zyﬁ)) € NQIFSN(H). O
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Proposition 3.22. Let f be a homomorphism from group G into group H. If B = (ug,vg) €
NQIFSN(H) and T, 5 = (.7, TF) is a translation of B, then f~'(T[ 5)) € NQIFSN(G).

Proof. Using Proposition 3.19 implies that f‘l(T(féﬁ)) € QIFSN(G). Now for any z,y € G
and g € () we obtain

&h
=
=
Ny
S
|
=
Il
N
KH

Il
N S
~

~

TR TRl

o~ o~ o~ o~

-
AN TN TN TN

|
~

thus [~ (T2)(zyz~",q) = 1 (TF)(y, q). Also

= (f"NTD) (. q), F(TF)(y,0))
= f_l(T(g,g))(y,Q)

thus f~H(T{ 5)) € NQIFSN(G). O

4 Conclusion and an open problem

In this study, the idea of normality and translation of (-intuitionistic fuzzy subgroups with respect
to norms (t-norm 7" and ¢-conorm () are introduced and given some interesting results of them.
Now one can investigate (J-intuitionistic fuzzy subrings with respect to norms (t-norm 7" and
t-conorm (') and obtain some results about them as we did for ()-intuitionistic fuzzy subgroups
and this can be an open problem.
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