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1 Introduction

In real world, most of problems we deal with contains uncertain and imprecise information. To
deal with these types of uncertainties Zadeh [1] introduced the concept of fuzzy set theory. A lot
of work has been done in the field of fuzzy set theory. Fuzzy set theory uses membership function
to handle the uncertainty. But in real world, there are many situations concerned with the degree
of hesitation. Then in 1983 Atanassov [2, 3] introduced the notion of intuitionistic fuzzy set (IFS)
theory as the generalization of fuzzy set theory. Many authors [4, 5] worked in theoretical as well
as in practical applications of intuitionistic fuzzy set theory.
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Further from the theoretical as well as application point of view, importance of differential
equation is well-known. Fuzzy differential equations have also been studied [6, 7, 8].

In this paper, authors aim to study the solution of system of intuitionistic linear differential
equations. A system of linear ordinary differential equations can be written as

dY (t)

dt
= AY (t) + g(t), (1)

where (Y (t))T = (y1(t), y2(t), ..., yn(t)), (g(t))T = (g1(t), g2(t), ..., gn(t)) and A = [aij] is an
n × n matrix of constants. All the gi(t)’s are assumed continuous on some interval I . The
independent variable t ∈ I, where I = [0, T ], T > 0 or [0,∞) and (Y (0))T = (γ1, γ2, ..., γn).
In intuitionistic fuzzy environment, authors have considered elements of matrix A and initial
conditions as intuitionistic fuzzy numbers. For simplicity, triangular fuzzy numbers have been
taken into account. Ettoussi et al. [9] discussed about existence and uniqueness of a solution
of the intuitionistic fuzzy differential equation by approximation method. Nirmala and Pandian
[10] discussed the numerical approach for solving Intuitionistic fuzzy differential equations under
generalized differentiability concept.

In Section 3 of the present paper, intuitionistic fuzzy solution of the system of differen-
tial equations with intuitionistic fuzzy coefficients and initial conditions has been found by us-
ing (α, β)-cut method. In Section 4, an industrial application of this system of intuitionistic
fuzzy linear differential equations has been presented. Conclusion of the article is discussed in
Section 5. For brevity, some basic definitions have been discussed first.

2 Preliminaries

In IFS theory, the element x in the universe X is associated with its membership (called accep-
tance) as well as non-membership (called rejection) value such that their sum always belongs to
the unit interval [0, 1].

Mathematically, let X be a universe of discourse. Then the IFS Ã in X is stated as
Ã = {〈x, µÃ(x), νÃ(x)〉 | x ∈ X} where the functions µÃ : X → [0, 1] and νÃ : X → [0, 1]

are subjected to the condition 0 ≤ µÃ(x) + νÃ(x) ≤ 1, ∀x ∈ X. The values µÃ(x) and νÃ(x)

symbolize the degree of acceptance and rejection of element x in set Ã, respectively.

2.1 (α, β)–Cut

An (α, β)−cut of IFS Ã denoted as Ã[α, β] or here as (Ãα, Ãβ) is defined by Ã[α, β] = Ãα∩ Ãβ ,
where Ãα = {x ∈ X | µÃ(x) ≥ α} and Ãβ = {x ∈ X | νÃ(x) ≤ β} for α ∈ (0, 1] and β ∈ [0, 1)

such that α + β ≤ 1.
In this paper, we separately define Ã0 as the closure of the union of all Ãα’s for α ∈ (0, 1].

Similarly, Ã1 as the closure of the union of all Ãβ’s for β ∈ [0, 1).
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2.2 Convex intuitionistic fuzzy set

An IFS Ã in some continuous subset X of R is convex iff its membership function µÃ(x) is fuzzy
convex while non-membership function νÃ(x) is fuzzy concave, i.e.,

µÃ(λx1 + (1− λx2)) ≥ min(µÃ(x1), µÃ(x2))

and
νÃ(λx1 + (1− λx2)) ≤ max(νÃ(x1), νÃ(x2))

∀x1, x2 ∈ X, 0 ≤ λ ≤ 1.

2.3 Normal intuitionistic fuzzy set

An IFS Ã in X is normal if there exists at least one point x0 ∈ X such that µÃ(x0) = 1.

2.4 Intuitionistic fuzzy number (IFN)

An intuitionistic fuzzy subset Ã = {〈x, µÃ(x), νÃ(x)〉 | x ∈ R} of the real line R is called
Intuitionistic Fuzzy Number (IFN) if

1. Ã is normal and convex IFS,

2. µÃ(x) is upper semi-continuous and νÃ(x) is lower semi-continuous,

3. A = {x ∈ R | νÃ(x) < 1} is bounded.

2.5 Triangular intuitionistic fuzzy number (TIFN)

A TIFN Ã with parameters a′1 ≤ a1 ≤ a2 ≤ a3 ≤ a′3 is a subset of IFS in R, denoted as
Ã =

〈
(a1, a2, a3); (a′1, a2, a

′
3)
〉

with membership and non-membership functions defined respec-
tively by

µÃ(x) =


x−a1
a2−a1 , a1 ≤ x ≤ a2
a3−x
a3−a2 , a2 ≤ x ≤ a3

0, otherwise

and νÃ(x) =


a2−x
a2−a′1

, a′1 ≤ x ≤ a2
x−a2
a′3−a2

, a2 ≤ x ≤ a′3

1, otherwise

.

3 Proposed method

The suggested approach is to find the solution of system of intuitionistic fuzzy differential equa-
tions:

dỸ (t)

dt
= ÃỸ (t) + g(t), with initial conditions Ỹ (0)T = (γ̃1, γ̃2, ..., γ̃n) (2)

where

72



(i) γ̃i’s are triangular intuitionistic fuzzy numbers.

(ii) Ã = [ãij] an n× n matrix of triangular intuitionistic fuzzy numbers.

(iii) (g(t))T = (g1(t), g2(t), ..., gn(t)), with all the gi(t)’s for i = 1, 2..., n as continuous func-
tions on the interval I .

Let (Ỹ (t))T = (ỹ1(t), ỹ2(t), ..., ỹn(t)) be the intuitionistic fuzzy function where all the ỹi(t)’s
are intuitionistic fuzzy subsets of real numbers for t ∈ I . Let ỹi(t)[α, β] = ỹi(t)

α ∩ ỹi(t)β where
ỹi(t)

α and ỹi(t)β are closed and bounded intervals for all t and i. Let

ỹi(t)
α = [(ỹi(t))

α
(L), (ỹi(t))

α
(R)],

ỹi(t)β = [(ỹi(t))β(L), (ỹi(t))β(R)],

where (ỹi(t))
α
(L) and (ỹi(t))

α
(R) are functions of α and t, (ỹi(t))β(L) and (ỹi(t))β(R) are functions

of β and t.
Assume that all (ỹi)

α
(L), (ỹi)

α
(R), (ỹi)β(L) and (ỹi)β(R) are continuously differentiable functions

on t for all α and β, 1 ≤ i ≤ n. Now substitute the (α, β)-cuts of Ỹ (t) into Eq. (2). Then using
the concepts of interval arithmetic, system of intuitionistic differential equations (2) reduces to
the following differential equations (3)-(6):

(ỹ′i(t))
α
(L) =

n∑
j=1

bijxj + gi(t), (3)

where bijxj = min((ãij)
α
(L)(ỹj)

α
(L), (ãij)

α
(L)(ỹj)

α
(R),

(ãij)
α
(R)(ỹj)

α
(L), (ãij)

α
(R)(ỹj)

α
(R))

(ỹ′i(t))
α
(R) =

n∑
j=1

cijxj + gi(t), (4)

where cijxj = max((ãij)
α
(L)(ỹj)

α
(L), (ãij)

α
(L)(ỹj)

α
(R),

(ãij)
α
(R)(ỹj)

α
(L), (ãij)

α
(R)(ỹj)

α
(R))

(ỹ′i(t))β(L) =
n∑
j=1

b′ijxj + gi(t), (5)

where b′ijxj = min((ãij)β(L)(ỹj)β(L), (ãij)β(L)(ỹj)β(R),

(ãij)β(R)(ỹj)β(L), (ãij)β(R)(ỹj)β(R))

(ỹ′i(t))β(R) =
n∑
j=1

c′ijxj + gi(t), (6)

where c′ijxj = max((ãij)β(L)(ỹj)β(L), (ãij)β(L)(ỹj)β(R),

(ãij)β(R)(ỹj)β(L), (ãij)β(R)(ỹj)β(R))
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with the initial conditions (ỹi(0))α(L) = (γ̃)α(L), (ỹi(0))α(R) = (γ̃)α(R), (ỹi(0))β(L) = (γ̃)β(L) and
(ỹi(0))β(R) = (γ̃)β(R) for 1 ≤ i ≤ n.

Then these converted ordinary differential equations (3)-(6) for each α, β ∈ [0, 1] can be
solved by standard methods. Clearly Ỹ (t) is an intuitionistic fuzzy solution for all t if the obtained
values of (ỹi(t))

α
(L), (ỹi(t))

α
(R), (ỹi(t))β(L) and (ỹi(t))β(R) define the (α, β)-cuts

([(ỹi(t))
α
(L), (ỹi(t))

α
(R)], [(ỹi(t))β(L), (ỹi(t))β(R)])

of triangular intuitionistic fuzzy numbers. Thus, we can say that Ỹ (t) is an intuitionistic fuzzy
solution of Eq.(2) if following conditions are met:

1.
∂(ỹi)

α
(L)

∂α
> 0 and

∂(ỹi)
α
(R)

∂α
< 0,

i.e., (ỹi)
α
(L) is increasing and (ỹi)

α
(R) is decreasing as α increases.

2. ∂(ỹi)β(L)

∂β
< 0 and ∂(ỹi)β(R)

∂β
> 0,

i.e., (ỹi)β(L) is decreasing and (ỹi)β(R) is increasing as β increases.

3. (ỹi)
α
(L) = (ỹi)

α
(R) for α = 1 and (ỹi)β(L) = (ỹi)β(R) for β = 0,

for all α, β ∈ [0, 1], t ∈ I and 1 ≤ i ≤ n.

4 Application

Plastic manufacturing plant is a complex repairable system composed of numerous complex com-
ponents. To reduce the complexity for the behavior analysis of the system, Piston manufacturing
plant is composed of two subsystems S1 and S2 as described in [11].

As an illustration of the suggested method, we have considered the subsystem S2 of Piston
manufacturing plant described in [11]. System S2 is composed of many subsystems out of which
major subsystems whose failure shows complete breakdown of the system, are of importance.
These are described below.

• Subsystem A that denotes the finish pin hole boring machine.

• Subsystem B that denotes the finish crown and cavity which is used to give finishing of the
upper part of the piston i.e. crown.

• Subsystem C that denotes the valve milling machine to create the valve recession of the
piston.

• Subsystem D which is a chamfering machine used to round off the corners of the piston for
its smooth running.

• Subsystem E that denotes the circlip grooving machine for making the circlip grooves on
the piston.

• Subsystem F which is the cleaning machine that helps to clean the piston.
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In addition to these subsystems in S2, there are subsystems described below which are considered
to have no failure.

• System G which is deburring machine that is used to neaten and smooth the rough edges of
the piston.

• System H which is the surface treatment equipment whose operation is to coat the piston.

• System I is final inspection of the manufactured product.

4.1 Notations

In this subsection, notations that are used for examining the availability of the system are given
below.
© Represents working state of the system.

Represents failed state of the system.
a, b, c, d, e, f Failed states of the subsystem.
A,B,C,D,E, F Working states of the subsystem.
Ā Reduced state of the subsystem A.
P1(t) Probability of working of the system in full capacity at time ‘t’.
P2(t) Probability of working of the system in reduced state at time ‘t’.
P3(t) to P13(t) Probability of failed state of the system at time ‘t’.
λi, i = 1, 2..., 7 Failure rates of B,C,D,E, F, Ā, A, respectively.
µi, i = 1, 2..., 7 Repair rates of B,C,D,E, F, Ā, A, respectively.
Av Availability of the system.

Transition diagram of this system S2 is presented in Figure 1.

4.2 Mathematical formulation

Using the concepts of probability and markov modeling, following intuitionistic fuzzy differential
equations corresponding to the transition diagram (Figure 1) are formulated as:

dP̃1(t)

dt
⊕ δ̃1P̃1(t) =

5∑
j=1

µ̃jP̃j+2(t)⊕ µ̃6P̃2(t)⊕ µ̃7P̃13(t) (7)

dP̃2(t)

dt
⊕ δ̃2P̃2(t) =

5∑
j=1

µ̃jP̃j+7(t)⊕ λ̃6P̃1(t) (8)

dP̃i+2(t)

dt
⊕ µ̃iP̃i+2(t) = λ̃iP̃1(t), i = 1, 2, ..., 5 (9)

dP̃i+7(t)

dt
⊕ µ̃iP̃i+7(t) = λ̃iP̃2(t) i = 1, 2, ..., 6 (10)

with δ̃1 =
∑6

j=1 λ̃j and δ̃2 =
∑5

j=1 λ̃j ⊕ λ̃7 ⊕ µ̃6, and initial conditions as
P̃1(0) = 〈(0.95, 0.96, 0.97); (0.945, 0.96, 0.975)〉
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Figure 1. Transition diagram of the system

P̃2(0) = 〈(0.003, 0.004, 0.005); (0.0025, 0.004, 0.0055)〉 and
P̃j(0) = 〈(0, 0, 0, 0); (0, 0, 0, 0)〉 for j = 3 to 13.

Herein we take the failure and repair rates of the system S2 as taken by [11], i.e.,

λ = (λ1, λ2, λ3, λ4, λ5, λ6, λ7) = (0.0014, 0.0003, 0.0001, 0.0003, 0.0001, 0.0208, 0.004)

µ = (µ1, µ2, µ3, µ4, µ5, µ6, µ7) = (0.33, 0.5, 0.67, 0.35, 3.03, 0.222, 0.125)

and we have taken the spread of ±10% and ±12% for degree of acceptance and rejection respec-
tively in failure and repair rates treated as triangular intuitionistic fuzzy numbers. Now system of
intuitionistic fuzzy differential equations (7)-(10) has been converted into the system of ordinary
differential equations by the proposed method. The reduced system of differential equations is
solved here by Runge-Kutta fourth order method.

Availability function Ãv(t) of the system S2 in terms of P̃1(t) and P̃2(t) can be obtained by

Ãv(t) = P̃1(t)⊕ P̃2(t).

4.3 Results

Solution of differential equations (7)-(10) and availability function are shown in Tables 1 and 2,
respectively. It can be observed that the obtained solutions in Table 1, define the (α, β)-cuts of the
triangular intuitionistic fuzzy numbers. It is observed from the Table 2 that Ãv

α

(L) is increasing
and Ãv

α

(R) is decreasing as α increases and the two coincide at α = 1 while Ãvβ(L) and Ãvβ(R)

coincide at β = 0. Ãvβ(L) is decreasing and Ãvβ(R) is increasing as β increases.
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Table 2. System availability at t = 360h

α, β ↓ Ãv
α

(L) Ãv
α

(R) Ãvβ(L) Ãvβ(R)

0 0.9386760 0.9585622 0.9485453 0.9485453
0.1 0.9396550 0.9575550 0.9470103 0.9500826
0.2 0.9406359 0.9565489 0.9454776 0.9516221
0.3 0.94161867 0.9555440 0.9439473 0.9531636
0.4 0.9426032 0.9545403 0.9424196 0.9547070
0.5 0.9435895 0.9535378 0.9408945 0.9562524
0.6 0.9445775 0.9525366 0.9393723 0.9577995
0.7 0.9455671 0.9515368 0.9378530 0.9593484
0.8 0.9465583 0.9505382 0.9363368 0.9608990
0.9 0.9475511 0.9495411 0.9348238 0.9624512
1.0 0.9485453 0.9485453 0.9333142 0.9640049

This shows that availability of the system is in the form of TIFN and availability of the system
S2 lies in the interval [0.9386760 0.9585622].

Also availability function at t = 360h can be approximated in the form of a triangular intu-
itionistic fuzzy number whose membership and non-membership functions are respective.

µÃv(x) =


x−0.9386760
0.0098693

, 0.9386760 ≤ x ≤ 0.9485453

0.9585622−x
0.100169

, 0.9485453 ≤ x ≤ 0.9585622

0, otherwise

and

νÃv(x) =


0.9485453−x
0.0152311

, 0.9333142 ≤ x ≤ 0.9485453

x−0.9485453
0.0154596

, 0.9485453 ≤ x ≤ 0.9640049

1, otherwise

.

5 Conclusion

In this article, authors have discussed a method for solving intuitionistic fuzzy differential equa-
tions having intuitionistic fuzzy coefficients and initial conditions. The concepts of (α, β)-cuts
of triangular intuitionistic fuzzy number have been used to check whether the obtained solution
defines a intuitionistic fuzzy number. The system of intuitionistic fuzzy differential equations
pertaining to a system deals with the uncertainty and provides more realistic results to the system
analyst.
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