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1 Introduction
In a series of papers of the author (see, [4–9]∗), the concept of an Intuitionistic Fuzzy Modal
Topological Structure (IFMTS) of closure, of interior, or of mixed type has been discussed and
some examples given. The definition is based on Kuratowski’s definitions for closure and interior
topological structures [11] and on the Intuitionistic Fuzzy Sets (IFS, see, e.g., [3]) theory.

The IFMTS is of a closure or of an interior type in respect of the form of its topological
operator (of closure (𝒞) or interior (ℐ) type), respectively. On the other hand, the same notation
is used about the form of the modal operator, because at least conditionally we can accept that
the modal operator (see, e.g., [10]) “possibility” (♢) is related to operation “union” (∪, as well
as the topological operator closure), while modal operator “necessity” ( ) is related to operation
“intersection” (∩, as well as the topological interior).

Let 𝐸 be a fixed universe,

𝐸* = {⟨𝑥, 1, 0⟩|𝑥 ∈ 𝐸},
𝑂* = {⟨𝑥, 0, 1⟩|𝑥 ∈ 𝐸},

𝒪,𝒬 : 𝒫(𝐸*) → 𝒫(𝐸*) be operators of a closure and of an interior types related to operations
∆,∇ : 𝒫(𝐸*) ×𝒫(𝐸*) → 𝒫(𝐸*), respectively, ∘, ∙ : 𝒫(𝐸*) → 𝒫(𝐸*) be modal operators. Let
for every two IFSs 𝐴,𝐵 ∈ 𝒫(𝐸*) and for the (standard) intuitionistic fuzzy negation of the IFS

𝐴 = {⟨𝑥, 𝜇𝐴(𝑥), 𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

(see [3]) that has the form:
¬𝐴 = {⟨𝑥, 𝜈, 𝜇⟩|𝑥 ∈ 𝐸},

the following equalities hold:
𝐴∆𝐵 = ¬(¬𝐴∇¬𝐵),

𝐴∇𝐵 = ¬(¬𝐴∆¬𝐵),

𝒪(𝐴) = ¬(𝒬(¬𝐴)),

𝒬(𝐴) = ¬(𝒪(¬𝐴)),

∘𝐴 = ¬ ∙ ¬𝐴,

∙𝐴 = ¬ ∘ ¬𝐴.

Now, we can define the following four structures: 𝑐𝑙-𝑐𝑙-IFMTS, 𝑖𝑛-𝑖𝑛-IFMTS, 𝑐𝑙-𝑖𝑛-IFMTS,
𝑖𝑛-𝑐𝑙-IFMTS, that for every two IFSs 𝐴,𝐵 ∈ 𝒫(𝐸*) the following nine conditions hold,
respectively contained in Table 1.

∗ We must mention that in [8], in conditions CC5 and IC9 the relation “=" is changed with relation “⊆" and in
conditions II5 and CI9 the relation “=" is changed with relation “⊇".
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𝑐𝑙-𝑐𝑙-IFMTS 𝑖𝑛-𝑖𝑛-IFMTS

CC1 𝒪(𝐴∆𝐵) = 𝒪(𝐴)∆𝒪(𝐵) II1 𝒬(𝐴∇𝐵) = 𝒬(𝐴)∇𝒬(𝐵)

CC2 𝐴 ⊆ 𝒪(𝐴) II2 𝒬(𝐴) ⊆ 𝐴

CC3 𝒪(𝑂*) = 𝑂* II3 𝒬(𝐸*) = 𝐸*

CC4 𝒪(𝒪(𝐴)) = 𝒪(𝐴) II4 𝒬(𝒬(𝐴)) = 𝒬(𝐴)

CC5 ∘(𝐴∇𝐵) = ∘𝐴∇ ∘𝐵 II5 ∙(𝐴∇𝐵) = ∙𝐴∇ ∙𝐵

CC6 ∘𝐴 ⊆ 𝐴 II6 ∙𝐴 ⊆ 𝐴

CC7 ∘𝐸* = 𝐸* II7 ∙𝑂* = 𝑂*

CC8 ∘ ∘ 𝐴 = ∘𝐴 II8 ∙ ∙ 𝐴 = ∙𝐴

CC9 ∘ 𝒪(𝐴) = 𝒪(∘𝐴) II9 ∙ 𝒬(𝐴) = 𝒬(∙𝐴)

𝑐𝑙-𝑖𝑛-IFMTS 𝑖𝑛-𝑐𝑙-IFMTS

CI1 𝒪(𝐴∆𝐵) = 𝒪(𝐴)∆𝒪(𝐵) IC1 𝒬(𝐴∇𝐵) = 𝒬(𝐴)∇𝒬(𝐵)

CI2 𝐴 ⊆ 𝒪(𝐴) IC2 𝒬(𝐴) ⊆ 𝐴

CI3 𝒪(𝑂*) = 𝑂* IC3 𝒬(𝐸*) = 𝐸*

CI4 𝒪(𝒪(𝐴)) = 𝒪(𝐴) IC4 𝒬(𝒬(𝐴)) = 𝒬(𝐴)

CI5 ∙(𝐴∇𝐵) = ∙𝐴∇ ∙𝐵 IC5 ∘(𝐴∆𝐵) = ∘𝐴∆ ∘𝐵

CI6 ∙𝐴 ⊆ 𝐴 IC6 𝐴 ⊆ ∘𝐴

CI7 ∙𝑂* = 𝑂* IC7 ∘𝐸* = 𝐸*

CI8 ∙ ∙ 𝐴 = ∙𝐴 IC8 ∘ ∘ 𝐴 = ∘𝐴

CI9 ∙ 𝒪(𝐴) = 𝒪(∙𝐴) IC9 ∘ 𝒬(𝐴) = 𝒬(∘𝐴)

As it was seen in [5], some conditions are not valid for some objects that look like IFMTSs. In
some cases, some conditions do not exist, while in other cases the relations in the conditions are
changed with weak (feeble) relations. Having in mind that in topology (see, e.g., [12]) the word
“weak” is defined in another sense, in [5] we offered to use for these structures the word “feeble”
and these structures were called there Intuitionistic Fuzzy Feeble Modal Topological Structures
(IFFMTSs).

Below, we will describe four new IFFMTSs.
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2 Preliminaries
In [1] the following pair of intuitionistic fuzzy operations union and intersection, twelfth in
succession, are defined as:

𝐴 ∪12 𝐵 = {⟨𝑥,max(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 1 − max(𝜇𝐴(𝑥), 𝜇𝐵(𝑥))⟩|𝑥 ∈ 𝐸},
𝐴 ∩12 𝐵 = {⟨𝑥, 1 − max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥)),max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))⟩|𝑥 ∈ 𝐸}.

For these operations, we can check directly that for each IFS 𝐴:

¬(¬(𝐴) ∩12 ¬𝐵) = 𝐴 ∪12 𝐵,

¬(¬(𝐴) ∪12 ¬𝐵) = 𝐴 ∩12 𝐵.

Using the method for construction the first two intuitionistic fuzzy topological operators 𝒞
and ℐ on the bases of the standard operations ∪ and ∩ (see [2, 3]), below, we construct two new
intuitionistic fuzzy topological operators on the basis of operations ∪12 and ∩12.

𝒞12(𝐴) = {⟨𝑥, sup
𝑦∈𝐸

𝜇𝐴(𝑦), 1 − sup
𝑦∈𝐸

𝜇𝐴(𝑦)⟩|𝑥 ∈ 𝐸};

ℐ12(𝐴) = {⟨𝑥, 1 − sup
𝑦∈𝐸

𝜈𝐴(𝑦), sup
𝑦∈𝐸

𝜈𝐴(𝑦)⟩|𝑥 ∈ 𝐸};

For both operators again we see that for each IFS 𝐴:

¬𝒞12(¬𝐴) = ℐ12(𝐴),

¬ℐ12(¬𝐴) = 𝒞12(𝐴).

Really, we check for example that

¬ℐ12(¬𝐴) = ¬ℐ12({⟨𝑥, 𝜈𝐴(𝑦), 𝜇𝐴(𝑦)⟩|𝑥 ∈ 𝐸});

= ¬{⟨𝑥, ⟨𝑥, 1 − sup
𝑦∈𝐸

𝜇𝐴(𝑦), sup
𝑦∈𝐸

𝜇𝐴(𝑦)⟩|𝑥 ∈ 𝐸}

= {⟨𝑥, sup
𝑦∈𝐸

𝜇𝐴(𝑦), 1 − sup
𝑦∈𝐸

𝜇𝐴(𝑦)⟩|𝑥 ∈ 𝐸}

= 𝒞12(𝐴).

The geometrical interpretations of the two intuitionistic fuzzy topological operators are given
on Figures 1 and 2.
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∙𝒞12(𝐴)

Figure 1. A geometrical interpretations of the topological operator 𝒞12
over an IFS 𝐴 in universe {𝑥1, 𝑥2, 𝑥3}
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Figure 2. A geometrical interpretations of the topological operator ℐ12

over an IFS 𝐴 in universe {𝑥1, 𝑥2, 𝑥3}

3 Four new intuitionistic fuzzy feeble
modal topological structures

In this Section, we will illustrate the IFFMTS with four examples using the above discussed
operations and operators.

Theorem 1. ⟨𝒫(𝐸*), 𝒞12,∪12,♢⟩ is a 𝑐𝑙-𝑐𝑙-IFFMTS for which in the condition CC9 relation “=”
is changed with relation ⊆”.

Proof. Let the IFSs 𝐴,𝐵 ∈ 𝒫(𝐸*) be given. Then, we check sequentially the validity of the
conditions CC1 – CC5 and CC9, while the checks of conditions CC6 – CC8 are given in [4].

CC1.

𝒞12(𝐴 ∪12 𝐵) = 𝒞12({⟨𝑥, 𝜇𝐴(𝑥), 𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸} ∪12 {⟨𝑥, 𝜇𝐵(𝑥), 𝜈𝐵(𝑥)⟩|𝑥 ∈ 𝐸})

= 𝒞12({⟨𝑥,max(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 1 − max(𝜇𝐴(𝑥), 𝜇𝐵(𝑥))⟩|𝑥 ∈ 𝐸})

= {⟨𝑥, sup
𝑦∈𝐸

max(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 1 − sup
𝑦∈𝐸

(max(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)))⟩|𝑥 ∈ 𝐸}

= {⟨𝑥,max(sup
𝑦∈𝐸

𝜇𝐴(𝑥), sup
𝑦∈𝐸

𝜇𝐵(𝑥)), 1 − max(sup
𝑦∈𝐸

𝜇𝐴(𝑥), sup
𝑦∈𝐸

𝜇𝐵(𝑥))⟩|𝑥 ∈ 𝐸}

= {⟨𝑥, sup
𝑦∈𝐸

𝜇𝐴(𝑥), 1 − sup
𝑦∈𝐸

𝜇𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

∪12{⟨𝑥, sup
𝑦∈𝐸

𝜇𝐵(𝑥), 1 − sup
𝑦∈𝐸

𝜇𝐵(𝑥)⟩|𝑥 ∈ 𝐸}

= 𝒞12(𝐴) ∪12 𝒞12(𝐵);

CC2.
𝐴 = {⟨𝑥, 𝜇𝐴(𝑥), 𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

⊆ {⟨𝑥, 𝜇𝐴(𝑥), 1 − 𝜇𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

⊆ {⟨𝑥, sup
𝑦∈𝐸

𝜇𝐴(𝑥), 1 − sup
𝑦∈𝐸

𝜇𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

= 𝒞12(𝐴);
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CC3.
𝒞12(𝑂*) = 𝒞12({⟨𝑥, 0, 1⟩|𝑥 ∈ 𝐸})

= {⟨𝑥, sup
𝑦∈𝐸

0, 1 − sup
𝑦∈𝐸

0⟩|𝑥 ∈ 𝐸}

= {⟨𝑥, 0, 1⟩|𝑥 ∈ 𝐸}

= 𝑂*;

CC4. Having in mind that sup
𝑦∈𝐸

𝜇𝐴(𝑦) is a constant, we obtain that:

𝒞12(𝒞12(𝐴)) = 𝒞33({⟨𝑥, sup
𝑦∈𝐸

𝜇𝐴(𝑥), 1 − sup
𝑦∈𝐸

𝜇𝐴(𝑥)⟩|𝑥 ∈ 𝐸})

= {⟨𝑥, sup
𝑧∈𝐸

sup
𝑦∈𝐸

𝜇𝐴(𝑥), 1 − sup
𝑧∈𝐸

sup
𝑦∈𝐸

𝜇𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

= {⟨𝑥, sup
𝑦∈𝐸

𝜇𝐴(𝑥), 1 − sup
𝑦∈𝐸

𝜇𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

= 𝒞12(𝐴);

CC5.

♢(𝐴 ∩12 𝐵) = ♢{⟨𝑥, 1 − max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥)),max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))⟩|𝑥 ∈ 𝐸};

= {⟨𝑥, 1 − max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥)),max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))⟩|𝑥 ∈ 𝐸};

= {⟨𝑥, 1 − 𝜈𝐴(𝑥), 𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸} ∪12 {⟨𝑥, 1 − 𝜈𝐵(𝑥), 𝜈𝐵(𝑥)⟩|𝑥 ∈ 𝐸}

= ♢𝐴 ∩12 ♢𝐵;

CC9.
♢𝒞12(𝐴) = ♢{⟨𝑥, sup

𝑦∈𝐸
𝜇𝐴(𝑥), 1 − sup

𝑦∈𝐸
𝜇𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

= {⟨𝑥, sup
𝑦∈𝐸

𝜇𝐴(𝑦), 1 − sup
𝑦∈𝐸

𝜇𝐴(𝑦)⟩|𝑥 ∈ 𝐸})

⊆ {⟨𝑥, sup
𝑦∈𝐸

(1 − 𝜈𝐴(𝑦)), 1 − sup
𝑦∈𝐸

(1 − 𝜈𝐴(𝑦))⟩|𝑥 ∈ 𝐸})

= 𝒞12({⟨𝑥, 1 − 𝜈𝐴(𝑥), 𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸})

= 𝒞12(♢𝐴).

This completes the proof.

Theorem 2. ⟨𝒫(𝐸*), 𝒞12,∪12, ⟩ is a 𝑐𝑙-𝑖𝑛-IFFMTS for which in the condition CI5 relation “=”
is changed with relation ⊇”.

Proof. Let the IFSs 𝐴,𝐵 ∈ 𝒫(𝐸*) be given. Now, the checks of conditions CI1 – CI4 coincide
with the checks of conditions CC1 – CC4 from Theorem 1 and the checks of conditions CC6 –
CC8 are given in [4], i.e., we must check the validity only of two conditions, CI5 and CI9. They
are as follows:
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CI5.

(𝐴 ∩12 𝐵) = {⟨𝑥, 1 − max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥)),max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))⟩|𝑥 ∈ 𝐸};

= {⟨𝑥, 1 − max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥)),max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))⟩|𝑥 ∈ 𝐸};

⊇ {⟨𝑥, 1 − max(1 − 𝜇𝐴(𝑥), 1 − 𝜇𝐵(𝑥)),max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))⟩|𝑥 ∈ 𝐸};

= {⟨𝑥, 𝜇𝐴(𝑥), 1 − 𝜇𝐴(𝑥)⟩|𝑥 ∈ 𝐸} ∪12 {⟨𝑥, 𝜇𝐵(𝑥), 1 − 𝜇𝐵(𝑥)⟩|𝑥 ∈ 𝐸}

= 𝐴 ∩12 𝐵;

CI9.
𝒞12(𝐴) = {⟨𝑥, sup

𝑦∈𝐸
𝜇𝐴(𝑥), 1 − sup

𝑦∈𝐸
𝜇𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

= {⟨𝑥, sup
𝑦∈𝐸

𝜇𝐴(𝑦), 1 − sup
𝑦∈𝐸

𝜇𝐴(𝑦)⟩|𝑥 ∈ 𝐸})

= 𝒞12({⟨𝑥, 𝜇𝐴(𝑥), 1 − 𝜇𝐴(𝑥)⟩|𝑥 ∈ 𝐸})

= 𝒞12( 𝐴).

This completes the proof.

Theorem 3. ⟨𝒫(𝐸*), ℐ12,∩12,♢⟩ is an 𝑖𝑛-𝑐𝑙-IFFMTS for which in the condition IC5 relation
“=” is changed with relation ⊇”.

Proof. Let the IFSs 𝐴,𝐵 ∈ 𝒫(𝐸*) be given. Then, we check sequentially the validity of the six
conditions IC1 – IC5 and IC9, while the checks of conditions IC6 – IC8 are given in [4].

IC1.

ℐ12(𝐴 ∩12 𝐵) = ℐ12({⟨𝑥, 𝜇𝐴(𝑥), 𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸} ∩12 {⟨𝑥, 𝜇𝐵(𝑥), 𝜈𝐵(𝑥)⟩|𝑥 ∈ 𝐸})

= ℐ12({⟨𝑥, 1 − max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥)),max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))⟩|𝑥 ∈ 𝐸})

= {⟨𝑥, 1 − sup
𝑦∈𝐸

max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥)), sup
𝑦∈𝐸

(max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥)))⟩|𝑥 ∈ 𝐸}

= {⟨𝑥, 1 − max(sup
𝑦∈𝐸

𝜈𝐴(𝑥), sup
𝑦∈𝐸

𝜈𝐵(𝑥)),max(sup
𝑦∈𝐸

𝜈𝐴(𝑥), sup
𝑦∈𝐸

𝜈𝐵(𝑥))⟩|𝑥 ∈ 𝐸}

= {⟨𝑥, 1 − sup
𝑦∈𝐸

𝜈𝐴(𝑥), sup
𝑦∈𝐸

𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

∩12{⟨𝑥, 1 − sup
𝑦∈𝐸

𝜈𝐵(𝑥), sup
𝑦∈𝐸

𝜈𝐵(𝑥)⟩|𝑥 ∈ 𝐸}

= ℐ12(𝐴) ∩12 ℐ12(𝐵);

IC2.
ℐ12(𝐴) = {⟨𝑥, 1 − sup

𝑦∈𝐸
𝜈𝐴(𝑥), sup

𝑦∈𝐸
𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

⊆ {⟨𝑥, 1 − 𝜈𝐴(𝑥), 𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

⊆ {⟨𝑥, 𝜇𝐴(𝑥), 𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

= 𝐴;
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IC3.
ℐ12(𝐸

*) = ℐ12({⟨𝑥, 1, 0⟩|𝑥 ∈ 𝐸})

= {⟨𝑥, 1 − sup
𝑦∈𝐸

0, sup
𝑦∈𝐸

0⟩|𝑥 ∈ 𝐸}

= {⟨𝑥, 1, 0⟩|𝑥 ∈ 𝐸}

= 𝐸*;

IC4. Having in mind that sup
𝑦∈𝐸

𝜈𝐴(𝑦) is a constant, we obtain that:

ℐ12(ℐ12(𝐴)) = ℐ12({⟨𝑥, 1 − sup
𝑦∈𝐸

𝜈𝐴(𝑥), sup
𝑦∈𝐸

𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸})

= {⟨𝑥, 1 − sup
𝑧∈𝐸

sup
𝑦∈𝐸

𝜈𝐴(𝑥), sup
𝑧∈𝐸

sup
𝑦∈𝐸

𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

= {⟨𝑥, 1 − sup
𝑦∈𝐸

𝜈𝐴(𝑥), 1 − sup
𝑦∈𝐸

𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

= ℐ12(𝐴);

IC5.

♢(𝐴 ∪12 𝐵) = ♢({⟨𝑥,max(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 1 − max(𝜇𝐴(𝑥), 𝜇𝐵(𝑥))⟩|𝑥 ∈ 𝐸});

= {⟨𝑥,max(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 1 − max(𝜇𝐴(𝑥), 𝜇𝐵(𝑥))⟩|𝑥 ∈ 𝐸};

⊆ {⟨𝑥,max(1 − 𝜈𝐴(𝑥), 1 − 𝜈𝐵(𝑥)), 1 − max(1 − 𝜈𝐴(𝑥), 1 − 𝜈𝐵(𝑥))⟩|𝑥 ∈ 𝐸};

= {⟨𝑥, 1 − 𝜈𝐴(𝑥), 𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸} ∪12 {⟨𝑥, 1 − 𝜈𝐵(𝑥), 𝜈𝐵(𝑥)⟩|𝑥 ∈ 𝐸}

= ♢𝐴 ∪12 ♢𝐵;

IC9.
♢ℐ12(𝐴) = ♢{⟨𝑥, 1 − sup

𝑦∈𝐸
𝜈𝐴(𝑥), sup

𝑦∈𝐸
𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

= {⟨𝑥, 1 − sup
𝑦∈𝐸

𝜈𝐴(𝑥), sup
𝑦∈𝐸

𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

= ℐ12({⟨𝑥, 1 − 𝜈𝐴(𝑥), 𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸})

= ℐ12(♢𝐴).

This completes the proof.

Theorem 4. ⟨𝒫(𝐸*), ℐ12,∩12, ⟩ is an 𝑖𝑛-𝑖𝑛-IFFMTS for which in the condition IC9 relation
“=” is changed with relation ⊇”.

Proof. Let the IFSs 𝐴,𝐵 ∈ 𝒫(𝐸*) be given. Now, the checks of conditions II1 – II4 coincide
with the checks of conditions IC1 – IC4 from Theorem 3 and the checks of conditions II6 – II8
are given in [4], i.e., we must check the validity only of two conditions, II5 and II9. They are as
follows:
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II5.

(𝐴 ∪12 𝐵) = ({⟨𝑥,max(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 1 − max(𝜇𝐴(𝑥), 𝜇𝐵(𝑥))⟩|𝑥 ∈ 𝐸});

= {⟨𝑥,max(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 1 − max(𝜇𝐴(𝑥), 𝜇𝐵(𝑥))⟩|𝑥 ∈ 𝐸};

= {⟨𝑥, 𝜇𝐴(𝑥), 1 − 𝜇𝐴(𝑥)⟩|𝑥 ∈ 𝐸} ∪12 {⟨𝑥, 𝜇𝐵(𝑥), 1 − 𝜇𝐵(𝑥)⟩|𝑥 ∈ 𝐸}

= 𝐴 ∪12 𝐵;

II9.
ℐ12(𝐴) = {⟨𝑥, 1 − sup

𝑦∈𝐸
𝜈𝐴(𝑥), sup

𝑦∈𝐸
𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

= {⟨𝑥, 1 − sup
𝑦∈𝐸

𝜈𝐴(𝑥), sup
𝑦∈𝐸

𝜈𝐴(𝑥)⟩|𝑥 ∈ 𝐸}

⊇ {⟨𝑥, 1 − sup
𝑦∈𝐸

(1 − 𝜇𝐴(𝑥)), sup
𝑦∈𝐸

(1 − 𝜈𝐴(𝑥))⟩|𝑥 ∈ 𝐸}

= ℐ12({⟨𝑥, 𝜇𝐴(𝑥), 1 − 𝜇𝐴(𝑥)⟩|𝑥 ∈ 𝐸})

= ℐ12( 𝐴).

This completes the proof.

4 Conclusion
After the burst of the idea of modal topological structures – the IFMTSs are the first examples
of them, a lot of examples have been constructed and all of them have been based on the IFSs.
The largest share of these examples are from the IFFMTS-type – and with the above examples we
extended their number. Now, there is a pressing problem of finding an appropriate notation for
the separate IFMTSs and IFFMTSs, and that will be an object of discussion in the near future.
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