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In this papar, Constant Intuitionistic Fuzzy Graphs (IFGs), and totally con-
stant IFGs are introduced. Necessary and sufficient conditions under which they
are equivalent is studied here. A characterization of constant IFGs on a cycle
is given. Some properties of constant IFGs with suitable illustrations are also
discussed.
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1 Introduction

Intuitionistic Fuzzy Graph theory was introduced by Krassimir T Atanassov in
[1]. In [4], Karunambigai M G and Parvathi R introduced intuitionistic fuzzy
graph as a special case of Atanassov’s IFG. In [6], these concepts had been applied
to find the shortest path in networks using Dynamic Programming Problem
approach. Further in [6], some important operatins on IFGs are defined and
their properties are studied.

Regular fuzzy graphs and totally regular fuzzy graphs, degree, size and order
of FGs were introduced by A.Nagoor Kani and K.Radha[10]. In this paper, con-
stant IFGs and totally constant IFGs are introduced with suitable illustrations.
Necessary and sufficient conditions for their equivalence is studied here.

The paper is organised as follows: Section 2 provides some preliminary con-
cepts which are required for our study. Section 3 gives the definitions of constant



IFG and totally constant IFG. A characterization of constant IFG on a cycle is
discussed in Section 4. Some important properties of constant IFG are dealt in
Section 5. The paper is concluded in Section 6.

2 Preliminaries

In this section, some basic definitions relating to IFGs are given. [4] A Minmaz
Intuitionistic Fuzzy Graph (IFG) is of the form G = (V, E)), where

(i) V = {v1,v9,...v,} such that p; : V— [0,1] and 7, : V' — [0, 1] denote the degrees of
membership and non - membership of the element v; € V respectively and 0 < puq(v;) +
7 (v;) <1, forevery v; € V (i =1,2,...,n).

(ii) E CV x V where g : VxV —[0,1] and 75 : V x V — [0, 1] are such that

pa(vi, ;) < mimlpin (03), (0] . (1)
Y2(vi, v5) < max[yi(vi), 71 ()] ... (i7)

and 0 < ps(vs, v;) + Y2(vi,v;) < 1 for every (v;,v;) € E.

Here the triple (v;, 114, 71;) denotes the degree of membership and degree of non - membership

of the vertex v;. The triple (e;j, ti2ij, V2i;) denotes the degree of membership and degree of

non - membership of the edge relation e;; = (v;,v;) on V.
Notation: Here after an IFG, G=(V,E) means a Minmax IFG G=(V,E).

Note 1. (i) When p9;; = 72:; = 0 for some ¢ and j, then there is no edge between v; and v.
Otherwise there exists an edge between v; and v;.
(ii)If one of the inequalities is not satisfied in (7) and (i7), then G is not an IFG.

Definition 2.1. [4] An IFG, G = (V,E) is said to be a semi-p strong IFG if py; =
min(y;, ;) for every i and j.

Definition 2.2. An IFG, G = (V, E) is said to be a semi-y strong IFG if y9;; = max(y1;, 71;)
for every ¢ and j.

Definition 2.3. An IFG, G = (V, E) is said to be strong IFG if pg;; = min(pu;, 1) and
Yoij = max(y1;, 71;) for all (v;,v;) € E.

Definition 2.4. An IFG, G = (V,E) is said to be a complete-u strong IFG if pg;; =
man(pq, 1) and o5 < max(y1i,715) for all 4 and j.

Definition 2.5. An IFG, G = (V,E) is said to be a complete-y strong IFG if pg;; <
min(pi, paj) and o;; = maz(y1;,71;) for all @ and 7.

Definition 2.6. An IFG, G = (V, E) is said to be a complete IFG if po;; = min(ps;, p15)
and vys;; = max(y1;, 11 ) for every v, v; € V

Example 2.1. Consider an IFG, G = (V, E), such that V = {vy, vg,v3,04}, E = {(v1, v2),
(U27 U3)7 (Ula U4)7 (U37 U4>7 (U17 U4)7 (U47 UQ)}'
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Figure 2.1: Complete Intuitionistic Fuzzy Graph G.

Definition 2.7. [10] Let G = ((u1,71) , (142,72)) be an IFG. The u- degree of a vertex vy is

du(vi) = > pa(vi,v;)

(’Ui,Uj)eE

The ~- degree of a vertex vy is

dy(vi) = > 7a(vi,v))

(’Ui,’Uj)EE
The degree of a vertex is
dv)) = X2 (p2(vi,vy), > (e(viv))| and pa(vi,v;) = ya(vi, v;) = 0 for viv; & E.
v;,v; €ER (vivj)eE

Example 2.2. Consider an IFG, G = (V, E), such that V = {vy, va,v3, 04}, E = {(v1, v2),
(U27 U3)7 <U47 U3)7 (U47 U1>}

(0.3.0.4)

(0.6,0.3)1)1 2(0.4,0.5)

0.5,0.2)
0.1,0.4)

~ ~—

(0.8,0.2)0¢ 55533 5(0.2,0.3)

Figure 2.2: Degree of an Intuitionistic Fuzzy Graph G.

In this example, the degree of vy is (0.8,0.6). The degree of vy is (0.4, 0.8). The degree of
vy is (0.3,0.7). The degree of vy is (0.7,0.5).

Definition 2.8. The minimum p-degree is §,(G) = A{d,(v;)/v; € V'}
The minimum v-degree is 6,(G) = A {d,(v;)/v; € V'}

The minimum degree of G is §(G) = A {d,(v;), d,(v;)/v; € V'}

The maximum p-degree is A, (G) = V {d,(v;)/v; € V'}

The maximum ~-degree is A, (G) = Vv {d,(v;)/v; € V'}

The maximum degree of G is A(G) = V{d,(v;),d,(v;)/v; € V'}
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Definition 2.9. [11] Let G =< V, E > be an IFG. Then the order of G is defined to be
O(G) = (0u(G), 04(G)) where Ou(G) = 3 ey 1 (v) and O1(G) = >,y 1 (v).

Definition 2.10. [11] The size of G is defined to be S(G) = (S,(G), S,(G)) where S,(G) =
D ity H2(viv5) and S(G) = 32, ., 72 (vi, vj).-

Definition 2.11. [4] If v;,v; € V C G, the u— strength of connectedness between v; and
v; is pse(vi, v;) = sup{ps(vi,v;) | k= 1,2,...,n} and y—strength of connectedness between
v; and v; is 750 (v, v;) = inf{y5 (v, v;) | k= 1,2,...,n}.

If u, v are connected by means of paths of length k then p4(u,v) is defined as sup{ s (u, v1) A
o (v1, V2)A, pia(Va,v3) ..o A g (Ve—1,v) | (w,v1,v9. .. vp_1,v € V)} and 75 (u,v) is defined as
inf{~yo(u,v1) V y2(v1,v2)V,¥2(v2,v3) ... V Y2 (vk_1,0) | (w,v1,09... 01,0 € V)}.

Definition 2.12. [4](v;, v;) is said to be a bridge in G, if either u;?y < g5, and 7;32, > Yoy
or u;"zoy < pdg, and fy;‘;‘; > Y3py, fOr some vy, v, € V.

In other words, deleting an edge (v;, v;) reduces the strength of connectedness between some
pair of vertices (or) (v;,v;) is a bridge if there exist vertices v,, v, such that (v;,v;) is an
edge of every strongest path from v, to v,.

Definition 2.13. [4] A vertex v; is said to be a cut-verter in G if deleting a vertex v; reduces
the strength of connectedness between some pair of vertices or v; is a cut vertex if and only
if there exists v,, v, such that v; is a vertex of every strongest parth from v, to v,. In other
words, u'ﬁ’y < oy and ”yé?fy < Yozy OF u;‘fy < [logy and ’y;;’fy < Yogy, for some v, v, € V.

3 Constant IFG

Definition 3.1. Let Let G : [(p14,711) 5 (1265, V2i5)] be an IFG on G* = (V, E). If d,(v;) = k;
and d,(v;) = k; for all v;,v; € V i.e the graph is called as (k;, k;)-IFG (or) constant IFG of
degree (ki, k;)

Example 3.1. Consider an IFG, G = (V, E), such that V' = {vy, va, v3,v4},

(0.4,0.5) 09— L3:0:3) o (0.6, 0.3)

<

0.3,0.4)
0.3,0.4)

~— ~—

(0.6,0.3)08—5573 5(0.5,0.5)

<
S

Figure 3.1: Constant IFG G of degree (k;, k;).

In this example, the degree of vq,v9,v3,04 is (0.6,0.7).
Remark 3.1. G is a (k;, k;j)-constant IFG iff 6 = A =k, where k = k; + k;.

Example 3.2. The following example shows that a complete IFG need not be a constant
IFG. Consider an IFG, G = (V, E), such that V' = {vy, vs,v3,v4}, . Refer figure 3.2.
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Figure 3.2: G is complete, but not constant IFG.

Definition 3.2. Let G be an IFG. The total degree of a vertex v € V' is defined as

tdw) = | > dp(v) +m), > dy(v) +m(v)
v1v2€EE viva €L
If each vertex of G has the same total degree (ry,rs), then G is said to be an IFG of total
degree (r1,r9) or a (rq,79)-totally constant IFG.

Example 3.3. Consider an IFG, G = (V, E), such that V' = {v, vy, v3,v4,v5,v6}. Refer
figure 3.3.

Theorem 3.1. Let G be an IFG. Then (u1,71) is a constant function iff the following are
equivalent.

(i) G is a constant IFG.
(ii) G is a totally constant IFG.

Proof.

Suppose that (u1,7;) is a constant fuction. Let uq(v;) = ¢; and 71 (v;) = ¢ for all v; € V
where ¢; and ¢, are constants. Assume that G is a (k1 k2)-constant IFG. Then, d,,(v;) = ki
d(v;) = ko for all v € V.So, td,(v;) = d,(v;) + pa(v;), td(v;) = dy(v;) +71(v;) for all v; € V,
td,(v;) = k1 + 1, td,(v;) = ko + o for all v; € V. Hence G is a totally constant IFG. Thus
(i) =(ii) is proved.

Now, suppose that G is a (r, r2)-totally constant IFG. Then, td,(v;) = 71, td,(v;) = ry for
allv e V. d,(v;) + pa(v;) = 1, du(vi) + ¢ =11, dy(v;) = 1 — ¢1. Similarly,d, (v;) + 71 (v;) =
T2,dy(V;) 4+ ¢a = ra,d(v;) = ra — 2. So, G is a constant IFG. Thus (ii) = (i) is proved. Hence
(i) and (ii) are equivalent.

Conversely, assume that (i) and (ii) are equivalent ie G is a constant IFG iff G is a totally
constant IFG.

Suppose (f11,71) is not a constant function.Then, pq(v1) # p1(ve), 71 (v1) # Y1(ve) for atleast
one pair of vertices vy, vy € V.Let G be a (ky, k2)-constant IFG. Then, d,,(v1) = d,(v2) = ki,
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Figure 3.3: Totally constant IFG G with total degree (r1,75).

d,y(U1> = d,y(’Ug) = /{32. SO, td#(vl) = d#(Ul) + ,ul(Ul) = k?l + ,Ml(Ul) and td#(vg) = kl + ,ul(UQ).
Similarly,td, (v1) = ka2 + v1(v1),td, (v2) = kg + 71 (v2). Since,pr(v1) # pa(v2), 71 (v1) # 11(v2).
We have,td, (vi) # td,(vs), td,(v1) # td,(v2).So, G is not totally constant IFG which is a
contradiction to our assumption.

Now, let G be a totally constant IFG.Then, td,(vi) = td,(ve), du(v1) + p(v1) = du(v2) +
(1(v2),dyu(v1) = dy(v2) = plvz) —p(vr)(ie # 0), dy(v1) # dy(v2). Similarly,d, (v1) # dy(v2). So,
G is not constant which is a contradiction to our assumption. Hence (u1,71) is a constant
function.

Example 3.4. Consider an IFG, G = (V, E), such that V = {vy,vs,v3,04}, E = {(v1, v2),
(U27 U3)7 <U47 U3)7 (U47 U1>}

(0.2,0.4)

(0.3,0.5)vy 2(0.3,0.5)

<

(0.1,0.3)
0.1,0.3)

~—

5(0.3,0.5)

(0.3,0.5) v

(0.2,0.4)

Figure 3.4: (u1,71) is a constant fuction, then G is constant and totally constant.

Theorem 3.2. If an IFG is both constant and totally constant, then (pq,7;) is a constant
function.
Proof.

Let G be a (ky, kz)-constant and (ry,rs)-totally constant IFG. So, d,(v1) = k1, d,(v1) = ko,
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for vy € V and td,(v1) = 71, tdy(v1) = 1o, for all v € V. td,(v1) = ry, for v € V,
dy(v1) + pa(vy) =7, forallv € V. by + puy(v) =, for all v € V. iy (v) = (11 — ky), for all
v € V. Hence p1(v1) is a constant function. Similarly, v;(v1) = (12 — ka), for all v € V.

Remark 3.2. Converse of Theorem 3.2 need not be true.

Example 3.5. Consider an IFG, G = (V, E), such that V = {vy, va,v3, 04}, E = {(v1, v2),
<U27 US); <U47 U3)7 (U47 U1>}

(0.2,0.4)

(0.4,0.5)1)1 2(0.4,0.5)

0.4,0.3)
0.3,0.4)

~ ~—

(0.4,0.5) v 005 5(0.4,0.5)

Figure 3.5: (p1,71) is a constant fuction, but G is neither constant IFG nor totally constant

IFG.

4 A Characterization of constant IFG on a cycle

Theorem 4.1. Let G be an IFG where crisp graph G is an odd cycle. Then G is constant
IFG iff (u2,72) is a constant function.
Proof.
If (p2,72) is a constant function say po = ¢; and 2 = ¢ for all (v;v;) € E, then,d,(v;) = 2¢;
and d.(v;) = 2¢, for every v; € V, So G is a constant IFG.
Conversely, suppose that G is a (ki, k2)-regular IFG. Let ey, eq, ...... eant1 be the edges of G in
that order. Let po(e1) = ¢, po(ea) = k1 —cq, po(es) = k1 — (k1 —c1) = 1, pa(es) = k1 —cp and
so on. Similarly, ya(e1) = c2, 72(€2) = ko — 2, 12(e3) = ko — (k2 — c2) = ¢2, Ya(eq) = k2 — ¢
and so on.

Therefore

ki1 — cq,if i is even

c1,if 7 is odd
pa(€;) =

Hence po(e1) = pi(egnt1) = 1. So, if e and eg,+1 incident at a vertex vy, then d,(v1) = k,

d(el) + d(€n+1) = kl,Cl + Cc1 = ]{?1, 201 = k?l, Cc1 = %

Remark 4.1. The above theorem does not hold for totally constant I[FG.
Example 4.1. Consider an IFG, G = (V, E), such that V' = {v1,vs,v3},and E = {(vq, v),
(U27 'U3)7 (Ula 1}3)}'

Theorem 4.2. Let G be an IFG where crisp graph G is an even cycle. Then G is constant
IFG iff either (uz,72) is a constant function or alternate edges have same membershp values

and non-membership values.
Proof.
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Figure 4.1: (u2,72) is a constant fuction, but not totally constant IFG.

If either (u9,72) is a constant function or alternate edges have same membershp values
and non-membership values, then G is a constant [FG. Conversely, suppose G is a (ki k»)
constant IFG. Let eq, e, ...... ea, be the edges of even cycle G* in that order. Proceeding as

in the above theorem,
(e1) = c1,if 7 is odd
H2\Ci) = ki — cq,if i is even

Similarly,
Co,if 4 is odd
ko — c9,if i is even.

(o) = §

If ¢; = k1 — c1, the (u2,72) is a constant function. If ¢; # k; — ¢p, then alternate edges have
same membershp values and non-membership values.

Remark 4.2. The above theorem does not hold for totally constant IFG.

Example 4.2. Consider an IFG, G = (V, E), such that V = {vy, va,v3, 04}, E = {(v1, v2),
(U27 U3)7 <U47 Ug)ﬂ (U47 U1>}

(0.4,0.6)0,g—L3:0:3) o (0.3 0.2)

v

~ -

o =

) o

S =
(0.7,0.2)v4 [03.03) 3(0.5,0.3)

Figure 4.2: (u2,72) is a constant fuction, then G is a constant IFG. But it is not totally
constant IFG.

5 Properties of constant IFG

Theorem 5.1. The size of a (ki, ko) constant IFG is (22, 22) where p = |V/|.
Proof
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The size of G is S(G) = [ > pe(viva), ) ’}/2(U1U2):|, since G is (ky, ko) regular IFG,

vive€E vive€E
d,(v) = ki,dy(v) = ko for all v € V. We have, Z:EdG(U) = 2> pa(v1v9), > 2 (vivg)]= 2
ve

S(G). So, 25(G) = 3 da(v), [Z ki, Y k2], [pk1, pks), S(G) = (B2, 252).

veEE veV veV

Theorem 5.2. If G is a (k, k')-totally constant IFG, then 2S(G) 4+ O(G) = (pk, pk’) where
p=1VI

Proof
Since G is a (k, k') totally constnat IFG, k = td,(v) L(v) + pi(v) and K = td,(v)

= d =
d,(v) +71(v), for all v € V. Therefore, " k= 3" dg(v)+ X w(v1), Sk =3 da(v) +
veV veV vieV veV veV
> m(vr).

v eV

pk' = 28,(G) + 0,(G). pk = 25,(G) + O, (G) and thus pk + pk' = 2[S,.(G) + 5,(G)] +
Ou(G) + 04(G).

Corollary 5.3. If G is a (k1, k2) constant and a (ry,rs)-totally constant IFG, then O, (G) =
p(r1 — k1), O4(G) = p(r2 — k2).

From the above theorem, 25(G) =
25,(G) + 0,(G) = pry1, 25,(G )+O
p(rl — ky). Similarly, O,(G) = p(rs —
:>p[7‘1 —k1+T2—k2].

[22] or 25(G) = pki, 25(G) = [22] or 25(G) = pko.

( ) = p7’2 So, ON(G) = pr — QSM(G)aprl — pk,
k2), O(G) = Ou(G) + O, (G),== pri — pky + pro — pky,

Theorem 5.4. A constant IFG on an odd cycle does not have a IF bridge. Hence it does
not have an IF cut vertex.

Proof

Assume that G is a constant IFG on an odd cycle of crisp graph G. Then (psg,72) is a constant
function. So removal of any edge does not reduce the strength of connectedness between any
pair of vertices. Hence G has no IF bridge. Hence by definition 2.12, G does not have a IF
cut vertex.

Remark 5.1. The above theorem does not hold for totally constant IFG.

Example 5.1. Consider an IFG, G = (V, E), such that V' = {v1,vs,v3},and E = {(vq, v2),
(ve,v3), (v1,v3)}. Refer figure 5.1.

Theorem 5.5. Let G be a constant IFG on an even cycle of a crisp graph G. Then either
G does not have an IF bridge or it has q/2 IF bridges where q =|E|. Also G does not have
an [F cutvertex.

Proof

Assume that G is a constant IFG on an even cycle of crisp graph G. Then by Theorem 4.2,
either (p2,72) is a constant function or alternate edges have same membership values and
non-membership values.
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v1(0.5,0.5)

(0.7,0.2)v3 v2(0.4,0.6)

(0.3,0.5)

Figure 5.1: (u2,72) is a constant fuction, but neither an IF bridge nor an IF cutvertex.

Case 1: (p9,72) is a constant function. Then the removal of any edge does not reduce
the strength of connectedness between any pair of vertices. So G does ot have a IF bridge
and hence does not have an IF cut vertex.

Case 2: Alternate edges have same membership values and non-membership values. Then
by Theorem 2.11, edges with greater membership values and smaller non-membership values
are the IF bridges of G. There are q/2 such edges where q = |E|. Hence G has q/2 IF
bridges. But then no vertex is a common vertex of two IF bridges. So G does not have an
IF' cut vertex.

Remark 5.2. The above theorem does not hold for totally constant IFG.

Example 5.2. Consider an IFG, G = (V, E), such that V = {vy, vs,v3,04}, E = {(v1, v2),
(21272}3)7 (U47U3)a (U4,’U1)}

(0.5,0.2) 09— 0403) o) 0.4.0.3)

<
=

0.2,0.3)
0.3,0.2)

~— ~—

(0.8,02)08—5=—5=3 5(0.7,0.3)

Figure 5.2:

6 Conclusion

The concept of constant IFG in graphs is very rich both in theoretical developments and
applications. In this paper, we introduced constant IFG and totally constant IFG and some
interesting properties of these new concepts are proved.
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