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1 Introduction

After the introduction of fuzzy sets by Zadeh [17], a number of generalizations of this
fundamental concept have come up. The notion of intuitionistic fuzzy sets introduced by
Atanassov [2] is one among them. Algebraic structures play a vital role in Mathematics and
numerous applications of these structures are seen in many disciplines such as computer
sciences, information sciences, theoretical physics, control engineering and so on. This inspires
researchers to study and carry out research in various concepts of abstract algebra in fuzzy
setting. Biswas [5] applied the concept of intuitionistic fuzzy sets to the theory of groups and
studied intuitionistic fuzzy subgroups of a group. Fuzzy submodules of a module M over a ring
R were first introduced by Naevoita and Ralescu [11]. Since then different types of fuzzy
submodules were investigated in the last two decades. Shery Fernadez introduced the notion of
fuzzy G-modules in [8]. Davvaz et.al. in 2006 [7] defined intuitionistic fuzzy submodules of a
module M over a ring R Many more results have been obtained by other researchers on
intuitionistic fuzzy modules (see [9, 12, 13, 14]).

In this paper, we introduce the notion of intuitionistic fuzzy G-modules and established
many results.



2 Preliminaries

In this section, we recall some definitions and results which will be used later.

Definition (2.1)[2] Let X be a non-empty set. An intuitionistic fuzzy set (IFS) A of X is an
object of the form A = {(X, ua(X), va(X)) : X € X}, where ua: X —> [0, 1] and va: X — [0, 1]
define the degree of membership and degree of non-membership of the element X € X, respect-
ively, and for any X € X, we have ua(X) + va(X) < 1.

Definition (2.2)[4] For any IFS A = {(X, za(X), va(X)) : X € X}, of X, if

7a(X) = 1— pa(X) —va(X), for all xe X.
Then 7a(X) is called the degree of indeterminacy of X in A.

Remark (2.3)(i) When 7a(X) = 0, i.e., when ua(X) + va(X) = 1, i.e., va(X) =1 — pa(X), V X € X.
Then Ais called a fuzzy set.
(i1) For convenience, we write the IFS A= {(X, ua(X), va(X)) : X € X} by A= (ua, va).

Definition (2.4)[4] Let A = {{X, ua(X), va(X)) : X € X} and B = {{X, us(X), vs(X)) : X € X} be
any two IFS’s of X, then
(i) AcBifandonlyif pa(X) < us(X) and va(X) > va(X) for all xe X
(i) A=B ifandonlyif pa(X)= ws(X) and va(X) = ws(X) for all xe X
(iii)  A°= {{X, (ua9)(X), (vO)(X): X € X}, where
(up)(X) = va(X) and (va2)(X) = ua(X) for all X € X
(1v) A= {{X ua(X), 1 — ua(X)) : x € X} (called the Necessity operator on IFS A)
v)  OA={X1—-wX), va(X)): X e X} (called the Possibility operator on IFS A)
(vi) AN B= {X (ua we)(X), (vane)(X)) : X € X}, where
(p p8)(X) = min{ua(X), 18(X)} = UA(X) A pB(X)
and
(va M e)(X) = max { va(X), s(X)} = Va(X) v va(X)
(vii)) AU B= {{X (uav us)(X), (va Um)(X)) : X € X}, where
(Ao p)(X) = max { fia(X), te(X)} = pa(X) v pe(X)
and
(va UB)(X) = min{va(X), v8(X)} = va(X) A vs(X)
(viii)  AxB= {{(X V), tas(X Y), vaxa (X, ¥)) : X € Xand Yy € Y}, where
Ha(X, Y) = min{ua(X), us(y)}
and
va (X, Y) = max { va(X), va(y)}.
Definition (2.5)[14] Let (X, . ) be a groupoid and A, B be two IFS’s of X. Then the
intuitionistic fuzzy sum and product of A and B are denoted by A+ B and AB and defined
as: (A+ B)(X) = (uars(X), vara(X)) and AB(X) = (uas(X), vas(X)), where



a+b ; forall xe X

i s(X) = (x=\§+b{”‘\(a) A {VA(a)VVB(b)}) ;if x=a+b
©.D ; otherwise

L (X) = [Xiqh{Q(ﬂA(a)A ﬂB(D))}a S {iv(vA(a)va(p))} ; if x= ;ah

i<oc i<oc

(0,1 ; otherwise

, forall xe X

Definition (2.6)[13] Let A be an intuitionistic fuzzy set of a universe set X. Then (o, B)-cut of
A is a crisp subset C,, p(A) defined as C,, p(A) = {X: Xe X such that pa(X) = a, va(X) < B },
where a, B € [0, 1]with a+pB <1

Definition (2.7)[15] Let A = { < X, pa(X), va(X) > : X € X} be an IFS of a universe set X, then
support of Ain X is denoted by Supp, (A ) and is defined as

SJppx(A)={XeX: HUa(X)>0 and VA(X)<1}
Clearly, Supp,(A)=J{C, ,(A): forall @, B e(0,1]suchthat 0 <o + B <1}.

Using definition (2.7), the following results are easy to verify

Proposition (2.8)[15] Let A and B be two IFS’s of the universe set X, then the following
results holds

(i) If AcB = Supp,(A) < Supp,(B)

(ii) Suppy (AN B)=Supp, (A) NSupp, (B)

(iii) Suppy (AL B) = Supp, (A) U Supp, (B)

(iv) Suppy (Ax B) = Supp, (A) xSupp, (B)

(v) Suppy (A+B)=Supp, (A)+Supp, (B), where (X, +) is a groupoid

Theorem (2.9)[10] Let Xbe a non-empty set. For an intuitionistic fuzzy set A in X, we have

A= U (@p) P

a,pe0,1]
a+p<1

(a,ﬂ) ;if XeC(a’ﬂ)(A)

; VXxeX
(0,1) otherwise

where

(a

7 ﬂ)A denote the IFS defined by (@ /),)A(X) = {

and | J denote the union given in the definition (2.4)(vii).

Definition (2.10)[12, 13] Let X and Y be two non-empty sets and f: X — Y be a mapping. Let
A and B be IFS’s of X and Y respectively. Then the image of A under the map f is denoted by

f (A) and is defined as f(A)(y)= ( (V) Vf(A)(y))’ where
Vipa(x) 1 x e T7(y)} A VA X e Ty
,Uf(A)(Y):{ § _ and Vi) = A .
0 ; otherwise 1 ; otherwise



Also the pre-image of B under f is denoted by f '(B) and is defined as
-1

FB)(X) = (5 (X) s Vo (X), where

foa 0= 1 (F00) and v (0= ve(F(X): ¥ xe X.

Proposition (2.11)[15] Let f: X — Y be a mapping and A, B are IFS of X and Y respectively.
Then the following result holds

(i) f(Supp, (A)) < Supp,(f(A)) and equality hold when the map f is bijective
(i) f~'(Suppy(B))=Supp, (f'(B))

Definition (2.12)[6] Let G be a group and M be a vector space over a field K. Then M is called
a G-module if for every g €G and meM, 3 a product (called the action of G on M), gmeM
satisfies the following axioms

1) lg-m=m,V meM (lg being the identity of G)

i) (g-h)ym=g(h-m), V meM, g, heG

iii) g-(kim; + komy) = ki(g-my) + ka(g-mp), V ki, ke €K; m;, myeM and geG.

Since G acts on M on the left hand side, M may be called a left G-module. In a
similar way, we can define right G-module. We shall consider only left G-modules. A parallel
study is possible using right G-modules also.

Definition (2.13)[6] Let G be a group and M be a G-module over the field K. Let N be a
subspace of the vector space over K. Then N is called a G-submodule of M if an; + bn, eN, for
alla, beK and n;, nmp e N
Definition (2.14)[6] Let M and M* be G-modules. A mapping f : M — M* is a G-module
homomorphism if

(1) f(kymy + komp) = ki f(my) + k; T (mp)

(ii) f (gm) =g f(m), ¥V k;, ko, €K ; m, m;, meM and geG.
Definition (2.15)[6] Let M and M* be G-modules and let f : M — M* is a G-module
homomorphism. Then Ker f ={meM : f (m) = 0*} is a G-submodule of M and
Im f ={ f (m: meM} is a G-submodule of M*, and there is a G-isomorphism
M/Kerf - Imf suchthat m+Kerf— f(m).
Definition (2.16)[6] Let M be a G-module. A subspace N of M is a G-module if N is also a G-
module under the same action of G.
Proposition (2.17)[6] If M is a G-module and N is a G-submodule of M, then M / N is a
G-module.

3 Intuitionistic fuzzy G-modules

Definition (3.1) Let G be a group and M be a G-module over K, which is a subfield of C. Then
a intuitionistic fuzzy G-module on M is an intuitionistic fuzzy set A= (ua, vayof M
such that following conditions are satisfied



(1) pa(ax+by) > pa(X) A pa(y) and va (ax + by) < va(X) v Va(y), V @, beK and X, yeM and
(i1) pa (@m) > pa (M) and VA (M) < Va(M), Vge G; meM

Example (3.2) Let G = {1, -1}, M=R" over R. Then M is a G-module. Define the intuitionistic
fuzzy set A= (ua, vayon M by

) 1 ;ifx=0 d ) 0 :;ifx=0
Ha 05 :if X0 Va 025 :if x£0

Where X = (X1, X, ....... , X,)€R". Then A is an intuitionistic fuzzy G-module on M.

Proof. Leta, beR and X= (X, Xy, ....... X))y Y=Y, Y2s eennns ,Yo)€R". Then
ax + by =(ax, + by, ax; + by, ........ , &, + byn), we have
1 ;if a=b=0orx=y=0
U(ax+by)y=+< 1 ;if ax+tby =0, forall i and
0.5 ;if ax+by, # 0, for some i
0 ;if a=b=0orx=y=0
vy(@ax+by) =4 0 ;if ax+by =0, foralli
0.25 ;if ax+by, # 0, for somei

Case (i) when x=y=0, then pa(ax+by)=1=1A12>pa(X) A pa(y) and
va(@x+by)=0=0v 0<va(X) v va(y)

Case(ii) when x=0and y=0,i.e., Yy # 0, for some i, then

ua(ax + by) = pa(by) =0.5=1 A 0.5 > pa(X) A pa(y) and

va(ax+ by) = va(by) =0.25 =0 v 0.25 < vao(X) v va(y)

Case (iii) when x#0and y=0,i.e., X # 0, for some i, then

ua(@x+by) =pa(@ax) =0.5=0.5 A 1 > pa(X) A pa(y) and

va(ax + by) = va(ax) = 0.25=0.25 v < va(X) v va(y)

Case (iv) when x=0and y=0

Subcase (i) when ax; + by, = 0, for all i, then
ua(@x+by)=1>0.5=0.5A0.5> pa(X) A pa(y) and
va(@x+by)=0<0.25=0.25 v 0.25 <va(X) v va(y)

Subcase (ii) when ax; + by; # 0, for some i, then
ua(ax+by)=0.5=0.5 A 0.5 > pa(X) A pa(y) and
va(@x+by)=0.25=0.25v 0.25 <va(X) v va(y)

Thus, in all the cases, we find that
Ha(@X+Dby) = pa(X) A paly)  and  va(@x+ by) < va(x) v va(y)

For, geG and XeM, we have gx= (£X;, £ X, ..... ,  X,), then
( ) 1 if £x=0 q ( ) 0 ;if £x=0
Hal & 0.5 ;if £x #0 forsomei aSe 0.25 ;if £x #0 for some i

/uA(gX) ZIUA(X) and VA(gX) SIUA(X)-

Hence A is intuitionistic fuzzy G-module on M.

Example (3.3) Consider the G-module M = R(i) = C over the field R and G ={1, -1}.
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Define the intuitionistic fuzzy set A= (ua, va) by

| ;if z=0 0 ;if z=0
U(2)=4505 ;if zeR-{0} and v,(2)=40.25 ;if ze R-{0}
025 ;if ze R(@)-R 0.5 ;if zeR(i)-R

Then A is a intuitionistic fuzzy G-module on M.
Proof. Let &, beR and z; = X+ iy, z = % + iy, €M, where X1, Y, X, Y2 €R, then
az+bz=(ax; +bx) ti(ay; +by,), we have

1 ; if ax, +bx,=0 & ay, + by,=0
U (az, +bz,)=<05 ;if ax,+bx, #0 & ay, +by,=0  and
0.25 ;if ay, +by,#0
0 ;if ax,+bx,=0 & ay, +by,=0

v (az, +bz,) = <025 ; if ax, +bx, # 0 & ay, + by,=0
0.5 ;if ay, +by, =0
Now, we have 16 cases of which 10 are essential
CaSE(I) when X;=Yy; = X% =Y, =0, then z= 0 and 2= 0. Also, ax; + bx, = 0 and ay; + byz =0
So, ua(azy +bz)=1=1A1=pa(z)) A pa(z) and
va(az, + bZz) =0=0v0=va(Z) v va(20)
Case(ii)when X; # 0, y1= X = y,= 0(same as X # 0, y; = X; = Y, = 0), then z;= X; # 0 and 2= 0.
Also, ax; + bx, =ax; and ay; + by, =0

1 ;a=0
0.5 ;aio}zo.s=0.5/\1=/JA(Zl)/\/JA(ZZ) and

0 ;a=0
025 ;a=0

/uA(aZl +b22) :{
va(az +bz,) :{ }30.25:0.25v0:vA(zl)va(22)

Case(iii)when y,# 0, X;= %= Y,= 0(same as Yy, # 0, X; = %, =Yy; = 0), then
z=1y;# 0 and 2= 0. Also, ax; + bx, =0 and ay; + by, = ay,

1 ;a=0
1a(az, +bz,) :{0.25 . a;ﬁ0}20.25:0.25/\1:,uA(Zl)/\,uA(ZZ) and
0 ;a=0
va(az +bz,) = @ <0.5=0.5v0=v,(z)vv,(z)
05 ;a=0

Case(iv) when x;# 0, y; #0, X = y,=0(same as X# 0, Y, #0, X;=Yy;= 0), then z,= X+ iy; # 0 and
=0, AlSO, ax; + bX2 =ax; and ay, + by2 = ay

1 ;a=0

,uA(azl+b22) =025 - a%0 >0.25=025A1=u,(z) A p,(z)) and
0 ;a=0

va(az +bz,) = 05 . a20 <0.5=0.5v0=v,(Z)vv(z)

Caseg(V) when X; # 0, %% 0, y; =Y, =0, then = X; # 0 and 2, = X= 0,
Also, ax; + bx, =ax; +bx, and ay; + by, =0
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1 [a=0&b=0
“|or ax, +bx, =0

bz, )= >0.5=05A0.5= d

#a (@7 +b2,) 0.5 [(@@#0,b=0)or (b=0,a=0) NO3=Ha(B) 1 f(2,) an
“lor ax +bx, %0
0 {a=0&b:0 }
"|or bx, =0

va(az +bz,)= P ThS <0.25=0.25v0.25=v,(z) v V,(2)

b

025  f(a#0,b=0)or (b=0,a=0)
or ax +bx,#0

Case(vi) when y; # 0, yo# 0, X; = % =0, then z=1y; # 0 and 2 = iy,# 0, Also, ax; + bx, =0

and ay, + by, = ay, +by,

ja=0&b=0
1 |oray, +hy,=0
,uA(aZIerZz): (@20 & b=0) 20.25=05A0.25=pu,(z) A u,(z,) and

0.25 ;cor(bz0&a=0)
or ay, +by, #0

[a=0&b=0
0 loray +hy,=0
va(az +bz,)= (@z0&b=0) |71<05=025v0.5=v,(z)vV,(2)

0.5 ;Jor(b=0&a=0)
or ay, +by, #0

Case(vii) when X 0, y1=0,% =0,Y, # 0 (same as X, # 0, y,=0, X; =0, y; # 0), then z=
xi1#0and =1y, # 0, Also, ax; + bx, =ax; and ay; + by, = by,
1 ;a=0&b=0

ta(az,+bz,)=<05 ;a#0&b=0;>0.25=0.510.25=p,(z) A pn(2,) and

0.25 ; b=0

0 ;a=0&b=0
va(az, +bz,)=:025 ;a#0&b=0;<0.5=0.25v0.5=v,(7)VV,(2)

05 ; b=0
Case(viii) when X, 0, y1#0, % #0,¥, #0,then z=X;+iy;# 0 and =X + iy, # 0, Also,
ax; + by, =ax; + by; and ay; + by, = ay; + by,
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[(@a=0&b=0)
"lor (ax +bx, =0&ay, +by, =0)
Uy (az, +bz,) = 05 ; ax +bx, #0&ay, +by, =0 >0.25=0.25/0.25= 11,(2) A 1,(2,) and

0.25 5 ay1+by2¢0
[(@a=0&b=0)
"lor (ax +bx, =0&ay, +by, =0)
va(az +bz,) = 0.5 ; ax, +bx, #0&ay, +by, =0 <0.5=0.5v0.5=v,(z)VvVA(Z,)
05 © Mtby, =0

Case(ix) when x;=0, y; #0, X # 0, y» # 0 (same as %= 0, y; # 0, X; # 0, y» # 0), then z=
iy1#0and =X+ iy,# 0, Also, ax; + bx, =ax; and ay; + by, =ay, + by,
1 ;a=0&b=0
ua(az,+bz,)=405 ;a=0&ay, +by,=0;>0.25=0.2570.25= p,(z) A p,(z,) and
0.25 ;ay,+by, #0
0 ;a=0&b=0
va(az, +bz,)=40.25 ; a=0&ay, +by, =0,:<0.5=0.5v0.5=v,(2) Vv VA(2)
0.5 ;ay, +by, =0
Case(X) when x; 20, y;1=0,% #0,Yy, #0 (same as X; 0, Y, =0, % # 0, y; # 0), then zZ=
Xi#0and =X +iy,# 0, Also, ax; + by; =ax; and ax, + by, =ax, + by,
1 ;a=0&b=0
Ha(az,+bz,)=4 0.5 ;a#0&ax, +by,=0;>0.25=0.5A0.25= 1,(z) A #,(z,) and
0.25 ; ax,+by, =0
0 ;a=0&b=0
va(az, +bz,)=405 ;az0&ax,+by,=0;<05=025v0.5=v,(z)VvV,(2)
0.25 ; ax,+by, #0

Thus, in all the cases, we find that

pa(@X+by) = pa(X) A pa(y)  and  va(@x+by) < va(X) v va(y)
For, geG and zeM, we have

wa(92)= pup(£1.2)2 4, (2) and v,(9z)=v,(£1.2)<v,(2);
Hence A is intuitionistic fuzzy G-module on M.

Remark (3.4) In example (3.3), if we take the group as G = {1, -1, i, - i}, then Ais not an
intuitionistic fuzzy G-module on M, for the conditions

na (@m) > pa (M) and Vo (gM) < va (M), V g € G; m eM, are not satistied

e.g., take m=3 and g=i, then

wa (3)=0.25 % 0.5=pa (3) also, va3i)=0.5£ 0.25=v, (3).
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Lemma (3.5) Let M be a G-module over K and A be intuitionistic fuzzy G-module on M. Then

either C, , (A) = or a G-submodule of M, where «, £ €[0,1] such that « + S <1.

Proof. IfC, , (A) = &, then nothing to prove. Therefore, suppose that C, , (A) # <.

Consider X,y € C_, , (A) and &, beK be any elements, then we have

a’ﬂ)

p(@X+D0y) > 1, (XA (Y)Z o and va(ax+by) <va(X)vi,a(Y)< B
= ax+byeC, , (A.

Also, foranygeG and xeC,, , (A), we have

HA(Q) 2 tp(X) 2 and v,(9X) SvA(X) < S
= gxeC, 4 (A). Hence C, , (A) is a G-submodule of M.

Proposition (3.6) Let M be a G-module over K and A be IFS of M, then A is intuitionistic
fuzzy G-module on M if and only if either C, ,,(A)=D or C, , (A), forall o, B €[0, 1] such

that o + B <1, is a G-submodule of M.
Proof. Firstly, let A be intuitionistic fuzzy G-module on M. Then either C, , (A) =& or

Cio.py(A) is a G-submodule of M follows from Lemma (3.5).

Conversely, let C, 5 (A) be a G-submodule of M for all o, § €[0, 1] such that o + 3 < .
To show that A is intuitionistic fuzzy G-module on M. Let X,y M and a, be K be any
elements. Wlog, let Xe C(al,ﬂl)(A) and y e C(az’ﬂz)(A) for some «;, S, €[0,1]
such that ¢, + £ <1, wherei =1, 2.

Case(i) When o< o, and P> 3, then X, yeC(al’ﬂl)(A) and so ax + bye Cror (A

= ua(@x+ by)>a; and va (ax+ by) <B;.

But a; = oA oz = pa(X) A pa(y) and Bi= Brv B2 = va(X) v va(y).

Therefore, pa(@x+ by)> pua(X) A pa(y) and wva(ax+ by) < va(X) v va(y)

Case(ii) When o< o, and B; <, then X,y e C(al,ﬂz)(A) and so ax + by € C(a,,ﬂz)(A) , for
og<a, = a+p<a,+p <1 ie, a+p <1

= ua(@x+ by)>a; and va (ax+ by) < B,.

But o = oy o = pa(X) A pa(y) and B2= Biv B2 = va(X) v va(y).

Therefore, pa(@x+ by)> pa(X) A pa(y) and va(ax+ by) < va(X) v va(y)

Case(iii) When o, > o, and By < then X,y e C(az’ﬁz)(A) and so ax+ by € C(az’ﬂz)(A)
= ua(a@x+ by)>a, and va (ax+ by) < B..

But o, = oy o = pa(X) A pa(y) and Bo=Biv Bz = va(X) v va(y)

Therefore, pa(@x+ by)> ua(X) A pa(y) and va(ax+ by) < va(X) v va(y)

Case(iv) When o, > o, and 1 > B, thenX, y € C(az,ﬁl)(A) and so ax+ by € C(az,ﬂl)(A) , for
o, <o = a,+p<a+p <1 ie, a+p <1

= ua(@x+ by) > o, and va(ax+ by) <.

But on = ayA o = pa(X) A pa(y) and Bi=Biv B2 = va(X) v va(y)
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Therefore, pa(ax+ by) 2 pa(X) A pa(y) and va(@x+ by) < va(x) v va(y).

Thus, in all cases, we see that pa(ax + by) > pa(X)A pa(y) and va(ax + by) < va(X) v va(y).
Further, let geG and pa(X) = o and va(X) = 3, where o + f <1, then xeC_, ; (A).

But C, 5 (A)is a G-submodule of M and so, gxeC, ; (A).

Thus pa(gX) > o = pa(X) and Va(gX) < B = Va(X).
Hence A is an intuitionistic fuzzy is G-module on M.

Theorem (3.7)Let M be a G-module over K and A be an intuitionistic fuzzy G-module on M.
Then Supp,, (A)is a G-submodule of M.

Proof. Let X, ye Supp,, (A) and &, be K, then pa(X) >0, va(X) <1and pa(y)>0, va(y) <1

= pa(@+ by) = pa(X) A pa(y) > 0 and Va (@x+ by) < Va(X) v Va(y) < 1.

Therefore, ax+ by € Supp,, (A).

Also, pa(gX) = pa(X) >0 and Va(gX) < Va(X) < 1, for every geG and XxeM.

Therefore, gx € Supp,, (A). Hence Supp,, (A) is a G-submodule of M.

Remark (3.8) The converse of Theorem (3.7) need not be true, i.e., Supp,,(A) may be G-

submodule of M, but A may not be intuitionistic fuzzy G-module of an G-module M over K.
Example (3.9) Take M=C and G = {1, -1, i, - i}, then M is a G-module over R. Take the
intuitionistic fuzzy set A as in example (3.3). Clearly, Supp,, (A)=M, is a G-submodule of M,

but A is not intuitionistic fuzzy G-module on M (see Remark (3.4)).

Theorem (3.10)Let M be a G-module over K and A, B be two intuitionistic fuzzy G-modules
on M. Then A N B is also an intuitionistic fuzzy G-module on M.
Proof. Leta, b € K and X, y € M, then

Hamg(@X+DY) = 1, (aX+ DY) A 15 (X + by)
2 ) A (V) A ) A g (V)
= O A g ;A A (Y) A g (V)
= Harg(X) A t1p g (Y)
Thus, g g(@X+0Y) = 11, 5 (X) A tip-(Y)
Smilarly, we can show that v, g(@x+by)<v, ;(X)Vv v, z(Y)
For,ge G and ze M, we have
Hpns(92) = UA(OD) A g (92) 2 pp(D) A pg(2) = pip5(2) s 1.0, fpg(92) 2 fp5(2)
Smilarly, we can show that v, ;(92)<v, ;(2)
Hence A N B is intuitionistic fuzzy G-module on M.

Theorem (3.11) Let M be a G - module over K and {A;:i = 1,2, ....., n}, be a family of

n
intuitionistic fuzzy G-modules on M. Then ﬂ A is also intuitionistic fuzzy G-module on M.
i=1

Theorem (3.12)Let M, M; be G-modules over K and A, B be intuitionistic fuzzy G-modules
on M, and M, respectively. Then A x B is also intuitionistic fuzzy G-module on M; x M,.
Proof. Let a beKandx= (Xl, yl), y= (Xz, yz) e M; x My, then
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Hpp(@X+DY) = p15 5 {a(xl, ) +b(x,, yz)}

= Hps {(aX] +bx,), (ay, + byz)}

=up(ax +bx,) A g (ay, +by,)

2 { (X)) A LA () A (V) A g (Y))}

= A A g (V) A ua () A g (Y5)}

= Hag (X5 Y1) A Hag (X5 Y5)
Thus, pag(@X+bY) 2 1,5 (X) A tips(Y)
Smilarly, we can show that v, s(ax+by) <v, z(X)VV,g(Y)
For,geG and z=(Xx,y) e M, xM,, we have
Hap(92) = tpg {g(x, y)} = Hns (gx, QY) = Ua(OX) A 5 (TY) 2 aA(X) A 15 (Y) = Hpp(2),
1.e., U, 5(02)2 p, 5(2). Smilarly, we can show that v, ;(92) <v, 5(2)
Hence A x B is intuitionistic fuzzy G-module on M, xM,.

Definition (3.13) Let M be a G-module over K and A = (ua, va) and B = (ug, vg) be
intuitionistic fuzzy G-modules on M, then their sum A + B = (ua+p, vasp) is defined as

,uA+B(X)=Xv {,uA(a)/\ ,uB(b)} and v, (X :x:/;+b{VA(a)VVB(b)} , forall xe M.

= a+b

Theorem (3.14)Let M be a G-module over K and A, B be two intuitionistic fuzzy G-modules
on M. Then A + B is also intuitionistic fuzzy G-module on M.

Proof. Let X,y € M be any two elements and let min{ pa+s(X), pa+s(Y)} = o (say)

Let € > 0 be given, then
a—&< 5 (X)= x=\§+b{ﬂA(a)/\ :uB(b)} and @ —¢ < g, .5(Y) = y v {:uA(C)/\ :uB(d)}

c+d

SO there exists a representation X =a+b, y = c+d , where a, b, ¢, d € M such that
a—s< @A pp0) and @—z<p, (€A py(d)

= a-e<u, (@ ,a—s<u;(b) and a-e<u,(c) ,a—e<u(d)

= a—e<u(@rp(©)<p(@at+ce) and a—&<ug(b)App(d)<pg(b+d)
Thus, we get X + y=(a+b)+(c+d)=(a+c)+(b+d) such that

= a-e<pu,(@tc)au(b+d)

= a—-¢&< M {luA(a+C)/\luB(b+d)}:/’lA+B(X+y)

X+y= (a+C)+(b+d)
Since ¢ 1is arbitrary, it follows that s, ., (X+Y) 2> = 1,z (X) A 1, 5 (Y).
Smilarly, we can show that v, ,(X+Y) <V, . (X) vV, (Y)
Further, let S =, ;(X)V t,.5(Y) = 1,.5(X) , and let & >0, then
P& < p, 5 (X)= X:\g+b{ My (@) A g (b)} , SO there exists a representation
X=a+b suchthat f-¢ <y, (a)Aus(0)= f-& <u, (@), f-& <ug(b)

= PB-e<ua(@ <paka) , B-e<pp(b) <up(kb), forany keK
= B-e<pa(ka) A us(kb), forany keK
Now, kx=k(a+b)y=ka+kb sothat P -g&<pa(ka) A ps(kb)
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= pe< v {,uA(ka)/\ ﬂB(kb)}ZluA+B(kX)

k= k(a+b)
Since ¢ is arbitrary, it follows that
Uyg(KX) 2 =, 5 (X). Similarly, we can show that v, ,(kX) <v, ,(X)

Further, let g €G and XeM be any element, then ,,,(X)= v {u, (@) A (D)}

Now, pa(@) < pa(ga) , ps(b) < ps(gh) = pa(a@) A ps(b) < pa(ga) A ps(gb)
Also, gx=g(a+b)y=ga+gb
/UA+B(X) = X:V {/UA (a) N /uB(b)} < ox v {/UA(ga) A /uB(gb)} = /LlA+B(gX)

a+b =ga+gb
l.e, t,.5(9X) > 1,5 (X). Similarly, we can show that v,,,(9X) <v, 5 (X).
Hence A + B is intuitionistic fuzzy G-module on M.

Definition (3.15) Let M be a G-module over K and A = (ua, va) and B = (ug, vg) be
intuitionistic fuzzy G-modules on M, then their product AB = (uag, vag) is defined as

9=y (@) mpb))] and vy(9= o {y(v(@)vve(h))], forall M.

Theorem (3.16) Let M be a G - module over K and A, B be intuitionistic fuzzy G-modules on
M. Then AB is also intuitionistic fuzzy G-module on M.

Proof. Let X,y € M be any two elements and let pap(X) A pas(y) = o (say)

Let € > 0 be given, then

a—&< g, (X) = - éah {/i\(yA(aT.)/\ ,uB(lq))} and o —&< u,z(y) = yzi/:gq {/i\(ﬂA(p.)/\ ,UB(Oi))}

= 0‘_5</i\{ﬂA(31)/\ﬂB(h)} and a—g</i\{,uA(pl)/\,uB(qi)},foralli.
= a-s<pu,(@)Aug(B) and a—e<pu, (pP)Au(q), foralli .
= a-e<u, (&), a-e<pg(d) and a-e<pu,(p), a—&<uy(q), foralli.

= a—e<puy@)ru(P)<u@+p) and a—e<p(Q)A Q)< +q), foralli.
Thus, we get X + y=Z(a1h+ pqg), wherea, y, p, g € M such that

a—e<p @+ P)Atg(+q), foralli = a—z<a{u,(@+p)rus[+q))

= @S Ve M@ T PIA LB+ )} = 1y (X+Y)

i<oc

Since € >0 is arbitrary, so we have 11, (X+Y) > o = f1,5 (X) A 15 (V)

Smilarly, we can show that v, (X+Y) <v,; (X)v v, (Y)

Further, let = 1, (X)V 1,5 (Y) = 1,5(X), and let £ > 0, then

B-& < p,p(X) = \z/: ) /_\{yA (@) A ug(b )} , S0 there exists a representation
X= Y alb i

i<

X = Z:a1bI such that f-¢ < /i\{/uA(ai)/\/uB(bl)}

= f-¢ <p,(@)Aug(b), foralli.
<u,(ka)Apg(b)}, foralli and for allk e K
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Hence S-¢ </i\{:uA(kai)/\:uB(b| )} < o Z\:/(kai)h /i\{ﬂA(kai)/\:uB(h )} = iy (KX)

As ¢ >0 is arbitrary , so we have u,,(kX)> £ = 1,,(X)
Smilarly, we can show that v, (kx) <v,;(X)

Further, let g €G and XeM be any element, then ,5(X) = N iah {/i\(,uA (@)n ug(b ))}

i<

Now, s, ()< (98) = wy(@)Ap,(B)<u,(93)Au, (), foralli
= AMun @)~ p1s(0)) < A(13(83) A (), foralli

= iah{ﬁ\(ﬂ;\(aﬁ)/\ ,uB(b|))}£gX: ;:/(ga)h {1\(yA(gq)A ﬂB(bl))}
e, fp(0= iau{iA(ﬂA(aﬁ)A /JB(Q))}Sgx_z\/(gai)h{/i\(ﬂA(gai)/\ 45(0)] = 1.5 (@0

Smilarly, we can show that v,;(9X) <V ,5(X).
Hence AB is intuitionistic fuzzy G-module on M.

Definition (3.17) Let M be a G-module over K and A be an intuitionistic fuzzy G-modules on
M. Let N be a G-submodule of M. Then the restriction of A on N is denoted by A|x is an IFS

on N defined as (Aly)(X) = (4, (). V4, (X)), where
Hp, (X) = (X) and v, (X)=v,(X),V XeN.
Proposition (3.18) If A be an intuitionistic fuzzy G-module of a G-module M over K and let N
be a G-submodule of M. Then Aly is an intuitionistic fuzzy G-module of N.
Proof. Leta, b € Kand X,y € N, then
ﬂA4N(aX+by):ﬂA(aX+by) [~ ax+byeN]
2 pA(X) A 25 (Y)
= Han (X) A Han (X)
Thus, Han (BX+ by) > Han Aty (Y)-
Smilarly, we can show that v, (@x+by) <v, (X) vV, (Y).
For,ge G and ze N, we have
HaN (92) = pp(92) 2 p15(2) [ 9ze N]
Smilarly, we can show that v, (92) <v,(2).

Hence A| N is intuitionistic fuzzy G-module on N.

Proposition (3.19) Let M be a G-module over K and N be a G-submodule of M. Then the IFS
An on M/ N, defined by
Hp, (X+N)=v{pa(x+n):neN} and v, (X+N)=A{Va(X+n): ne N}, V XxeM, is an

intuitionistic fuzzy G-module on M / N.
Proof. For a,b € Kand X,y € M, we have
Ha, 1AX+N) + by + N)} =u, {(@x+by)+ N}

=v{ua({ax+byj+n): neNj
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=v{ ua({ax+ by}+an; + bny) : n;, m eN }, where n=an; + bn,, for some n;, R, eN
= V{ MA({a(X‘f‘ nl) + b(y+ nz)}) N, M eN }
2 v { pafaX+nm)} A pafbly +m)} i, meN }
>V { },lA(X+ n1) AN ]J,A(y‘i‘ n2) :N, N eN }
2 [v{pa(X+n) :m eN A [v{paly+m) :m eN ]
= pa(X+ N) A pa(y + N)
Thus, g1, [0¢+ N+ by + N)I > g, (X+N) A gz, (¥ + N).
Similarly, we can show that v, [a(X+N) + by + N)] < Va, Xt N) v v, (y+N).
Also, 41, [0x+N)] =, (@X+N) = V{ua(@X+ 1) : N eNJ=v{ pa(@X+gns) : s eN}
=v{ pa(g(x+ns)) : n; eN}
>Vv{ pa(X+n):n eN}
= Uy, X+ N)
Thus  u, [9(X+N)] 2 u, (X+N)
Similarly, we can show that v, [g(X+N)]< v, (X+N).
Therefore, Ay =(u,, .V, )I1s intuitionistic fuzzy G-module on M/ N.

Remark (3.20) The intuitionistic fuzzy G-module Ay defined on M / N, as defined above, is
called the quotient intuitionistic fuzzy G-module or factor intuitionistic fuzzy G-module of A on
M relative to G-submodule N.

4 Homomor phism and intuitionistic fuzzy G-homomor phism
of intuitionistic fuzzy G-modules

In this section, we study the behaviour of intuitionistic fuzzy G-modules under the G-module
homomorphism. We also defined and discuss the notion of (weak) intuitionistic fuzzy G-
homomorphism (isomorphism).

Theorem (4.1) Let M and M* be G-modules and let f be a G-module homomorphism from M
into M*. If B is a intuitionistic fuzzy G-module on M*, then f(B) is a intuitionistic fuzzy G-
module of M.

Proof. We know that f "'(B) is an intuitionistic fuzzy subset of M when B is a intuitionistic
fuzzy subset of M* and f is a G-module homomorphism of M into M*.
Now, for @ beK, X, yeM and geG, we have
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f~(B)(ax + by)

'uf’l(B) (ax + by)

=(,uf,1(B)(ax + by), vf,l(B)(ax + by)), where
= ug (f(ax + by))

= g (af (X)+bf (y)) [+ f is a homomorphism ]

> 1ty (F (X)) A g5 (f(y)) [+ Bis a intuitionistic fuzzy G-module]
2 ,Llf,](B)(X) N lLlf*l(B)(y)

Thus, ,uf,l(B)(ax +

by) 2 42,1y () A 11 (Y)

Smilarly, we can show that vf,,(B)(ax + by)SVf,] 5 VYV ()

Also, ' (B)(gm)=

(- (@M). v, g (gm)}. where

Ay (9M) = s (F(9M)) = 225 (9 T (M) 2 15 ( (M) = 2,15 (M)

Thus, My (gm)>

Smilarly, we can show that Ve (gm)<v

'uf’l(B)(m)'

£71(B) (m)

Hence f ™ (B) is intuitionistic fuzzy G-module on M.

Theorem (4.2) Let M and M* be G-modules and let f be a G-module homomorphism from M
onto M*. If A is an intuitionistic fuzzy G-module on M, then f (A) is an intuitionistic fuzzy

G-module of M*.

Proof. It may be recalled that if A is a intuitionistic fuzzy subset of M, then f (A) is also

intuitionistic fuzzy
Fora, b eK and X,

f(A)(ax + by)=
ﬂ(A)<aX + by)

2>

2

>

Thus, yf(A)(ax +

subset of M*. Now we show that f (A) is a intuitionistic G-module on M*.
y eM* and geG, we have

(1 (3% + by), vy (¢ + by)), where

:v{,uA(Z): zef (ax + by)}

V{2 f(z)=ax + by, X,y eM*,zeM]

v{u@Z +07Z): f(Z)=x,f(z")=y} [~ f is a homomorphism onto]
v{,uA(a’z’ +b2): Zef'(x),7 € f‘l(y)}

v{s@ @)y 20,7 ef(y)]

@) 2 e 0 A V@) 2 e )]

—lLlf(A)(X)/\/'lf(A)(y)

by) Z/Jf(A)(X)/\/Jf(A)(y)

Smilarly, we can show that Vf(A)(aX + by)SVf(A)(X)VVf(A)(Y)
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Also, f (A)(gm*):(,uf(A)(gm*), Vf(A)(gm*)), where
,uf(A)(gm*):v{pA(x): Xe ffl(gm*)}
=v{,uA(X): f (x) = gm* ,geG,m*eM*}
=v{u,(gm): gm e M, f(gm)=gm*, ge G, m e M* me M}
Zv{yA(m): m eM,f(m)Zm*eM*}
Zv{yA(m): me f_l(m*)}
Zﬂf(A)(m*)
Thus, () (9M*) 2 1y, (M*).
Smilarly, we can show that vf(A)(gm*)Svf(A)(m*).

Hence f (A) 1s intuitionistic fuzzy G-module on M*.

Definition (4.3) Let M and M* be G-modules and let A, B be two intuitionistic fuzzy G-
submodules on M and M* respectively. Let f : M — M* be a G-module homomorphism. Then
f is called a weak intuitionistic fuzzy G-homomorphism of A into B if f (A) < B.
The homomorphism f is an intuitionistic fuzzy G-homomorphism of A onto B if f (A) = B.
We say that A is intuitionistic fuzzy G-homomorphic to B and we write A= B.

Let f: M — M* be an G-module isomorphism. Then f is called a weak intuitionistic fuzzy G-
isomorphism f (A) < B and f is a intuitionistic fuzzy G-isomorphismif f(A)=B.

Example (4.4) Let G ={1, -1} and M = C, M* = R be G-modules over R. Define the IFSs A
and B on M and M* respectively as:

1 ;if x=y=0 0 ;if x=y=0
(X+Y) =105 ;if x20&y=0 and v,(2)=1025 ;if x20&y=0 and
025 ;if y=0 05 ;ify=0
% 1 ;if x=0 q % 0 ;ifX=Ov R
X) = and v,(X)= ,V Xe
Y705 ;i x20 870025 if x20

Then A and B are intuitionistic fuzzy G-modules on M and M* respectively.
Define the mapping f: M — M* by f(x+iy)=X+Yy, where X,y eR.
For a, beR, and z = X, + 1y, Z = X, t iY,, where Xq, Y1, X, V> €R, we have
f(azy + bz) =1 {(ax; + bxy) +i(ay; + by,)} =ax, + bx, +ay; + by,
=ax +ty)+bx+y)
=af(z)+bf(z).
For geG and z=x + iy €M, we have
f(g2) =f {g(x+iy)}=Tf(gx+igy) = gx+gy=g(x+y) =g f (2.
. T is a G-module homomorphism.
We know that the image of A under f is given by
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A VA (X+iY) i x+iy e T7(r)}

1 ; otherwise

Vi, (X+iy) s x+iy e £7'(r)}

0 ; otherwise

,uf(A)(r)—{ and Vf(A)(I’)—{

where r € M* and x+1iy € M.
HiwO) =~ Lup(xtiy) ixtly € £O0)= v fup(x+iy) :f (x+iy) = 0}

= 1,0+10) v (i, 00} =1 v {05)=1

Similarly, we have v, ) (0)=0.
NSO, pyy (N =~ Lup(xtiy) i xtiy € FHIk= v L (xiy)  F(x+iy) =1}
= pa(r +iO)VﬂA(0+ir)p’q\€/R {ua(p+ig)}

. ptq=r

=(0.5)v(025) v _{025}=05
P.geR,
ptq=r

Smilarly, we have vf(A)(r) =0.25.

. F(A)=B. Hence f is an intuitionistic fuzzy G - homomorphism of A onto B.
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