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1 Introduction

In the paper, following and extending [3], we show which intuitionistic fuzzy
negations satisfy the Law for Excluded Middle (LEM) and De Morgan’s Laws
(DMLs).

In the intuitionistic fuzzy logic, to the proposition p, two real numbers,
µ(p) and ν(p), are assigned with the following constraint:

µ(p)+ν(p)≤ 1.

Let this assignment be provided by an evaluation function V defined over
a set of propositions, that here and below we will denote by S , in such a way
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that:
V (p) = 〈µ(p), ν(p)〉.

Hence the function V : S→ [0,1]× [0,1] gives the truth and falsity degrees
of all elements of S – a set of propositions.

Let for every real number x:

sg(x) =


1 if x > 0

0 if x≤ 0
, sg(x) =


0 if x > 0

1 if x≤ 0
.

For the needs of the discussion below, we define the notion of Intuitionistic
Fuzzy Tautology (IFT, see, e.g. [4, 5]) by:

x is an IFT if and only if for V (x) = 〈a,b〉 it holds that a≥ b,

while

x is a (classical) tautology if and only if a = 1 and b = 0.

The existing by the moment intuitionistic fuzzy implicatins generate the
intuitionistic fuzzy negations using the formula

¬〈a,b〉= 〈a,b〉 → 〈0,1〉,

where→ is each one of the implications. All different negations are shown in
the following Table.

Table: List of the intuitionistic fuzzy implications

¬1 〈b,a〉
¬2 〈sg(a),sg(a)〉
¬3 〈b,a.b+a2〉
¬4 〈b,1−b〉
¬5 〈sg(1−b),sg(1−b)〉
¬6 〈sg(1−b),sg(a)〉
¬7 〈sg(1−b),a〉
¬8 〈1−a,a〉
¬9 〈sg(a),a〉
¬10 〈sg(1−b),1−b〉
¬11 〈sg(b),sg(b)〉
¬12 〈b.(b+a),min(1,a.(b2 +a+b.a))〉
¬13 〈sg(1−a),sg(1−a)〉
¬14 〈sg(b),sg(1−a)〉
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¬15 〈sg(1−b),sg(1−a)〉
¬16 〈sg(a),sg(1−a)〉
¬17 〈sg(1−b),sg(b)〉
¬18 〈b.sg(a),a.sg(b)〉
¬19 〈b.sg(a),0〉
¬20 〈b,0〉
¬21 〈min(1−a,sg(a)),min(a,sg(1−a))〉
¬22 〈min(1−a,sg(a)),0〉
¬23 〈1−a,0〉
¬24 〈min(b,sg(1−b)),min(1−b,sg(b))〉
¬25 〈min(b,sg(1−b)),0〉
¬26 〈b,a.b+ sg(1−a)〉
¬27 〈1−a,a.(1−a)+ sg(1−a)〉
¬28 〈b,(1−b).b+ sg(b)〉
¬29 〈max(0,b.a+ sg(1−b)),min(1,a.(b.a+ sg(1−b))+ sg(1−a))〉
¬30 〈a.b, a.(a.b+ sg(1−b))+ sg(1−a)〉
¬31 〈max(0,(1−a).a+ sg(a)),min(1,a.((1−a).a+ sg(a))

+sg(1−a))〉
¬32 〈(1−a).a, a.((1−a).a+ sg(a))+ sg(1−a)〉
¬33 〈b.(1−b)+ sg(1−b),(1−b).(b.(1−b)+ sg(1−b))+ sg(b))〉
¬34 〈b.(1−b), (1−b).(b.(1−b)+ sg(1−b))+ sg(b)〉
¬35 〈b

2 ,
1+a

2 〉
¬36 〈b

3 ,
2+a

3 〉
¬37 〈2b

3 ,
2a+1

3 〉
¬38 〈1−a

3 , 2+a
3 〉

¬39 〈b
3 ,

3−b
3 〉

¬40 〈2−2a
3 , 1+2a

3 〉
¬41 〈2b

3 ,
3−2b

3 〉
¬42,λ 〈b+λ−1

2λ
, a+λ

2λ
〉, where λ≥ 1

¬43,γ 〈 b+γ

2γ+1 ,
a+γ

2γ+1〉, where γ≥ 1

¬44,α,β 〈b+α−1
α+β

, a+β

α+β
〉, where α≥ 1,β ∈ [1,α]

¬45,ε,η 〈min(1,b+ ε),max(0,a−η)〉, where ε,η ∈ [0,1] and ε≤ η < 1
¬46,λ 〈λ−a

2λ
, a+λ

2λ
〉, where λ≥ 1

¬47,λ 〈b+λ−1
2λ

, 1−b+λ

2λ
〉, where λ≥ 1

¬48,γ 〈1−a+γ

2γ+1 , a+γ

2γ+1〉, where γ≥ 1
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¬49,γ 〈 b+γ

2γ+1 ,
1−b+γ

2γ+1 〉, where γ≥ 1

¬50,α,β 〈b−1+α

α+β
, a+β

α+β
〉, where α≥ 1,β ∈ [1,α]

¬51,α,β 〈b−1+α

α+β
, 1−b+β

α+β
〉, where α≥ 1,β ∈ [1,α]

¬52 〈sg(a)+ sg(a)b,a〉
¬53 〈sg(a)+ sg(a)(1−a),a〉
¬54 〈sg(1−b)+ sg(1−b)b,1−a〉

These negations are defined in a series of papers, starting with [1].

2 Main Results

First, following and extending [3], we give the Law for Excluded Middle
(LEM) in the forms:

〈a,b〉∨¬〈a,b〉= 〈1,0〉

(tautology-form) and
〈a,b〉∨¬〈a,b〉= 〈p,q〉,

(IFT-form), where 1≥ p≥ q≥ 0 and p+q≤ 1.
Second, we give the Modified Law for Excluded Middle (MLEM) in the

forms:
¬¬〈a,b〉∨¬〈a,b〉= 〈1,0〉

(tautology-form) and

¬¬〈a,b〉∨¬〈a,b〉= 〈p,q〉,

(IFT-form), where 1≥ p≥ q≥ 0 and p+q≤ 1 and ∨ is the disjunction from
Section 1.1.

Theorem 1. Only negation ¬13 satisfies the LEM in the tautological form.
Proof. Let a,b,a+b ∈ [0,1]. Then,

V (x∨¬13x) = 〈a,b〉∨ 〈sg(1−a),sg(1−a)〉

= 〈max(a,sg(1−a)),min(b,sg(1−a))〉.

Now, we see that

max(a,sg(1−a)) =
{

max(1,sg(0)), if a = 1
max(a,sg(1−a)), if a < 1
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=

{
max(1,0), if a = 1
max(a,1), if a < 1

= 1

and

min(b,sg(1−a)) =
{

min(0,sg(0)), if a = 1
min(0,sg(1−a)), if a < 1

=

{
min(0,1), if a = 1
min(0,1), if a < 1

= 0.

Therefore,
V (x∨¬13x) = 〈1,0〉,

i.e., x∨¬13x is a tautology. �

Theorem 2. Only negations ¬2, ¬5, ¬9, ¬11, ¬13, ¬16 satisfy the MLEM
in the tautological form.

Theorem 3. Only negations ¬2, ¬5, ¬6, ¬10, ¬42, ¬44, ¬46, ¬47, ¬50, ¬51
do not satisfy the LEM in the IFT form.

Theorem 4. Only negations ¬10, ¬42, ¬44, ¬46, ¬47, ¬50, ¬51 do not sat-
isfy the MLEM in the IFT form.

The checks of these assertions are similar to the above one. By this reason
we will prove only Theorem 2 and Theorem 4 for the case of negation ¬5.

¬5¬5〈a,b〉∨¬5〈a,b〉

= 〈1−sg(a)−sg(a).sg(1−b),sg(1−b)〉∨〈1−sg(1−sg(a)−sg(a).sg(1−b))

−sg(1− sg(a)− sg(a).sg(1−b)).sg(1− sg(1−b)),sg(1− sg(1−b))〉

= 〈max(1− sg(a)− sg(a).sg(1−b),1− sg(1− sg(a)− sg(a).sg(1−b))

−sg(1− sg(a)− sg(a).sg(1−b)).sg(1− sg(1−b))),min(sg(1−b),

sg(1− sg(1−b)))〉

Let

X ≡max(1− sg(a)− sg(a).sg(1−b),1− sg(1− sg(a)− sg(a).sg(1−b))

−sg(1− sg(a)− sg(a).sg(1−b)).sg(1− sg(1−b)))

57



−min(sg(1−b),sg(1− sg(1−b)))

Let a = 0. Then, sg(a) = 0, sg(a) = 1 and

X = max(1− sg(1−b),1− sg(1− sg(1−b))− sg(1− sg(1−b))

.sg(1− sg(1−b)))−min(sg(1−b),sg(1− sg(1−b))).

If b = 1, then sg(1−b) = 0 and

X = max(1,1− sg(1)− sg(1).sg(1))−min(0,sg(1)) = max(1,0)−min(0,1)

= 1.

If b < 1, then sg(1−b) = 1 and

X = max(1−1,1− sg(1−1)− sg(1−1).sg(1−1))−min(1,sg(1−1))

= max(0,1)−min(1,0) = 1.

Let a > 0. Then sg(a) = 1, sg(a) = 0, sg(1−b) = 1 and

X ≡max(1−1,1− sg(1−1)− sg(1−1).sg(1−1))−min(1,sg(1−1))

= max(0,1)−min(1,0) = 1.

Therefore, negation ¬5 satisfies the Modified LEM in the IFT-form. On
the other hand, in all cases the evaluation of the expression is equal to 〈1,0〉,
i.e., this negation satisfies the Modified LEM in the tautological form.

Third, following and extending [2], we study which negations satisfy DMLs.
Usually, they have the forms:

¬x∧¬y = ¬(x∨ y),

¬x∨¬y = ¬(x∧ y),

where ∧ and ∨ are the conjunction and disjunction from Section 1.1.

Theorem 5. For every two propositional forms x and y:

¬ix∧¬iy = ¬i(x∨ y),

¬ix∨¬iy = ¬i(x∧ y)
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for i = 1,2,4, ...,11,13, ...,17,20,23,35, ...,51,53.
We shall illustrate only the fact that the DMLs are not valid for i = 3. For

example, if a = b = 0.5,c = 0.1,d = 0, then

V (¬3x∧¬3y) = 0.5

V (¬3(x∨ y) = 0.25.

The above mentioned change of the Law for Excluded Middle inspire the
idea to study the validity of De Morgan’s Laws that the classical negation ¬
(here it is negation ¬1) satisfies. Really, easy it can be proved that the expres-
sions

¬1(¬1x∨¬1y) = x∧ y

and
¬1(¬1x∧¬1y) = x∨ y

are IFTs, but the other negations do not satisfy these equalities. For them the
following assertion is valid.

Theorem 6. For every two propositional forms x and y:

¬i(¬ix∨¬iy) = ¬i¬ix∧¬i¬iy

¬i(¬ix∧¬iy) = ¬i¬ix∨¬i¬iy

for i = 1,2,4, ...,11,13, ...,17,19,20,23,25,35, ...,51,53.

3 Conclusion

The results from the present paper give us possibility to classify negations as
suitable in tautological form or in IFT-form. This will be a theme for a next
research. This classification will give us the list of the negations that are proper
for different decision making and intercriterial procedures.
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