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Abstract: New types of operations are defined over the intuitionistic fuzzy sets.
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Some operations (as U, N, +, -) are defined over the Intuitionistic Fuzzy Sets (IFSs) in [1]. Here we
shall introduce four new ones, and we shall show some of their basic properties.
Let a set E be fixed. An IFS A in E is an object having the form

A* ={(x, pa(x), ya(x)) | x € E},

where the functions p4:E— [0, 1] and y,:E — [0, 1] define the degree of membership and the degree
of non-membership of the element x € E to the set A, which is a subset of E, respectively, and for every
xek:

0spalx) +yalx)sL
For every two IFSs A and B are valid (see [1-5]) the following definitions (let «, 8 € [0, 1]):
ASB iff (Vx € E) (pa(x) < pup(x) & ya(x) = vp(x)),
ADB iff BC A,
A=B iff (Vx € E) (na(x) = up(x) & ya(x) = v5(x)),
A ={(x, ya(x), palx)) | x € E},
AN B ={(x, min(pa(x), pa(x)), max(ya(x), ys(x)} | x € E},
AU B ={(x, max(p 4(x), ps(x)), min(ya(x), ys(x))) | x € E},
A+ B ={(x, palx) + pp(x) = palx) - mp(x), yalx) - vs(x)) | x € E},
A B ={x, palx) - wax), va(x) + vu(x) = yalx) - va(x)) | x € E},
DA = {x, pa(x), 1 = pa(x)) | x € E},
CA={(x, 1= ya(x), yalx))| x € E},
C(A)={(x,K,L)|x € E} where K = max palx), L= 21161‘151 ¥ 4(x),
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I(A)={(x,k, 1) | x € E} where k =min w4(x), [=maxy.(x),
xekE xekE

Da(A) = {06, pa(0) + @ Ta(®), y4(x) + (1 - @) - ma(0)) | x € E},
Fop(A) ={(x, pa(x) + & - ma(x), ya(x) + B - m4(x)) | x € E} where a + B <1,
G p(A) ={(x, a - pa(x), B - va(x)) | x € E},
H,5(A)={(x, @ " pa(x), va(x) + B - ma(x)} | x € E},
HEp(A) ={(x, @ - iax), 7al6) + B - (1= @ - a() = 7)) | x € B},
Jop (A= {06, 1a(0) + - Ta(0), B - YA | x < B,
Ta(A) = {5, mals) @ (1= pa®) = B~ Val6), B~ va)) | x € B},
XapeaedA) =106 @ ma®) +b - (1 = pa(x) = ¢ - 74(0),
d-yax)te-(1=f-palx) = yalx)|x e E},
where a, b, ¢, d,e,f€[0,1] anda+e—e-f=<1, b+d—-b-c=1.
Here we shall define the following new operations (cf. [6-10]):
A@B ={x, }pakx) + ps(x)), (yalx) + vs(x)) | x € E},
AS$B ={(x, Vpa(x) - np(x), Vyalx) - v5(0)} | x € E},
A#B={002" pa(x) pp)/(ralx) + pp(x)), 2 ya(x) - v5()/ (ya(x) + v5(x))) | x € E}

for which we shall accept that if u,(x)= pg(x)=0, then p.(x)- pus(x)/(na(x) + pp(x))=0 and if
Ya(x) = yp(x) =0, then y,4(x) - ys(x)/(yalx) + v5(x)) = 0;

wp— palx) + pp(x) yalx) + vs(x)
Asn={(0; (1a0) - () T 1) 2+ (yalx) - yo(x) 1)>

Obviously, for every two IFSs A and B, A@B, A$B, A# B and A * B are an IFS.

er}.

Theorem 1. For every three IFSs A, B and C:.
(a) A@QB=B@A,
(b) ASB=BS$ A,
(c) A#B=B#A,
(d) A*xB=B*A,
(e) A@B=A@B,
(f) ASB=AS$B,
(8) A#B=A#B,
(h) AxB=Ax*B,
(i) (ANB)@C=(A@C)N(B@C),
() AUB)@C=(A@CO)UB@C),
k) ANBYEC=(AHC)N(BEC),
D) (AUBYEC=(AH#C)UBEQ),
(m) (A+B)@C<=(A@C)+(B@C),
(n) (A-B)@C>(A@C)  (B@C),
(0)( A@B)+C=(A+C)@(B + (),
(p) (A@B)-C=(A-C)@(B- ().
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Proof. (m) Initially we shall prove, that for every three numbers a,b,c €[0,1] the following
inequality is valid:
c-2~a—-b—-c)ta-b=0. (*)
When ¢?<a - b, then
c-Q-a-b-c)+ta-b=c-2—a-b)—c*+a-b
Za-b-c?=0.
When ¢®>>a - b, then
c-2-a-b-c)y+a-b
=Va-b-(1-a—-b+Va-b)
>{\/a~b- (1-a)+Vb-(Va—Vb))=0 ifa=b,
“Wa b (1-b)+Va-(Vb-Va)=0 ifa<b.
Let A, B and C be three given IFSs. Then
(A+B)@C={x, :(palx) + psx) = pa(x) - wa(x) + pc(x)), Hyax) - ys(x) + ye(x)) ‘ x € E}
A@CO)+(B@C)=
{0, Hpalx) + pe)) + 2(pp(x) + pe(x)) = dualx) + pe)) - (ua(x) + pel)),
5(yax) + ye(®) - (v5(x) + yex))) | x € E}.

Using (*), from

Hpa@x) + pex)) + 3(npx) + pe(x)) = i(palx) + pe(x)) - (pa(x) + pelx))
= 3(palx) + pp(x) — palx) - wplx) + pelx))
=12 pe(x) + pax) - psx) = palx) - wex) — ppx) pelx) — pc(x)?) =0

and from

%(‘)’A(x) ~ye(x)+ yelx)) — %(YA(X) + ve(x)) - (va(x) + yclx))
=32 ye(x) + yalx) - y5(x) = valx) - yelx) = y5(x) - yelx) = yc(x)?) =0.

we see that (m) is valid.
The other assertions are proved in a similar way. The other relations between the operations @, $, #,
* and the other above operations are not valid. By the same means the following theorem is proved.

Theorem 2. For every two IFSs A and B and for every two numbers «, B € [0, 1]:
(a) O(A @ B)=0UA @0OB,
(b) O(A$B)>TASOB,
(c) (A # B)=UA# 0B,
(d) &(A@B)=< A @B,
(e) O(A$B)=CASOB,
() C(A#B)=CA# OB,
(8) D.(A@B)=D,(A)@D.(B),
(h) F,s(A@B)=F,s(A) @F, sg(B), fora+p=1l,
(i) Gop(A@B) =G g(A) @G, 4(B),
(i) Gos(ASB)=G,4(4)$G, 4(B),
(k) Gog(A# B) =G, p(A) # G, 5(B).
(1) Hap(A@B) = Ho (A) @ H, 5(B).
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(m) HF s(A@B) = H; 3(A) @HZ 5(B),

() Jop(A@ B) =J, 5(A) @/, 5(B),

(p) J2s(A@B)=J; s(A) @J7 4(B),

(q) Xa,b,c,d,e,f (A @ B) = Xa,b,c,d,e,f (A) @Xa,b,c,d,e,f (B)’
(1) C(A@B)=C(A)@C(B),

(s) C(A$B)=C(A)$C(B),

(t) ([A@B)>1(A)@I1(B),

(u) I(A$B)=>1(A)$1(B).

It can be easily seen that the equalities
(A@B)@C=A@(B@C),
(A$B)SC=A8(BSO),
(A#BYRC=A#(B#(),
(A*B)xC=A*(B*C)

are not valid. Thus we define

2
A@A,= gAi

4= {(5 (S 0a0) /(3 7400) )

Now, we have the following theorem.

and

er}.

Theorem 3. For every n +1 IFSs A,, A,, ..., A, and B:

(a)g@li‘ii =

(b)@ A, + B = @ (A, + B),
i=1 i=1

©@A;-B=@ (@"B).

Theorem 4. For every n IFSs A,, A, ..., A, and for every two numbers a, B € [0, 1]:

®=

A,-) - @0A,

i=1

(a)l:l(

!

i
-

®=

(b)<>(' lAi> - @ oA,

1

©D.(@4)) = @ Du(4),

!

@F.5(@ A)= @ Fp(a), fora+B=l,

= H

—
—

(©)Gop( @ 4,) = @ G p(4),

i=1 i=1
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-ﬁ.

(k)I(i(é A,—) = @1 I(A).

The proofs of these assertions are the same as in the above proof.

Theorem 5. For every two IFSs A and B:

A#B
(a)A-B< ) ANBcy A$B (cAUB| cA+B,
A@B
AxB
(b)ASBcpA@B,
(c)A@B<=,AS$B,
(d)A#Bc,A$B< A@B,
(e)A@B<=,A$B<,A#B,
(f)A*BS_A@B,
(g)AxBc, A#B.

The validity of these inclusions follows from the validity of the following inequalities for arbitrary
real numbers a, b € [0, 1]:

2-a-b a+b
-b<mi = < bs——=<m <aga+b—a-
a min(a, b) P a-b > ax(a,b)<a+b—a-b,

at+b a+b
= <
2:(a-b+1) 2

a-

These operations can be transfered to operations on ordinary fuzzy sets as follows:
A@ B ={(x, 5(palx) + us(x)) | x € E},
A$B ={(x, Va(x) - up(x)) |x € E},

A#B={x,2" palx) up(x)/(palx) + ps(x)))|x e E},

AxB= {<x’2~ (Zj((j)) +,Ll:?f)c)+ 1)> ‘ re E}
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Now, Theorem 5 obtains the form:

ANBcA*BcA$BcA@B<AUB

ane
A*B

leasn
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