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1 Introduction

The evolution of fuzzy sets by Zadeh [18] is a milestone in the theory of formal languages. Fuzzi-
ness reduces a gap between formal language and natural language in terms of precision, leading
to describe fuzzy language by Lee and Zadeh [12]. In a fuzzy finite state automaton, there may
be more than one fuzzy transition from a state on an input symbol with a given membership
value given by Santos, Wee and Fu [15, 17]. This development was followed by the postulation
called deterministic fuzzy finite state automaton as in Malik and Mordeson [13] in which there
can be at most one transition on an input, which can be constructed equivalently from a fuzzy
finite state automaton. However, it only acts as a deterministic fuzzy recognizer, and the fuzzy
regular languages accepted by the fuzzy finite state automaton and deterministic fuzzy finite state
automaton need not necessarily be equal (i.e., the degree of a string need not be the same). Ra-
jaretnam and Ayyaswamy [14] introduced fuzzy finite state automaton with unique membership
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transition on an input symbol,one kind of determinism of a given fuzzy finite automaton in which
the membership value of any recognized string in both the systems are the same.

Using the notion of intuitionistic fuzzy sets by Atanassov [1, 2], it is possible to obtain intu-
tionistic fuzzy language, by introducing non-membership value to the strings of fuzzy language.
This is a natural generalisation of a fuzzy language characterised by two functions expressing
the degree of belongingness and non-belongingness. Out of several higher order fuzzy sets, in-
tuitionistic fuzzy sets introduced by Atanassov [1, 3, 4, 5] have been found to be highly useful
to deal with vagueness. Gau and Buehrer [7] presented the concepts of vague sets. But, Burillo
and Bustince [6] showed the notion of vague sets coincides with that of intuitionistic fuzzy sets.
Jun [10, 11]introduced the concepts of intuitionistic fuzzy finite state machines (iffsm). The use
of algebraic techniques in determining the structure of automata and solving practical problems
has been significant proved by Holcombe [8]. A study on intuitionistic fuzzy finite automata with
unique membership transition on an input symbol (IFAUM) is introduced in [9, 16].

In this paper, the definition of Cartesian composition of an IFAUM is given. It is shown that
the cartesian composition of intuitionistic fuzzy finite automata with unique membership transi-
tion on an input symbol preserve the properties of intuitionistic retrievability and intuitionistic
connectedness.

2 Basic definitions

Definition 2.1 ([1]). Given a nonempty set .. Intuitionistic fuzzy sets (IFS) in X is an object
having the form A = {(z, pa(z),va(z)) | x € X} where the functions 4 : ¥ — [0,1] and
va : % — [0,1] denote the degree of membership and the degree of non-membership of each
element = € X to the set A respectively, and 0 < p4(z)+va(x) < 1foreach x € 3. For the sake
of simplicity, we shall use the notation A = (114, v4) instead of A = {(z, pa(z),va(z)) | x € X}.

We define the following.

Definition 2.2 ([16]). An Intuitionistic fuzzy finite automaton with unique membership transition
on an input symbol is an ordered 5-tuple (IFAUM) &7 = (Q, X, A, i, f), where

(i) @ is a finite non-empty set of states.
(i1) X is a finite non-empty set of input symbols.

(iii) A = (pa,va), each is an intuitionistic fuzzy subset of ) x ¥ x (. The fuzzy subset
pa: Q x 3 x Q — [0, 1] denotes the degree of membership value such that p4(p, a,q) =
pa(p,a,q") forsome ¢,¢ € Qtheng=¢ and v, : Q X ¥ x @ — [0, 1] denotes the degree
of non-membership value of every element in Q) X ¥ X ().

iv) ¢ = (i4,,%,,), €ach is an intuitionistic fuzzy subset of (), i.e., 7,, : Q — |0,1] and 7,,, :
(iv) pas vy h tuit tic fuzzy subset of A 0,1] and 7,
() — [0, 1] called the intuitionistic fuzzy initial state.

(v) f = (fus foa), each is an intuitionistic fuzzy subset of @, i.e., f,, : @ — [0,1] and
fua 2 @ — [0, 1] called the intuitionistic fuzzy subsets of final states.
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Definition 2.3. Let o7 = (@), 3, A, i, f) be an IFAUM. Define an ifs A* = (u%, v}) in Q X X* x Q
as follows: Vp,qg € Q,x € ¥* a € X.

1, ifp=gq 0, ifp=gq
palg, e,p) = - . valg,e,p) = -

0, ifp#gq 1, ifp#q

wilg, za,p) = V{ii(q,,r) A pa(r,a,p)|r € Q}

and v(q, za,p) = Mvi(q, z,7) V va(r, a,p)r € @}

3 Cartesian composition of IFAUM’s

A product of two intuitionistic fuzzy finite automata 7 and % , written o} © <7, called the
Cartesian composition of <7 and <% is given in this section. It is shown that .&7; and <% preserve
the structural properties of intuitionistic retrievable and intuitionistic connectedness.

Definition 3.1. Let ,dl = (Ql, Zl,Al,il, f1> and % = (QQ, 22, AQ,’iQ, fg) be IFAUM’s with
Y1 N Xy = ¢. Then the Cartesian composition of .27; and % is an IFAUM &/ © o/ = (@1 X
Q2, %1 U X9, Ay © Ay, iy X i, fi X f2), where

(1) (pa, © pray), (Va, ©®va,) : Q1 X Q2 X (X1 UXs) X Q1 X Q2 — [0, 1] are defined by

( )

pa, (p1,a,q1), if a € ¥y and py = ¢o
(:uA1 © IU“AQ) <(p17p2)7 a, (q1a q2)> = ,UAQ(p27 a, Q2), ifac E2 and P1=q1
L0 , otherwise

and

;

va,(p1,a,q1), if a € Xy and py = ¢y
(va, © VA2)<<plap2)va7 (CI17Q2)> = Va,(p2,a,q), if a € X9 and p; = ¢4

0 , otherwise.

\

(D) (Gpa, X dpay)s (T, X duy,) t Q1 X Q2 — [0, 1] are defined by

ipa, (1), 1f p1 € G

(iu Xiu )(p1,p2): . .
e iyua, (p2), 1 P2 € Qs

),if p1 € Q4

1y
and (i, X i,, )(p1,p2) =
e 0y (p2),if P2 € Qo.

(i) (fua, X fuay)s (foa, X fuu,) : @1 X Q2 — [0,1] are defined by

fua (@), i q1 € Q1
fia, (@2)51f g2 € Q2

{qul (q1),if @1 € Q1

(f,lLAl f,LLA2 91792

and (fu,, X fou,)(@1; q2) _
’ foay (G2),if g2 € Q2
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Y(p1,p2), (q1,q2) € Q1 X Q2, a € ¥y U 3.

Theorem 3.1. Let <7 and <5 be IFAUM’s and let ¥1 N Yo = ¢. Let o) © oty = (1 X Q2,31 U
Yo, A1 ® Ag, iy X g, f1 X fo) be the Cartesian composition of <7y and <ts. ThenVx € X5ULS, © #
€
4 . .

wa, (p1, @, q1), if v € X7 and py = g
(Ha, © MAQ)*<(p1,pz),w7 (mm)) = M, (P2, 7, q2), if v € X5 and pr = ¢

L0 , otherwise

and

r . .
ijl(pla%(h); lf.l’ S El andp2 = Q2

(va, © VAz)*<(P17P2)7377 (¢, (12)) = V22(pz,x7qz), ifx € X5 and p1 = q

0 , otherwise.

\
Proof. Letx € X3 U X5, = # € and let |x| = n. Suppose that x € 3. Clearly, the result is true
if n = 1. Suppose the result is true Vy € X3, |y| =n — 1, n > 1. Let x = ay where a € ¥; and
y € X]. Now
(1, © i) (1, 2), 2 (a1,2))

= (4, © i) (01, p2), a9, (01,2))

= \/{(MA1 © piay) ((pl,sz a, (r1, 7‘2)) A (pa, © pay)® ((Th r2),Y, (a1, q2)>

| (r1,72) € Q1 x QZ}
= {ia(pr o) A (a, © ) ((r122), 9, (@,02)) 1€ Q1
V{pa, (pr,a, ) A, (r, y,q1) [ € Qa},ifpa = g

0, otherwise

Nzl (Pla ay, Ql), if po =@

0, otherwise
and (va, © va,)* (1. p2). 7. (a1, 02))
= (4, O va,)* ((pl,pa), ay, (g1, tp))
= /\{(VAl © Va,) ((pl,pg), a, (ri, 7"2)) V (va, ©®va,)* ((rl, r2), Y, (q1, q2)>
| (r1,72) € Q1 % Qz}
= Mra(pram) V (@ va) ((r1,p2),w (01,02)) [ 1€ Q1
Mwva, (p1,a,m1) Vi, (rL,y,qn) [ 11 € Qi if pa = g

0, otherwise

Vi, (P1, ay, q1),if p2 = 2
0, otherwise
The result now follows by induction. The proof is similar, if x € 5. [
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Theorem 3.2. Let o7y and o/ be IFAUM’s and let 1 N ¥y = ¢. ThenVx € ¥}, Yy € 3,

(s © ) (012 2y, (0 ) ) = i (o) A i, (0 2)
- (MAl QMA2)*(<p17p2)7yx7 <QIJQ2)>
and

(VAl O] VAz)*<<p17p2)7 Y, (q17 Q2>> = V:h (plu xz, Q1) \ sz(p%y’ q2)

= (v4, © VAQ)*<(p1,pz),yx, (QI7Q2)>-

PVOOf Letflf < ET? Yy S 237 <p17p2>7 <Q1aQ2) S Ql X QQ-
Ifz =€e=y,thenzy =e.

Suppose (p1, p2) = (q1, ¢2). Then p; = ¢, and py = ga.
Hence (p14, © MAQ)*((pl,pz),xy, (q1, q2)> =1=1A1=pu (p1,z,q1) A 1, (2,9, g2) and

(VAl © VAZ)*((p17p2)7 1Y, <q17 Q2)) =0=0Vv0= Vzl (plaxa Ch) \ ij(p?vya CI2)
If (p1,p2) # (q1,q2), then either p; # q; or py # qo.
Thus :U’jzh (pla €, ql) A MZQ(]?%% (12) - 0 and th (p17 x, Ch) V 7/22(]?27 Y, q2) = 1.

Hence (/’LAI © /’LA2>* <<p17p2)7 1Y, (QD Q2)> =0= :u*Al (pb Z, ql) A /’ijAz (PZ: Y, q2)

and (v4, © va,)" ((pl,pz), zy, (a1, Q2)> =1=vj (p1,z,q1) V V4, (P2, ¥, ¢2)-
If x = eand y # e or z # € and y = ¢, then the result follows by the theorem 3.1.

Suppose = # € and y # €. Now
(A, © pra,)” ((pl,pa), zy, (a1, q2)>

= \/{(MA1 ® MAQ)*((pl,m),fEa (7"177"2)> A

(i @ )" (7)., (a1, )) | (rasma) € Q1 x Qo }
VAV A © pa)* ((p1.p2). 2. (r1,72) ) A

(s © pa)” ((r1:2). 0 (01.02)) [ 72 € Qa} [ 71 € Q1
= \/{(MAl © MAQ)*<(P1,172)7% (7”17192)) A

(NAl © MAZ)*<(T17P2)7y7 (QhQQ)) | T e Q1}
= 1, (P1, 7, q1) A, (D2, Y, G2)
and (v4, © VAQ)*((pl,pz),xy, (q1, QQ))

= {1, © ) (prop2), 2, (11,72) ) V

v, © v ((r172). 9. (a1, ) | (rasma) € Qo x Qa
= A M, © v (1,222, (r1,72)) v

(va, ©va)* ((r172). 0, (@) |72 € Qa} |11 € Q1
= /\{(I/A1 ©) Z/AQ)*((pl,m),x, (rl,p2)> v

(VA1 © VA2)* ((rlap2)>ya (QIaQ2)> ‘ (SIS Ql}
= v}, (p1, 7, q1) Vv, (P2, Y, 42)
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Similarly, we prove that (14, © f1a,)* ((pl,pz), yz, (q1, CI2)> =y, (p1, 7, q1) Ay, (p2, ¥, g2) and
(VAl © VAQ)* ((plap2)7 yzr, <Q1a q?)) = V,Zl (pla z, Q1) \% VZQ (p27 Y, Q2) Hence the theorem. ]

Theorem 3.3. Let <7; and <#5 be IFAUM’s and let >1 N Yoy = ¢.
Then Vw € (X7 U X)) Ju € BF, v € X5 such that

(pa, © MAQ)*((p17p2)7 w, (q1, C]z)) = (pa, © f1a,)" ((pl,pQ), uv, (g1, QQ)>
and

(v, © va)" (1 p2). w0, (01,02)) = (va, © )" (01,22 wv, (a1, 2) )
V(p1:p2), (q1,42) € Q1 X Qo

Proof. Letw € (X7 UX3) and (p1,p2), (¢1,2) € Q1 X Qo

If w = ¢, then we can choose u = € = v. In this case the result is trivially true.

Suppose w # €. If w € X} or w € 33, then the result is true.

Suppose w ¢ ¥} and w € X5,

Case(1): If w = xy,x € X, y € X7, then the result follows by the above theorem 3.2.

Case(2): Suppose w = x1yxs, T1,x2 € 27 and y € X5, x; and y are non-empty strings, ¢ = 1, 2.
Let u = x1x9 € 37 and v = y. Now, V(71,72), (¢1,q2) € Q1 X Qo,

(a, © pa,)” ((7’1: r2), T2y, (q1, CJ2)) = (A, © pa,)" ((7’1, T2), Y2, (q1, 92)>

(va, © VAQ)*<(7’1,7“2),$23J: (QDQQ)) = (va, © VAQ)*<(7”1a7"2)7Z/952» (Q1>CI2))-

Thus (14, © pa,)” ((pl,pz)’ T1y72, (q1, QQ)>
= \/{(MAl © ,UAQ)*<(Z717P2 y X1, (7’1,7”2)> A
(14, @MAQ)*<(7“1,7“2 Yy, (Ch,QQ)) | (r1,72) € Q1 X QQ}
= \/{(MAl © MAQ)*<(Z?1 p2), ,(7"1,7“2)> A
(14, @MAQ)*<(T1,7“2 T2y, (q1, 2)) | (r1,7m2) € Q1 X Qz}
= (fa, © pa,)” ((1%]92) 172, (q1, Q2)>
and (Va, © Va,) ( P1,P2)s T1YT2, (41, qQ)>
vV
| (r1,72) € Q1 % Q2}
V

| (r1,72) € Q1 XQQ}

/\{ Va, © Va,) <p17p2 x1, (1,72

:/\{ va, ©Va, *<(p1ap2 ,(7“1,7”2

)
(v @ van) ((r1,72), s (@1, )
)
(v @ van) ((r1,72), 229, (01, )

qi,

m
\_/\_/\_/\/\/

(
= (va, © VAQ)*((P17P2) 129y, (q1, G2)
Case(3): Suppose w = y12Y2, Y1,Yy2 € 25 and x € X7, y; and = are nonempty strings,; = 1, 2.
Let v = y192 € 25 and u = x. The proof of this case is similar to Case(2).

107



Case(4): Suppose w = x1y122Y2, T1,2T2 € X and y1,y2 € X35, x; and y; are nonempty strings,
1=1,2. Letu = 2125 € X} and v = y1y2 € 5. Then

(fha, © pay)* ((p1,p2)a T1Y172Y2, (1 CI2)>
= \/{(MA1 ® NAQ)*<(p1>p2>>x17 (7‘1=T2)> A (pa, © MAQ)*<(7“1,T2)7?J1$2?J% (91,(12))
| (r1,7m2) € Q1 % Qz}
= V{(/% ® f14,)" <(P1:P2)a 1, (71, 7’2)) A (pa, © pra,)* ((7“1, r2), T2y1Ye, (q1, QZ)>
| (r1,7m2) € Q1 X Qz}[by Case(3)|
= (pa, © pay)” ((pl,pz), T1T9Y1Y2, (¢1 qQ)>
= (pa, © mﬁ*((pl,pz),uv, (mm))
and (Va, © VAQ)*<(p1,p2)axlyliU2y2, (Q1,Q2))
= A {4, @ va) (12,21, (r1r2) ) V (4, © va)* (1, 72) s, (a1,02))
| (r1,7m2) € Q1 % Qz}
= A{ va, ©Va,) ( p1,p2), 21, 7“177‘2)> V (v, © VAQ)*<(7“1J“2)7$2?J1@/27 (611,612)>
| (r1,7m2) € Q1 X Qg}[by case(3)|
= (Va, ©va,)" ((pl,m), T1T9Y1Y2, (01, Q2)>

= (VAl ®© VAQ)* ((p17p2)7 uv, (Qh QQ)>
Case(5): Suppose w = y121Y2T2, T1, T2 € X, Y1, Y2 € 2.
Letu = z129 € X* and v = y1y» € X*. The proof of this case is similar to case (4).
Case(6): Let w = (X1 U Xy)*.
Then w = z1y122Y2 - - - TpYn OF W = Y1X1Y2To - = YTy, T; € X7, y; € X5, x; and y; are non-
empty strings, © = 1,2,--- ,n — 2. To be specific, let w = z1y1 22y - - - T, yn. The proof of the
second case is similar. If n = 0, 1 or 2, then the result is true by the previous cases.
Suppose the result for all z = z1y1 22y -+ Tp_1Yn—1 € (21 U a)*, n > 2.
Letu; = x1x9-- 21, V1 =Y1Y2 " Yn_1, U = U1 T, and v = v1Y,. Now
(1A, © pay)* ((p1;P2)7 T1Y1T2Y2 - - Tnln, (€1, CI2))
= \/{(MA1 O fa,)* <(p1>P2)> T1Y1T2Y2 -+ Tn—1Yn—1, (71, 7”2)) A
(pa, © MAQ)*<(7“1,7“2),$nym (Q1,Q2)> | (r1,72) € Q1 % QQ}
= \/{(MAl O fra,)* ((pl,m), uy vy, (71, 7“2)) A (fa, © fray)* ((Th 2), Tn¥n, (q15 QQ))
| (r1,7m2) € Q1 X Qz}
= (f1a, © pia,)* ((pl,pz), ULVIZnYn, (q1, q2))
= (ﬂAl ®© NA2>* ((p17p2)7 uv, (qb QZ>>
and (v4, © Va,)" ((p1,p2), T1Y1T9Y T, (41, C_Iz))
= /\{(VAI © Va,)" ((phpQ)a T1Y1%2Y2 * ** Tn—1Yn—1, (1, 7“2)) \

(Va, ©va,)* ((T17T2)7xnyn’ (CI17Q2)> | (r1,7m2) € Q1 X Q2}

108



= /\{<I/A1 © VA2>* ((p17p2)7 Uiy, (Tl? 7“2)) v (I/Al © VA2>* ((rla 7”2), TnYn, (Q17 q2)>
| (r1,m2) € Q1 % QQ}
= (VAl © VAQ)* <(p17p2)7 U1V1TnYn, (QL QQ)>

= (VA1 © VAQ)* ((phpQ)) uv, (Qh Q2)> .
The result now follows by induction. U

Definition 3.2. Let &7 = (Q, %, A, i, f) be an IFAUM. 7 is said to be intuitionistic retrievable if
g€ Q, Yy e Xrift € Qsuchthat 1% (q,y,t) > 0andvi(q,y,t) < 1, then 3z € ¥* such that
wh(t,x,q) > 0and vi(t,z,q) < 1.

Theorem 3.4. Let <7) and /5 be IFAUM’s and let Y1 N X9 = ¢. Then the Cartesian composition
oy © s Is intuitionistic retrievable if and only if </, and <75 are intuitionistic retrievable.

Proof. Suppose that .27 and .%% are intuitionistic retrievable.
Let (¢,p), (t,s) € @1 x Q2 and w € (X7 U X3) be such that (14, © mQ*((q,p),w, (t, S)) >0

and (VA1 © 7/142)>f< ((Q7p)7w7 (ta S)) <L
Let w* = wv be the standard form of w, u € X7, v € X3. Then

(a, © uAQ)*((qm), w, (t, S)) = (pa, © MAQ)*(<Q7P>7UU7 (t, S))
= i, (g, u, ) A i, (py 0, 5)

and (Va, © va,)* ((q,p), w, (t, s)) = (va, Ova,)" <(q,p), wv, (t, s))
= vy, (qu,t) Vi, (p,v,s).

Thus 1%y (q,u,t) > 0, v} (q,u,t) < land py, (p,v,s) >0, v, (p,v,s) < 1.

Since o7 and o7, are intuitionistic retrievable, Ju’ € X}, v' € 33

such that 1%y (t,u',q) >0, v} (t,u',q) < land p}, (s,v'p) >0, v}, (s,0'p) < 1.
Thus (4, © p1a,)* <(t, s),u'v’, (q,p)) > 0and (va, ©va,)* ((t, s),u'v’, (q,p)) < 1.
Hence 7] and <7, are intuitionistic retrievable.

Conversely, suppose that .o/ ® &7 is intuitionistic retrievable.

Letg,t € Q, and y € Xf be such that )y (¢,y,t) > 0 and v} (q,y,t) < 1.

Then Vs € s,

(hay © pag)” ((q, s),y, (1, 8)) = 1, (q,y,t) >0

and (va, ©® va,)* ((q, s),y, (t, s)> =y (¢, y,t) <L

Thus Jw € (X} U X3)

such that (p4, © pa,)* ((t, s),w, (q, s)) > 0and (v, © va,)* <(t, s),w, (g, s)> < 1L

Let w* = wv be the standard form of w, v € X7, v € Y.

Then 0 < (114, © pay)* (8 5), w, (0, 5) ) = g, (. @) A g (5,0, 9)

and 1 > (v, O va,)* ((t, s),w, (q, s)) = vy, (t,u,q) Vi, (s,v,s).

Thus %y (¢, u,q) > 0and v}, (t,u,q) < 1.

Hence o7 is intuitionistic retrievable. Similarly 2% is intuitionistic retrievable. ]
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Definition 3.3. Let o7 = (Q, X, A, 4, f) be an IFAUM. let p, ¢ € . Then p and g are said to be
intuitionistic connected if either ¢ = p or there exists qo, q1,- -+ , qx € Q,p = qo, ¢ = qi and there
exists aj, as, as, - --ay € L such that Vi = 1,2, --- | k.either ua(qg;i—1,ai, q;) > 0and
va(gi-1, a5, qi) < 1or pua(gi, ai, gi—1) > 0andva(qs, ai, gi—1) < 1.

Theorem 3.5. Let <7) and <f5 be IFAUM’s and let X1 N X9 = ¢. Then the Cartesian composition
o © o Is intuitionistic connected if and only if of) and <5 are intuitionistic connected.

Proof. Suppose that o7} and 2% are intuitionistic connected.

Let (p,p')(q,q") € Q1 x Q2. Now Ipg, p1, -+, pn € Q1, p = po, ¢ = pn and

Jday, ag, -+ ,a, € ¥y suchthat Vi = 1,2,---  neither pa, (p;_1,a:,p;) >0

and va, (pi—1, @i, p;) < lor pa, (pi,ai,pi—1) > 0and va, (pi, a;, pi—1) < 1 and

Al Py Py € Qo ' =1y, ¢ =pl, and Fby, by, -+ by, € Lo suchthatVi=1,2,--- ,m
either 4, (pi—1,bi, ;) > 0and va,(p;—1,b;,p;) < 1 or

fas (D 0i Pir) > 0 and va, (p, bi, piy) < 1.

Consider the sequence of states

(pap/) = (p()aplo)a (plaplo)a T (pnupg)a (pnapll)a Ty (pn)plyn) = (Q7 qa) S Ql X QQ

and the sequence ay, as, - -+ ,ap, b1, b9, by, € 37 U Do,
Then Vi =1,2,--- ,n either (4, ® MAz)((pi_l,pg),ai, (pi,p6)> > (0 and

(v, ® vay) ((Pics, o) @i, (pioh) ) < Lor ey ® pay) (i ) i, (pics, ) ) > 0 and
(VAl © VAQ) ((p17p6>7 a;, (pz—17p6)) <1 \V/] = ]-7 27 e, either
(114, © 142) (s 1): s (s ) ) > 0and (va, © via,) (s D)), s () ) < 1

or (ta, © paa) (s 7). by (s 1)) > 0:and (v, © va,) (P 1) by (P ) < 0.
Hence (p, p’) and (¢, ¢’) are intuitionistic connected.

Conversely, Suppose that 27| ® .27, is intuitionistic connected.

Let p,q € Q1 and let r € Q5.

If p = ¢ then p and ¢ are intuitionistic connected.

Suppose p # g then 3 (p,7) = (po, q0), (1, @1), -, (P, @n) = (q,7) € Q1 X Q2 and
Q1,00+ ,a, € 21 UXysuchthat Ve = 1,2, ---  n either

(pa, © pa,) ((pifla ¢i-1), a;, (pi, %)) > 0and (4, ©®va,) ((pzel, ¢i—1), @i, (ps, Qz)) <1

or (fta, ® fia,) ((Pi, @), @i, (Di-1, %4)) > 0and (va, ©®va,) <(p’ia &) @i, (Pi-1, %4)) <L
Clearly, if p; 1 # p;thenq;_1 = ¢; and if ¢; 1 # ¢; thenp, | =p; Vi=1,2,--- . n.

Let {p = pi,,pi, - -+, Di, = q} be the set of all distinct p; € {po,p1,--- ,pn} and

let a;,, ai,,- - -, a;, be the corresponding a;s.

Then a;,,a;,, - ,a;, € XyandVj =1,2,---  k

either pa, (pi;_,, @iy, pi; ) > 0and va, (pi; ,, sy, pi; ) <1

Or fia, (pz‘j, Gz‘j,pz’j_l) > 0 and vy, (pz'j, az‘j>pij_1) <L

Thus, p and ¢ are intuitionistic connected and hence .27 is intuitionistic connected.

Similarly % is intuitionistic connected. O
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