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1 Introduction

The concept of intuitionistic fuzzy is introduced by K. Atanasov (1984) [1, 2]. This concept is a
generalization of fuzzy theory introduced by L. Zadeh [3]. Several works made in the study of
the Cauchy problem with fuzzy initial condition [4]. By the metric space defined in [5] we have
something that makes sense to study this problem in intuitionistic fuzzy theory.

Jong Y. P. and Hho K. H. in [6] gives the demonstrate of the existence and uniqueness of a
problem of Cauchy with fuzzy initial condition, using the method of successive approximation
and in [7] the authors studied Cauchy problem is level-wise continuous and satisfies the general-
ized Lipschitz condition. From this work we attempt to give generalization of this existence and
uniqueness in the intuitionistic fuzzy case.

In this paper, we prove the existence and uniqueness theorem of a solution to the intuitionistic
fuzzy differential equation

{j;(t) = f(t,x(t)) (1)

x(to) = X9

where z is an intuitionistic fuzzy quantity and f : I x [F,, — IF,, is level-wise continuous and
satisfies a generalized Lipschitz condition.
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At first, in Section 2, we give some definitions and properties regarding the concept of an
intuitionistic fuzzy metric. The main results of this work is discussed in Section 3.

2 Preliminaries

Throughout this paper, <R”, B(R™), ,u> denotes a complete finite measure space. Let us P,(R")
the set of all nonempty compact convex subsets of R and let T = [¢,d] C R be a compact
interval. we denote by

IF, =F(R") = {(u,v) : R" = [0,1*,|V2z € R"0 < u(x) + v(z) < 1}

An element (u, v) of IF, is said an intuitionistic fuzzy number if it satisfies the following condi-
tions

(i) (u,v) is normal i.e there exists =y, z1 € R" such that u(x¢) = 1 and v(z;) = 1.
(i1) w is fuzzy convex and v is fuzzy concave.
(ii1) w is upper semi-continuous and v is lower semi-continuous
(iv) supp (u,v) = cl{z € R" : |v(z) < 1} is bounded.

so we denote the collection of all intuitionistic fuzzy number by /F;,
For o € [0, 1] and (u,v) € IF™, the upper and lower a-cuts of (u, v) are defined by

[(u,v>r: {xER”:v(w) < 1—a}
and

)

Remark 2.1. If (u,v) € IF,, so we can see [(u,v)], as [u]” and [(u,v)]" as [1 — v]" in the fuzzy

case.

:{xeR":u(:c)Za}

«

We define 01 o) € IF,, as

(1,00 t=0
0(1’0)(t)_{(o,1) t£0

Let (u,v) ,(uv',v") € IF,, and A € R, we define the following operations by :

((u,v> @ (u',v’>>(z) = ( sup min (u(x),z/(y)), inf max <v(:v),v’(y)>>

z=x+y z=x+y

Au, vy ifA#0
0(170) lf )\ == 0
For (u, v), (z,w) € IF, and A € R, the addition and scaler-multiplication are defined as follows

[(u,v)@(z,w}]a:[(u,v)]a+[<z,w>], [A(z,w>]a:)\[<z,w>r
[(u,v)@(z,w>] :[(u,v)] +[<z,w>], [A(z,w>] :)\[<z,w>}

«

« o o « «
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Definition 2.1. Let (u,v) an element of IF,, and o € [0, 1], we define the following sets :

[(u,v)}j(a} = inf{z € R" | u(x) > a}, [(u,v)}:(a) =sup{z € R" | u(x) > a}

[<U’U>L () = inf{z € R" |v(z) < 1—a}, [(u,v)} () =sup{z € R" |v(z) <1—a}

r

Remark 2.2.

[wor]" =[], @[]
Proposition 2.1. Forall o, 8 € [0,1] and (u,v) € IF,
i [wo] <[wo]

r

(ii) [ (u,v) } and [ (u,v) ] are nonempty compact convex sets in R"

(iii) if o < [3 then [(u,v>]ﬁ C [(u,vﬁ and [<u,v>r C [(u,v)}a

(iv) Ifogn/‘ozthen[w,w} :ﬂ[(u,vﬁ and[(u,v)}azo[w,vﬁ%

«@ n Qn

Let M any set and @ € [0, 1] we denote by
My={zeR" : u(x) >a} and M*={zecR" :v(z)<1-a}

Lemma 2.1. [6] Let {Ma, a € [0,1] } and {M‘“, a € |0, 1]} two families of subsets of R"
satisfies (i)—(iv) in Proposition 2.1, if uw and v define by

u(r) =

sup{a €[0,1] : z € M,} ifz € M

1 ifv ¢ M°
v(x) =

1—sup{a€(0,1] : z€ M*} ifre M°

Then (u,v) € IF,
Lemma 2.2. Let [ a dense subset of |0, 1], if [ (u, v)} = [(u’, v’)} and

« o

[(u,v>r = [(u’,v’>r,f0ralla € I then (u,v) = (u',v')

On the space [F;, we will consider the following metric,

() ) ) = s [|[n) ] (@) = [z ] (o)
w10 ([ ] @ - [En] ©

ez, (0] @ = [En] @
N ICEINCRCEING

where ||.|| denotes the usual Euclidean norm in R".
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Theorem 2.1. ([6]) d_. defines a metric on IF,.
Theorem 2.2. The metric space (IF,, d2 ) is complete.
Proof. There exists 7o < n such that
d (< u,v >, < v, v >) < Vnde (K u,v >, < u', v >4)

Since d, defined a complete topology if IF}, then d” also is complete. ]

Define Dy, D, : IF,, x IF,, — R™ by the equations

D1<(u,v>,(u’,v'>> = sup dH<[<U>U>L7[<“/aU/>L>

0<a<1

Dg((U,U),(U’,U’)) = sup dH([<u,v>r,[(u’,v’>r>

0<a<1
where dj is the Hausdorff metric defined in P, (R") by dy([a, b][c, d]) = max{||a—c¢||; ||[b—d||}.

Remark 2.3.

d&((u,v},(u’,v’>) S% sup dH([<u,v>]a, [(u’,v'ﬁ )—i—l sup dH([(u,wr, [(u',v’)]a)

0<a<l1 2 p<a<1

1 1
< §D1 ( (u, vy, (u',v") ) - §D2( (u, vy, (u',v") )
In the sequel we gives some results of measurability, integrability and differentiability for the
proof is similar to [6]

F T — [IF, is called integrable bounded if there exists an integrable function & : 7" — R such
that ||y|| < h(t) holds for any y € supp(F(t)),t € T.

Definition 2.2. We say that a mapping F' : T — IF, is strongly measurable if for all
a € [0,1] the set-valued mappings F, : T — P.(R") defined by F,(t) = [F(t)|. and
F* : T — Py(R") defined by F*(t) = [F(t)|* are (Lebesgue) measurable, when P,(R™) is
endowed with the topology generated by the Hausdorff metric dp.

Lemma 2.3. Let F' : T — IF, be strongly measurable and denote F,(t) = [/\a(t), )\a(t)},
Fo(t) = [Ma(t), ,ua(t)} for o € [0,1]. Then Ao, A\, fio, 1 are measurable.

Definition 2.3. Suppose F' : T' — IF,, is integrably bounded and strongly measurable for each
€ (0, 1] write

{/ F(t)dt] = / [F(t)],, dt = {/ fdt|f : T — R" is a measurable selection for Fa}
T o JT T

{/ F(t)dt} ) = / [F(t)]"dt = {/ fdt|f : T — R" is a measurable selection for F“} :
T T T

if there exists (u,v) € IF, such that [(u,v)]* = U F( )dt]” and = [Jp F(t)dt]
Va € (0,1]. Then F is called integrable on T, write (u,v) = [, F(
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Remark 2.4.
o If F(t) = (uy,v) is integrable, then [ (uy,v.) = ([, [v;)

o I[fF : T — IF, is integrable then in view of Lemma (2.3) f F' is obtained by integrating
the a-level curves, that is

/o[ o ] oo e

Fo(t) = [F(®)]a = Pal), A*(O)], () = [F(O)]* = [palt), p*(t)] for a € [0, 1],

Theorem 2.3. If F' : T' — IF,, is strongly measurable and integrably bounded, then F' is inte-
grable.

Proof: 1If we denote M,, = [ F,, and M = [ F°, then properties (i)—(iii) of Lemma (2.1) are
checked .

Since F,, C F* = [F, C fFO‘ for all « 6 [0 1], by Lemma (2.1), There exists unique
(u,v) € IF, such that [(u,v)]* = [ F*et [(u,v)]o = [ F,, which completes the proof. O

Definition 2.4. A mapping F' : T' — IF,, is called level-wise continuous at ty € T' if the set-
valued mappings F,(t) = [F(t)]o and F*(t) = [F(t)]* are continuous at t = t, with respect to
the Hausdorff metric dy for all a € [0, 1]

Proposition 2.2. If F' : T' — IF,, is level-wise continuous then it is strongly measurable.

Proof: By the level-wise continuity of F'; F,, and ['“ are continuous with respect to the Haus-
dorff metric dy for all a € [0,1]. Therefore F;*(U) and F'*(U)~* are open, and hence its are
measurable for each open U € P(R"). O

Proposition 2.3. If ' : T' — [F)}, is level-wise continuous, then it is integrable.

Proof: By Proposition 2.2 F is strongly measurable. Since F° is continuous, F°(t) € P,(R")
forall ¢ € T and T is compact, then U;e7 FO(¢) is compact. So F is integrably bounded. ]

Definition 2.5. A mapping F : T' — IF), is said to be differentiable at i if there exist F'(ty) € IF,
such that limits:

F A F F F(to— A

lim (to + A © Fito) and lim (to) © Fto )
At—0+ At At—0+ At

exist and they are equal to F'(ty) = (u'(to), v (to))-

Here the limit is taken in the metric space (IF,,, d2 ). At the end points of 7" we consider only

s “oo

the one-sided derivatives.

Remark 2.5. From the definition it directly follows that if F' is differentiable then the multivalued
mappings F, and F“ are Hukuhara differentiable for all o € [0, 1] and

DF,(t) = [F'(t)]a )
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Here DF,, denotes the Hukuhara derivative of F,.
DF*(t) = [F'(t)]* (3)
Here DF*“ denotes the Hukuhara derivative of F'“.

If F: T — IF, is differentiable at ¢ty € 7', then we say that F”(t) is the intuitionistic fuzzy
derivative of F'(t) at the point ¢.

Theorem 2.4. Let F': T' — IF,, be differentiable. Denote F,(t) = [F(t)]a = [Aa(t), A*(t)),
Fo(t) = [F(t)]* = [palt), p*(t)]. Then Ao (t), \*(t), 1a(t) and p*(t) are differentiable and

[F(t) ] = [N (), A”(1)]
[F ()] = [ (), n* (1))
Theorem 2.5. If F' : T' — [F,, is differentiable; then it is levelwise continuous.

Proof: Lett,t+ h € T with h > 0. Then for any o € [0, 1] by the definition of metric d7, we
have

idH ([F(t + B)]a, [F(t)]a)) + idH ([F(t + )], [F(t)]“))
< (e, 7))
< d (F(t +h) O F(t), 0(1,0))

< hd™, (% (F(t +h)O F(t)> , F’(t)) + hd, <F'(t)a 0(1,o>>

where h is so small that the H-difference F'(t + h) © F'(t) exists. By the differentiability we know
that the right-hand side goes to zero as h — 0" and hence F'® and F,, are right continuous then,
Fis right continuous level-wise, the left continuity levelwise is proved similarly. O]

Theorem 2.6. Let ' : T — IF,, be level-wise continuous; Then for every t € T the integral

t
G(t) = / F(s)ds is differentiable and G'(t) = F(t).

Proof: Let a € [0, 1] be fixed. Since F' is level-wise continuous, then for arbitrary ¢ > 0, ¢,
t+h € T and h > 0 there exists an d(&, ) such that

dH([F(t+ )]s [F(t)]a> <c and dH([F(t+ ), [F(t)]“) <c

whenever 0 < h < (e, ). According to Proposition 2.3. F' is integrable, and [Theorem 4.2 in
[7]] gives

G(t +h) O G(t) = /HhF
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Then

i (%(G(t + 1) 0 G(1), F(t)) = ( /t " pls)as, hF(t))

Consequently, by Remark 2.3 we have,

it (3G rmocw.rw) < ol [ s a6 F01L )as

0<a<l1

w [ s an (i ) o

0<a<l

§%[h5+h<€] <e

this implies, lllir% +(G(t+h) © G(t) = F(t),
—

and similarly }Lir% +(G(t) © G(t — h)) = F(t), which proves the theorem. O
—

Theorem 2.7. Let F' : T — IF,, be differentiable and assume that the derivative F" is integrable
over T Then, for each s € T, we have

F(s) = F(a) ® / ()t @)

Proof- We shall prove that a
F.(s) = F,(a) +/s DF,(t)dt (3)
F*(s) = F*(a) + / s DF®(t)dt (6)

for all « € [0, 1] \ A with A being negligible.
So, for @ € [0,1] \ A be fixed. We will show that F,(s) = F,(a) + / DF,(t)dt, where

a

DF, is the Hukuhara derivative of F,,. Recall that the supporting functional §(., K') : R™ — R of
K € P,(R") is defined by
5(a,K):sup{a.k:|k€K} (7

where a.k denotes the usual scalar product of a and k. If K, Ky € P(R™) then Theorem // —18
in [8] gives us the equation

du (K1, Ks) = sup [6(a, K1) — d0(a, K>)| ®)

flall=1

Now lett, t + h € T with h > 0 so small that the H-difference F'(¢ + h) — F'(t) exists. Then
by Theorem /1 — 17 in [8] we have

5(:1;, Fa(t+h) — Fa(t)) - (5(95, Fa(t+ h)) - (5(3:, Fa(t)> )

57



forallz € R, € [0, 1] \ A and consequently
6 (w, (Fult + ) = Ful))/n) = 0 (. Fult + 1)) = 8 (. Fu() /n (10)

Then by the differentiability of F,, and Egs. (8) and (10) we obtain § (a:, Fa(t)) that is right
differentiable and the right derivative equals to 6(x, DF,(t)) where x is an arbitrary element of

the surface of the unit ball S in R". Applying a similar reasoning for A < 0, we conclude that for
allz € 5,0 (l’, Fa(t)> is differentiable on 7" and

%5(m, Fa(t)> = 5(% DFa(t)>

Since DF,(t) is compact and convex it can be expressed as an intersection of all closed half
spaces containing it, i.e.
DF,(t) = () Ha

z€S
where H, = {z € R" | .z < 0(z, DF,(t))}. Thus DF,(t) equals to the derivative of the set-
valued mapping F,, defined by Bradley and Datko [4]. The equality (5) now follows from [[4],
Theorem 3.5]. The same technique is applied to show The equality (6).
Consequently, according to Lemma 2.2 the result is obtained. ]

Definition 2.6. A mapping f : T x IF, — IF), is called level-wise continuous at point
(to, xo) € T x IF, provided for any fixed o € [0, 1] and arbitrary € > 0, there exists an (e, o)
such that

i (1 (oo [Ftwo)la) <20 du (L))" [ (8 20)]7) <€

whenever |t — ty| < d(e, ) and forallt € T, x € IF,

dH<[x}a, [xo]a) < 5(e,a), dH([a:]a, [xo]a) < 5(,a)

3 Main result
Assume that f : I x IF,, — IF,, is levelwise continuous, where the interval
I={t:|t—ty <d<a}.

Consider the intuitionistic fuzzy differential equation (1) where xy € IF,,.
We denote Jy = I x B(zg,b) wherea >0, b >0, x¢ € IF,

Blxo,b) = {x € IF,|d" (z, 20) < b}

Definition 3.1. A mapping x : I — IF,, is a solution to the problem (1) if it is level-wise contin-
uous and satisfies the integral equation

x(t) = o B /tf(s,x(s))ds. foralltel

to
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According to the method of successive approximation, let us consider the sequence {x,(t)}
such that

xn(t) zmo@/tf(s,xnl(s))ds, n=12... (11)
to
where z(t) = xg, t € T
Theorem 3.1. Assume that
1. Amapping f : Jy — IF, is level-wise continuous,

2. for any pair (t,z), (t,y) € Jo, we have

as(f(t.2). £(t.y)) < Ld () (12)

where L > 0 is a given constant.
Then there exists a unique solution © = x(t) of (1) defined on the interval

[t —to] < (5:min{a,%}, (13)

where M = %(Dl (f(t, ), 0(1,0)) + Dy <f(t, ), 0(170))> and for any (t,x) € Jo.
Moreover, there exists an intuitionistic fuzzy set-valued mapping x : I — IF,, such that

d-, (xn(t),x(t)) — 0 for [t —ty| <6 as n — oo
Proof: Lett € T by (11), it follows that, forn =1
t
x1(t) = o @/ f(s,20(s))ds (14)
to

which proves that z;(t) is level-wise continuous on |t — tg| < a and, hence on [t — 5] < 4.
Moreover, for any a € [0, 1], we have

i (Irs@les k) = ([ [ stss00ts] 0) < [ au([65.20] L0)s a9

to

([ [ sts.aas]"0) < [ au([r0]"0)as 10

0

i ([21 (D], [z0]”)

By Remark 2.3., we get
dgo(xl(t),xo) < Mt —to] < M§ = b 17)

if £ — to| < 6, where M = Y2 M, — Dy (f(t,), 0010 and My = Dy ( f(t,), 0(1)) for

any (t,x1) € Jo.
Now, assume that x,,_1(t) is level-wise continuous on |t — to| < ¢ and that

d". <xn,1(t),9c0) < Mt —to] < M§=b (18)
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if |t — to| < d,where M = M and for any (¢, z,_1) € Jo.
From (11), we deduce that z,,(t) is level-wise continuous on
|t — to| < 6 and that
d". (xn(t),x0> < Mt —to| < M5 =10 (19)

if [t — to| < d,where M = 1422 and for any (¢, z,,) € Jo.
Consequently, we conclude that {x,(¢)} consists of level-wise continuous mappings on
|t — to] < ¢ and that
(tvxn(t)) € JO’ |t_t0| < 5a n= ]-727"' (20)
In addition we will show that there exists an intuitionistic fuzzy set-valued mapping « : [ — IF},

such that
-, (mn(t), x(t)) — 0 uniformly for [t —to| <0 as n — c©

For n = 2 from (11)

To(t) = 21 B /t f(s,xl(s))ds (21)

to

from (14) ,(21) we have

&2 (2a(t) 1)) = d ttf(s,xl(s))ds,/tjf(s,:co)ds) g/tdgo(f(s,xl(s)),f(s,:co)>ds

to

22
According to the condition (12), we obtain .
s, (xg(t), {L’l(t)> < L/t s, (:L’l(s), xo) ds (23)
to
Now, we can apply the first inequality (17) in the right-hand side of (23) to get
s (o) 2a(1)) < Ll ol ML‘;—T (24)
Starting from (17) and (24), assume that
d". (:vn(t),mn_l(t)> < ML”‘lH;%’n < ML"‘1§ 25)
and let us prove that such an inequality holds for d”, (:vn+1 (1), xn(t)> :
In fact, from (11) and condition (12), it follows that
a (wna(t), za(t)) = i tt F(s, a(s))ds, /t s, Tn1(5))ds) (26)
0 0
< [ (1o H s a5 ) s @)
0
< /t LdZ, (xn(s), xn_1(5)> ds (28)
to
According to (25), we get
d". <xn+1(t),xn(t)> <ML /t: ’S_n—!t‘)’nds - ML”% <ML 7:)! (29)
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Thus, inequality (25) holds forn = 1,2, ... We can also write

M (L§)"
n <
d". (:pn(t), xn_l(t)> < T (30)
forn =1,2,..., and |t — to| < . Furthermore, we can write x,(t) as follows
xn(t) = xo + [21(t) — xo] + - -+ + [0 () — T0o1(P)], (31)

which implies that the sequence {z,,(¢)} and the series

vo+ Y _[zn(t) = zna (1)), (32)

have the same convergence properties.

From (29), according to the convergence criterion of Weierstrass, it follows that the series
having the general term x,,(t) © x,_1(t), so d2 (a:n(t), xn_l(t)> — 0 uniformly on |t — to| < 0
asn — 00.

Hence, there exists an intuitionistic fuzzy set-valued mapping « : I — I[F}, such that
dz, (xn(t),x(t)> — 0 uniformly on |t — to| < dasn — oo.

From (12) we get

a2 (F(twalt)), £t 0(1)) < Ld (wat), 2(8)) = 0 (33)

uniformly on |t — to| < d asn — oo.
Taking (33) into account, from (11), we obtain, for n — oo,

x®=%@[f@ﬂm% (34)

Consequently, there is at least one level-wise continuous solution of (1).
It remains to show this solution is unique.
Let

o) =@ [ fls,u(s))ds (35)
on |t — to| < 4, from (11) and (35), forn = 1,2, ... we obtain
(vt 0,(0) = d( [ flsu()ds, /t (s, 20 ())ds) (36)
t
< [ (70 fsmamale)) ds

to

< L/t dz, <y(3),xn_1(s)>ds (37)

to

But d7 (y(t), x0> < bon [t —ty| < § being a solution of (35). It follows from (36) that

d". (y(t),xl(t)) < bL|t — to| (38)

61



Now, assume that

" ot —Tto|"
a2 (v(t). (1)) < prr =0 (39)
SO
t
a2 (y(t), 2una () < L / a2 (y(s), wa(s) ) ds
to
< bLn+1 |t B t0|n+1
- (n+1)!
Consequently, (39) holds for any n, which leads to the conclusion
a2 (4, 20(1)) = d (w(0), 2a(t)) = 0
on the interval |t — ty| < § as n — 0. O
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