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1 Introduction

A fuzzy binary relation is considered as a fuzzy subset of the set A x B where A and B are two
crisp sets. In [1], a generalization of fuzzy relations was introduced and their properties were
studied. Intuitionistic fuzzy sets, defined by K. Atanassov, helps us to model uncertainty with
an additional degree. Intuitionistic Fuzzy Relations (IFRs) has already been studied by many
researchers. Commonly, IFRs are intuitionistic fuzzy sets in a cartesian product of universes [3].
Here an attempt is made to extend IFRs to a relation between two intuitionistic fuzzy sets.

The notion of generalized IFRs is introduced in section 2. i.e., IFR defined on IFS. Then
various binary and unary operations of these relations are defined and symmetry, reflexivity and
transitivity are studied in section 3. Throughout this paper, unless otherwise stated, by a relation,
we mean an intuitionistic fuzzy binary relation defined on IFSs over the universe U.

Definition 1.1 [4] Let X be an ordinary (non fuzzy) set. An intuitionistic fuzzy set A in X is
given by
A ={(z, pa(z),va(z))/z € X}

where 1y : X — [0,1], v4 : X — [0, 1] with the condition 0 < pa(x) + va(z) < 1, for all
r e X.
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2 Relations on intuitionistic fuzzy sets

Let U be any nonempty set and A, B be IFS in U given by the membership function 14 and pp
respectively and the nonmembership functions 4 and v respectively, where

pa, g, va,vg - U — [0,1].

A x Bisthe IFS in U x U defined by

NAXB(I'7 y) = min{”A(x)a MB(?/)}

Vaxp(®,y) = max{va(z),vp(y)}

forall z,y € U.

Definition 2.1 Let R C A x B,

with the condition that
0 < pr(z,y) +vr(z,y) < 1.

Then R is an IFR from A to B.

Definition 2.2 Let R, R, Ry be IFRs from A to B. Then R; U Ry, Ry N Ry, Ry + Ry, Ry - Ry,
RiURy, Ri(\R2, Ri ® Ry, Ry ® Ry, Rand R~! are defined as follows:

1. prur (2, y) = max{pg, (z,y), tr,(z,y)}
VRiUR, (T, y) = min{vg, (,9), Vr, (2, y)}

2. HRiNR, (1’, y) - min{/”ﬁ (ajv y)? 222 ([E, y)}
VRing, (2, y) = max{vg, (z,y), vr, (2, y)}

3. MR1+R2(:E7?/) = MR1(5E7y) + HRz(x’ y) — UR, (I7y):uR2(xvy)’
VR1+R2<x7y) = VRI(.T,y)I/R2<x,y)

4. pryry (T, Y) = pry (2, Y) r, (2, Y)
VR1~R2(xay) = I/R1(x>y> + VR2(xay) - VRl(xay)VRz(xvy)

5. MRy UPLz(xvy) = min{la/“ﬂ (x,y) + MR2(17,y)}
VR1UR2(«T,y) = maX{O7VR1('T7y) + VRz(mﬁy) - 1}

6. KRy N R2 (Q?, y) = max{(), KRy (JZ, y) + MRQ(:L‘7 y) - 1}
VR, (R, (%,y) = min{l, vg, (z,y) + vr,(z,y)}

_ MRy (@) iRy (2.y)

7. HR1®OR: (l’, y) 2
VRq (x7y)+VR2 (I7y)

VR1®R2<x7y) = 2
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8. :UJR1®R2(:L‘7 y) - \/MR1 (xay):ubb (IL‘, y)
VR1®R2(I>y) = \/VR1 ($a y)VRQ('I’ y)

9. pg(z,y) =min{l — pr(z,y), paxs(®, y)}
max{l - VR(‘I7y>7VA><B(IJy)} = C(Iuy)v
vR(T,y) = if 0 < pp(e,y) +Clz,y) <1
pr(z,y)  if pg(z,y) + Cla,y) > 1

10. pr-1(z,y) = pr(y, )
vp-1(x,y) = vgr(y,z) forall z,y € U.

Note 1. All the above definitions are intuitionistic fuzzy relations on intuitionistic fuzzy sets.
Note 2. If A and B are ordinary subsets of U, then

1_:U’R<x7y)7 1f(ac,y)€A><B

pg(z,y) =
& 0, if (z,y) € A x B
1 —vp(z,y), if(z,y) €EAXB
vp(z,y) = .
1, if(z,y) Ax B
Notation
We use the following matrix representation for IFS in U x U. If the universal set U =
{a1,as,...,a,} and if G is an IFS in U x U with membership function y; and nonmembership

function v, then G is represented as

(ne(ar,ar),ve(ar,a1))  (pe(az,a1),ve(az,a1)) - (pa(an, ar),vg(an, a))
o | (Belar,az) v(ar az)) - (nclaz, az),velaz,az)) -+ (nG(an, az),vG(an, az))
(nalar,an),va(ar,an)) (ng(az,an),va(az,an)) ---(pa(an, an),va(an, an))

Example 2.1 Let U = {a,b} and A, B be given by

A ={(a,0.1,0.3), (b,0.6,0.2)}
B ={(a,0.8,0.1), (b,0.3,0.7)}

Then

((0.1,0.3) (0.6,0.2)
AXB'(mLQU m&un)

Let Ry, Ry be two relations from A to B defined by

b [((01.04) (0.5,03) .. ((005.05) (0.5,03)
" 1(0.01,0.8) (0.2,0.7) >\ (0.1,0.8) (0.2,0.7))"
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Then Ry N Rs is a relation from A to B defined by

ROR,: ((0-05,0.@ (0.5,0.3)>

(0.01,0.8) (0.2,0.7)

and R, is a relation from A to B defined by

5. ((0-1,06) (05,05)
"\ (01,07) (0.3,0.7)

Definition 2.3 The composition o of two IFRs, R, and R, is defined by

HRioRy (%, y) = I?Eag([min(,ulﬁ (.Q?, Z)a KRy <Z> y))] and

VRioR, (¥, y) = minfmax(vp, (2, 2), v, (2, y))]
where R; is a relation from A to B and R; is a relation from B to C.

Theorem 2.1 Let R, be a relation from A to B and Ry a relation from B to C, then Ry o Ry is a
relation from A to C' [8].

3 Symmetry, reflexivity and transitivity
Definition 3.1 An IFR R on IFS A is symmetric if

pr(2,y) = pr(y,x) and  vp(z,y) = vp(y,z) forallz,y € U.
Theorem 3.1 If R is symmetric, then so is R~L.

Proof 3.1

forall x,y € U.
Theorem 3.2 R is symmetric if and only if R = R™L.

Proof 3.2 Let R be symmetric. Then

:uR’l(l‘yy) = II"LR(y7$) = MR(mvy)

VRfl(:L}y) - VR(ZU,Q?) = VR(‘r7y> forall T,y € U.
So, R°' = R.
Conversely, let R~! = R

pr(z,y) = pr-1(2,y) = pr(y, v)
VR(xv y) = VRfl(xvy) = VR(ya {L‘)
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Theorem 3.3 If R, and Ry are symmetric IFRs on an IFS A, then Ry * Ry is also symmetric on
A.

Proof follows immediately from the definitions.
* could be anyone of U, N, +, -, | J,N®, ®
Note. R; o R, is not in general symmetric as is obvious from the definition. The following
theorem gives the condition for it being symmetric. The proof is analogous to that in [1].

Theorem 3.4 If Ry and Ry are symmetric relations on A, then R, o Ry is symmetric on A if, and
only if, Ry o Ry = Ry o R;.

Corollary. R" is symmetric for all positive integer n if R is symmetric. (R"is RoR---oRn
times)

Definition 3.2 An IFR R on A is reflexive of order («, 3) if ug(z,x) = o and vg(z,z) = S for
all z € U such that p4(x) # 0 and v (x) # 1.

Note.
I. Clearly 0 < o+ 3 <1
2.
pr-1 (2, 2) = pr(z,z) = @,
vp-1(x,z) = vg(z,x) = B.
So R~! is reflexive of order (a, )

3. fa=1, 8 =0, IFS A reduces to an ordinary set.

Theorem 3.5 If Ry and R, are reflexive IFRs on IFS A of orders (a,7y) and (3, §) respectively,
then R{', RiURy, RiNRy, Ri+Ry, Ri-Ry, Ri|J Ra, Ri () Ry, R1® Ry, Ry ® Ry, are reflexive of
orders (a, ), (max[a, ], minfy, 8]), (minfa, 5], max[y,d]), (a+ § — aB,78), (af, 7+35—76),
(min[1, a+ 4], max[0, y+6—1]), (max[0, a+B—1], min[1,y+0)), (%32, 22 and (v/aB, /79),
respectively

Proof follows from the respective definitions.
Note. R, o R, and R; are not reflexive. See [1].

Definition 3.3 Let 12 be an IFR on IFS A. Then R is transitive if Ro R C R

Theorem 3.6 If R is a transitive relation, then so is R™'.
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Proof 3.3 pp-1(z,y) > pp-1op-1(z,y) asin [1].

VR-1 (1’, y) = VR(yv I)

< VRoR<y7 JI)
= anei[r}[max(l/R(% z),vr(z,2))]
= aneirU1[maX(VR—1 (z,2),vp1(2,9))]

Hence the theorem.
Lemma 3.1 If ®and V are mappings from U to [0, 1], then

anel(r} { max[¥(z), ®(2)]} > max{rznei[r]l U(z), IZnel(I]l o(2)}.

Proof 3.4 For one particular z,

mingep ¥(z) < ¥(z2)

mingey ®(z) < O(2)

max{mingey V(z), mingey ®(2)} < max{¥(z),P(2)}
max{¥(z), ®(z)} > max{mingcy ¥(2), mingey ®(2)}
R.H.S. is a fixed quantity. So,

min{max[¥(z), ()]} = max{min ¥(z), min ¢(2)}

Hence the lemma.

Theorem 3.7 If R, and R are transitive on A, then so is Ry N Rs.

Proof 3.5 1R, R, (m, y) 2 (RiNR2)o(R1NRz) (Z‘, y)’ see [1].

VRlﬂRz(xa y) = maX{VRl (*Ta y)v VRy (xa y)}
< maX{VR12<x7y)>VR§(x>y)}

= max{rznei[r}[max(uRl( ) )7 VR, (Z? y))]? IZHEi[I]l[maX(l/RQ ($, Z)a VR, (Zv y))]}
(

< min[max{max(vg, (z, 2), Vg, (2,v)), max(vg, (z, 2), vr,(2,4)) }]

zeU

by lemma 3.1

= IZHGilI]l[maX{maX(l/Rl (33, Z)> VR, (.CE, Z))> maX(VRl (Za y)> VR, (Z7 y))}]

= rzneilr]l[max{ygng2 (7,2), VRinRry (2, 9) }]
= V(Rng)O(R1ﬁR2)<x7 y)

Therefore, Ry N Ry is transitive.
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Note. Ry U Ry, Ry + Ry, Ry - Ry, R |J Rs, R1[) Ry are not transitive in general even if R; and
R are transitive. [1, 2]

Theorem 3.8 If R, and R, are transitive relations on an IFS A, then Ry ® Ry and Ry ® Ry are
not necessarily transitive.

Proof 3.6 This will be proved by an example.
Let U = {a, b, c} and A be given by

A ={(a,0.9,0.1), (b,0.9,0.05), (c,0,1)}.

Then
(0.9,0.1) (0.9,0.1) (0,1)
AxA:1(0.9,0.1) (0.9,0.05) (0,1)
(0,1) (0,1) (0,1

Let Ry, Ry be relations on A defined by
(0.4,0.2) (0.3,0.3) (0,1)
R, :](0.8,0.1) (04,0.1) (0,1)],
(0,1) 0,1)  (0,1)

(0.4,0.2) (0.8,0.2) (0,1)
Ry:|(0.3,0.3) (0.4,0.1) (0,1)
(0,1) (0,1)  (0,1)

One can check that Ry ® Ry and Ry ® Ry are not transitive.
Theorem 3.9 If R is transitive, so is R>.
Proof 3.7 jiror(%,y) > pirzerz(x,y) asin [1].

vror(2,y) = minfmax(vp(z, 2), vr(2,))]

<
< IZHGIII]l[maX(VRoR(xa 2), Vror(2,9))]

= VR20R? (xa y)
R%0 R? C R2.

Hence the theorem.

4 Conclusion

The IFRs presented in this paper are extensions of generalized fuzzy relations defined in [1].

19



References

[1]

(2]

(3]

[4]
[5]

[6]
[7]

[8]

Chakraborthy, M. K., M. Das, Studies in fuzzy relation over fuzzy subsets, Fuzzy Sets and
Systems, Vol. 9, 1983, 79-89.

Mukerjee, R. Some observations on fuzzy relations over fuzzy subsets, Fuzzy Sets and Sys-
tems, Vol. 15, 1985, 249-254.

Bustince, H., P. Burillo, Structures on intuitionistic fuzzy relations, Fuzzy Sets and Systems,
Vol. 78, 1996, 293-303.

Atanassov, K. Intuitionistic fuzzy sets, Fuzzy Sets and Systems, Vol. 20, 1986, No. 1, 87-96.

Atanassov, K. More on intuitionistic fuzzy sets, Fuzzy Sets and Systems, Vol. 33, 1989,
37-45.

Atanassov, K. Intuitionistic Fuzzy Sets, Physica-Verlag, Heidelberg, New York, 1999.

Deschrijver, G., E. E. Kerre. On the composition of intuitionistic fuzzy relations, Fuzzy Sets
and Systems, Vol. 136, 2003, 333-361.

Varghese, A., S. Kuriakose. Intuitionistic Fuzzy Relations — A new approach, Proceedings
of the International Seminar on New trends in applications of Mathematics, Bharat Mata
College, Thrikkakara, Cochin, Kerala, 2011.

20



