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Abstract: A generalization of the notion of intuitionistic fuzzy ~ct is given in the spirit of 
ordinary interval valued fuzzy sets. The new nation is called interval valued intuitionistic fuzzy 
set (IVIFS). Here we present the basic preliminaries of IVIFS theory. 
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1. | n ~ d u ~ o n  

An intuitionistic fuzzy set (IFS) A, for a given underlying set E is represented 
by a pair (#a,  vA) of functions E--* [0, 1]. For x e E, #a(x) gives the degree of 
membership to A, vA(x) gives the degree of non-membership. This interpretation 
entails the natural restriction 

Clearly ordinary fuzzy sets (FS) over E may be viewed as special cases of 
IFS 's -  here the degree of membership is the only necessary data, i.e. ordinary 
fuzzy sets are to be considered as IFS's with the additional condition 

v~(x) = 1 - #~(x). 

The theory of IFS's is developed in [1]. In the present paper we begin the 
investigation of a generalization of this no t ion - the  interval valued IFS's 
(IVIFS's), but we first consider the relationship between IFS's and another 
generalization of FS ' s -  the interval valued FS's (IVFS's, cf. e.g. [2]). 

2. IVF$ and IFS 

A generalization of the notion of fijzzy set, proposed by some resea.rchers in 
the area in the seventies (cf. e.g. [2]), is the so-called interval valued fuzzy set. 
Here we give a definition and establish that in a sense interval valued fuzzy sets 
are a version of the IF$ (or if you like:- the other way around!). 
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D e f u ~ e n  1. An interval valued fuzzy set A (over a basic set E) is given by a 
function MA(x)~ where MA" E--* INT([0, 1]), the set of all subintervals of the unit 
interval, i.e. for every x ¢ E, MA(x) is an interval within [0, 1]. 

The justification of this generalization lies in the following observation: 
sometimes it is not appropriate to assume that the degrees of membership for 
certain elements of E are exactly defined, so we admit a kind of further 
uncertainty- the value of MA is not a number anymore, but a whole interval. Let 
us denote such objects by IVFS. 

Definition 2. (a) The map f assigns to every IVFS A an IFS 

B ~ f ( A )  
gb,en by 

/~8(x) = inf MA(x), vs(x) = sup MA(x). 

(~j) The map g assigns to every I ~  B an IVFS 

A f i g ( B )  

given by 
M,,(x)  ffi [~, , (x) ,  1 - v, ,(x)].  

The relationship between the two generalizations mentioned a b o v e -  the IFS 
and the I V F S -  is given in the following lemma. 

I~mma 1. (a) For every IVFS A, g(f(A))= A. 
(b) Fo~ et,e,y IFS B, f(g(.~))= e. 

Proef. (a) Let A be an IVFS. Then for every x ¢ E, 

ffi [inf MA(x), 1 - 1 + su ,  MA(x)] 

ffi M~(x), 

since MA(x) is an interval. 
(b) Let B be an IF'S. Then for every x ~ E, 

/~f(g(s))(x) ffi inf Ms(re(x) 

ffi inf[~a(x), 1 - vs(x)] 

= ~ . ( x ) ,  

• : (8(a , (x)  = 1 - sup Mg(8~(x ) 
= 1 - sup[~8(x), 1 - va(x)] 

= ~, , , (x) .  

This shows IFS and IVFS to be equipollent generalizations of the notion of FS. 
But the definition of IFS allows a further generalization- to be considered in the 
next section. 



Interval valued intuitionistic fuzzy sets 

3. 'l[~e bu|e theory of IVIFS 
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Let a set E be fixed. An interval valued intuRionistic fuzzy sets (IVIFS) A over 
E is an object having the form 

Affi {(x, M~(x). N~(x)): x G E}, 

where M~(x) c [0, 1] and N,~(x) c [0, 1] are intervals and for every x ¢ E, 

sup M~(x) + sup ~.(x)  ~< 1. 

For every two IVIFS's A and B the following relations, operations and 
operators are valid (by analogy from [1]): 

A = B iff (Vx e E)(sup MA(x) <<- sup Ms(x) & inf MA(x) <~ inf Ma(x) 

& sup NA(x) >~ sup Na(x) & infNA(:i)>~infNB(x)); 

A f B iff A c= B & B c:A ; 

A ffi {(x. N~(x), M~,(x)): ~ ~ E); 

A N B ffi { (x, [min(inf MA(x), inf Ms(x)), rain(sup MA(x), sup Ms(x))], 

[max(inf NA(x), inf Na(x)), max(sup NA(X), sup Na(x))]):x ¢ E}; 

A t.J B = { (x, [max(inf MA(x), inf Ms(x)), max(sup MA(X), sup MB(x))], 

[min(inf NA(x), inf Ns(x)), rain(sup NA(X), sup Nn(x))]) : x ¢ E}; 

EIA = { (x, MA(x), [inf NA(x), 1 -- sup MA(x)]): x ¢ E}; 

0A - { (x, [inf MA(x), 1--sup NA(x)], NA(x)): x ¢ E}. 

Theorem | .  For every IVIFS A: 
(a) (DAy = 0A; 
(b) (0A)- = ~ ;  
(c) t~A c A  = 0A; 

(e) DOA- OA; 
(0 0 [ ~  = ~ ;  
(g) OOA ffi OA. 

l~u~f. (a): 

(cM)- = (n{(x. ~A(x), M~(x));x ~ E})- 

= { (x, N~(x), [inf MA(x), 1 - sup NA(x)]);x ~ E}- 

ffi { (x, [mr MA(x), 1 -- sup NA(x)], NA(x));x E E} 

=0A; 

(b): is proved ana]o~caHy; 
(c): From sup NA(x) <~ 2 ~.. - s u p  M~(x) 

inclusion follows analogically: 
it follows that OA c A .  The other 
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(d): 
CILIA ffi I-l{ (x, MA(X), [inf NA(X), 1 -- sup MA(x)])" x ~ E} 

= { (x, MA(x), [inttinf NA(X), 1 --sup MA(x)], 1 -  sup MA(X)]): X ~ E} 
ffi { (x, MA(X), [inf NA(X), 1 --sup MA(X)]): X ~ E} 

- D A ;  

(e)-(g) are proved analogically. 

Theorem 2. For every two IVIFS's A and B: 
(a) (,3, N B~)- - A U B; 
(b) (,~ u e~- = A n B. 

~ r .  (a): 

= { (x, [min(inf NA(x), inf Ns(x)), rain(sup NA(x), sup Ns(x))], 

[max(inf MA(X), inf Ms(x)), max(sup MA(x), sup Ms(x))];x e E}-  

= { (x, [max(inf M~(x), inf Ms(x)), max(sup MA(x), sup Ms(x))], 
[min(inf NA(x), inf Ns(x)), rain(sup NA(x), sup N~(x))]):x ~ E} 

=AUB; 
(b) is proved analogically. 

~t~.¢orem 3. For every two IVIFS's A and B: 
(a) ~(A u B)- -DA u DB; 
(b) i-1(,4 n B) = CIAN l iB ;  
(c) 0(A u B)= OA U OD; 
(d) O(A f'l B ) -  OA n On. 

~ o r .  (a): 

E](A U B) - El{ (x, [max(inf MA(x), inf Ma(x)), max(sup MA(x), sup Ma(x))], 

[min(inf NA(x), inf Ns(x)), rain(sup NA(x), sup Na(x))]) : x ~ E} 

= { (x, [maxOnf MA(x), inf Ma(x)), max(sup MA(x), sup Ma(x))], 

[inf[min(inf NA(X), inf Ns(x)), rain(sup NA(x), sup Ns(x))], 

1 - sup[max(inf MA(~), inf Ms(x)), 

max(sup MA(x), sup Ma(x))]])" x ~ E} 

= { (x, [max(inf MA(x), inf Ma(x)), max(sup MA(x), sup Ma(x))], 

[min(inf N.4(x), inf Na(x)), 1 - max(sup MA(x), sup M~(x))]): x ¢ E} 

= { (x, [max(inf Ma(x), inf MD(x)), max(sup MA(x), sup Ms(x))], 
[min(inf NA(x), inf NB(x)), 

min~l --sup MA(x), 1 --sup Ms(x))])" x ~. E} 
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= {(x,  M,~(x), [infN,~(x), 1-supM,~(x)l) 'x ~E} 
U { (x, Mn(x), [inf Nn(x), 1 - sup MF,(x)])" x ¢ E} 

=F'iA UE]B; 

(b) is proved analogically; 
(d): From (a) and from Th~-.orems l(a, b) and 2 follows ~hat: 

0(,4 n ~) = (O(A n D)-)- = (0(~ u li))- 

= (0~ u oily = (o~)- n (oil)- = OAn Oa; 

(c) is proved  analogically. 
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An operator which associates to every IVIFS and IFS can be defined. Let A be 
an IVIFS.  Then  we  set 

* A - { (x, inf MA(x), inf NA(x)): x ~ E}. 

Theorem 4. For every IVIFS A" 
(a) .[:IA = . A ;  
(b) ,0.A= ,A; 
(c) *A = *A.  

Proof. (a): 

• OA = • [(x, M,,(x), [inf N,,(x), 1 - sup M,(x) l ) 'x  ~ ~) 
= { (x, inf M,,(x), infNA(x)):x ,~. ~} 
ffi * A ;  

(b) is proved analogically; 
(c): 

• , ~=  ,{(x,~A(x),MA(x)):xGE} 
= { (x, inf NA(X), inf MA(x)) 'x ~ E) 

= {(x ,  inf MA(x), infN~(x))'x G E}-  

~A, 

Theorem $. For every two IVIFS's A and B: 
(a) , ( A U B ) f , a u , a ~  
(b) , ( A N B ) - -  , A N  *B. 

Proof. (a): 

*(A U B) = * { (x, [max(inf Ma(x), inf Mn(x)), ma.~(sup Ma(x), sup Mn(x)) l, 

[min(inf Na(x), inf Nn(x)), rain(sup Na(x), sup Nn(x))] ): x ~ E} 

= { (x, max(inf Ma(x), inf Mn(x)), min(inf NA(x), inf Nn(x)))" x ~ E} 

= { (x, infMa(x), inf Na(x)) 'x  ~ E} U { (x, inf Mn(x)), inf Nn(x)) 'x  ~ E} 

= . A U . B .  



348 

Defm~en 3. Let A 

#(A)-- (B: 

v(A)= {B: 

K. Atanassov, G. Gargov 

be an IFS. We shall define: 

B= ((x, M.(x), N~(x)): x G E} 

& (Vx e E)(sup Ms(x) + sup Ns(x) ~ 1) 

& (Vx e E)(infMs(x)>~. ~a(x) & sup Ns(x) .~- vA(:~))}, 

B = {(x. M.(x), ~ . (x)):  x ~ E) 

,~ (Vx ~ E)(sup Ms(x) + sup N.(x) ~ 1 ) 

& (Vx e E)(sup Ms(x) <~ 14A(x) & inf Ns(x) ~ vA(x))} 

Theorem 6. For every IFS A: 
(a) #(A)  -- {B: A = *B}; 
(b) V(A) = {B: • B =A}. 

Proof, (a) Let C G #(A). Then 

c - -  ((x, Mc(x), N~(x)): x E E) 

and 

(Vx e E)(sup Mc(x) + sup Nc(x) <<. 1) 

& (Vx ~ E)(inf Me(x) >~ ~.~(x) & sup Nc(x) <~ v~(x))}. 

Then C is an IVIFS and 

* C -- { ( x, inf Me(x), sup Nc(X) ): x ~ E } 

a n d A c  ,C ,  i.e. C G { B : A c  ,B} .  
In the opposite direction we argue analogically. 
(b) is proved in the same manner. 

D d ~ d o n  4, A non-empty set X of subsets of a certain set is called a filte" if it 
has the following properties: 

(1) if a ~ X and a = b, then b E X; 
(2) a, b ¢ X implies a 13 b e X. 

De~aldon 5. A non-empty set X of subsets of a certain set is called an ideal if it 
has the following properties" 

(1) if a E X a n d  b=a,  then b ~ X ;  
(2) a, b e X implies a U b ~ X. 

Theorem 7, For every IFS A: 
(a) #(,4) is a filter, 
(b) V(A)/s an ideal. 

~ f .  (a) Obviously A e #(A),  i.e. #(,4) is non-empty. Let C ~ #(,4) and 
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C c D. Then 

(Vx ¢ E)(inf Mc(x) <~ inf Mo(x) & sup Me(x) <<- sup Mo(x) 

& inf Nc(x) >~ inf No(x) & sup Nc(x) ~ sup No(x)), 
i .e.  

(Vx ~ E)(pA(x)  <<- inf Mo(x)  & sup  No(x)  >~ vA(x)). 

Hence D ¢ #(A). 
Let C, D ¢ #(A). Then 

C f'l D = { (x, [min(inf Mc(x), inf Mo(x)), rain(sup Me(X), sup Mo(x))], 

from which 
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[max(inf ~c(x), inf No@)), max(cup No(x), sup N~,(x))]): x ~ E}, 

*(C N D) -- { (x, min(inf Me(x), inf Mo(x)), max(inf No(x), inf No(z))): x c E}. 

From 

~(x)<<.min(infMc(~), inf Mo(x)), v~(x)--> max(sup Nc(x), sup No(x)) 

it fc~ows that A c . ( C  f3 D), i.e. C N D ~ #(A). Therefore #(A) is a filter. 
(b) is proved analogical|y. 
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