
18th Int. Conf. on IFSs, Sofia, 10–11 May 2014
Notes on Intuitionistic Fuzzy Sets
ISSN 1310–4926
Vol. 20, 2014, No. 2, 100–108

Index matrix representation
of intuitionistic fuzzy graphs

R. Parvathi1, S. Thilagavathi1, G. Thamizhendhi1
and M. G. Karunambigai2

1 Vellalar College for Women,
Erode – 638 009, Tamilnadu, India

e-mail: paarvathis@rediffmail.com
2 Department of Mathematics, Sri Vasavi College,

Erode, Tamilnadu, India

Abstract: In this paper, the operations like addition, vertexwise multiplication, multiplication,
structural subtraction on intuitionistic fuzzy graphs using index matrices have been introduced
and discussed with suitable illustrations.
Keywords: Index matrix representation, intuitionistic fuzzy graph, operations on intuitionistic
fuzzy graphs.
AMS Classification: 03E72.

1 Introduction

The theory of graph plays a vital role for solving combinatorial problems in different areas such
as operations research, topology, number theory, computer science. Rosenfeld [7] considered
fuzzy relations on fuzzy sets and developed the structure of fuzzy graphs. K.T Atanassov [1]
introduced the concept of intuitionistic fuzzy relations and intuitionistic fuzzy graphs (IFGs). [4]
gives a definition for IFG as a special case of IFGs in [6]. In [5], the operations on IFGs are
defined and some of their properties are analyzed. In 1994 K. T Atanassov [2,3] introduced the
index matrix representation of IFGs. In [1] he also defined cartesian products of two intuitionistic
fuzzy sets (IFSs). In this paper, a revised definition of an IFG is given using IF relations. Further,
operations like addition, vertex wise multiplication, multiplication, structural subtraction on IFGs
using index matrix (IM) are dfined and studied. Almost all the operations result in different
structures.
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2 Preliminaries

Definition 2.1 ([1]). Let a set E be fixed. An Intuitionistic Fuzzy set (IFS) A in E is an object
of the form A = {(x, µA(x), νA(x))|x ∈ E}, where the function µA : E → [0, 1] and νA :

E → [0, 1] determine the degree of membership and the degree of non-membership of the element
x ∈ E, respectively and for every x ∈ E, 0 ≤ µA(x) + νA(x) ≤ 1.

Definition 2.2. LetX be an universal set and let V be an IFS overX in the form V = {(vi, µi(vi),
νi(vi))/vi ∈ V } such that 0 ≤ µi(vi)+νi(vi) ≤ 1. Six types of Cartesian products (in crisp sense)
of n subsets V1, V2, · · · , Vn of V over X are defined as
vi ×1 vj = {〈〈vi, vj〉 , µi.µj, νi.νj〉 | 〈vi, vj〉 ∈ V × V } ,
vi ×2 vj = {〈〈vi, vj〉 , µi + µj − µi.µj, νi.νj〉 | 〈vi, vj〉 ∈ V × V } ,
vi ×3 vj = {〈〈vi, vj〉 , µi.µj, νi + νj − νi.νj〉 | 〈vi, vj〉 ∈ V × V } ,
vi ×4 vj = {〈〈vi, vj〉 ,min(µi, µj),max(νi, νj)〉 | 〈vi, vj〉 ∈ V × V } ,
vi ×5 vj = {〈〈vi, vj〉 ,max(µi, µj),min(νi, νj)〉 | 〈vi, vj〉 ∈ V × V } .
vi ×6 vj =

{〈
〈vi, vj〉 , µi+µj2

,
νi+νj

2

〉
| 〈vi, vj〉 ∈ V × V

}
.

It must be noted that vi ×t vj is an IFS, where t = 1, 2, 3, 4, 5, 6 .

Definition 2.3. An intuitionistic fuzzy graph (IFG) is of the form G = 〈V,E〉 where
(i) V = {v1, v2, . . . , vn} such that µi : V → [0, 1] and νi : V → [0, 1] denote the degrees of
membership and non-membership of the element vi ∈ V respectively and

0 ≤ µi(vi) + νi(vi) ≤ 1 (1)

for every vi ∈ V , i = 1, 2, . . . , n

(ii) E ⊆ V × V where µij : V × V → [0, 1] and νij : V × V → [0, 1] are such that

µij ≤ µi � µj; νij ≤ νi � νj (2)

where µij and νij are the membership and non-membership values of the edge (vi, vj) such that
0 ≤ µij + νij ≤ 1, � ∈ {�1,�2,�3,�4,�5,�6} and �1,�2,�3,
�4,�5,�6 are defined as follows:

(a) µi �1 µj = µi.µj; νi �1 νj = νi.νj
(b) µi �2 µj = µi + µj − µi.µj; νi �2 νj = νi.νj
(c) µi �3 µj = µi.µj; νi �3 νj = νi + νj − νi.νj
(d) µi �4 µj = min(µi, µj); νi �4 νj = max(νi, νj)

(e) µi �5 µj = max(µi, µj); νi �5 νj = min(νi, νj)

(f) µi �6 µj =
µi+µj

2
; νi �6 νj =

νi+νj
2

(3)

Notations.

1. Hereafter, 〈µ(vi), ν(vi)〉 or simply 〈µi, νi〉 denotes the degrees of membership and non-
membership of the vertex vi ∈ V , such that 0 ≤ µi + νi ≤ 1.

2. 〈µ(vi, vj), ν(vi, vj)〉 or simply 〈µij, νij〉 denotes the degrees of membership and non-mem-
bership of the edge (vi, vj) ∈ V × V such that 0 ≤ µij + νij ≤ 1.
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Note. If µij = νij = 0 , for some i and j, then there is no edge between vi and vj , and it is
indexed by 〈0, 1〉. Otherwise, there exists edge between vi and vj .

Example 2.1. Let G = 〈V,E〉 be an IFG, where V = {v1, v2, v3, v4, v5, v6} and E = {e1, e2, e3,
e4, e5, e6, e7}. The edge membership and non-membership values can be determined by using
�1,�2,�3, �4,�5,�6.

Figure 1: Intuitionistic fuzzy graph G

For example, R.H.S of inequalities (2) are calculated using (3) for the IFGG given in Figure 1.

(a) µ1 �1 µ2 = 0.18; ν1 �1 ν2 = 0.06

(b) µ1 �2 µ2 = 0.72; ν1 �2 ν2 = 0.06

(c) µ1 �3 µ2 = 0.18; ν1 �3 ν2 = 0.44

(d) µ1 �4 µ2 = 0.3; ν1 �4 ν2 = 0.3

(e) µ1 �5 µ2 = 0.6; ν1 �5 ν2 = 0.2

(f) µ1 �6 µ2 = 0.45; ν1 �6 ν2 = 0.25

Definition 2.4 ([2]). Let K = {k1, k2, ..., km} and L = {l1, l2, ..., ln} be two arbitrary index sets.
The index matrix representation of intuitionistic fuzzy relation (IMIFR) is of the form

[K,L, {〈µij, νij〉}] ≡

l1 l2 · · · ln

k1 〈µ11, ν11〉 〈µ12, ν12〉 · · · 〈µ1n, ν1n〉
k2 〈µ21, ν21〉 〈µ22, ν22〉 · · · 〈µ2n, ν2n〉
...

...
... · · · ...

km 〈µm1, νm1〉 〈µm2, νm2〉 · · · 〈µmn, νmn〉

where for every 1 ≤ i ≤ m, 1 ≤ j ≤ n; 0 ≤ µij + νij ≤ 1.

Definition 2.5. Let G = (V,E) be an IFG . The IMIFG is of the form [V,E ⊂ V × V ], where
V = {v1, v2, . . . vn} and

102



E = {〈µij, νij〉} ≡

v1 v2 · · · vn

v1 〈µ11, ν11〉 〈µ12, ν12〉 · · · 〈µ1n, ν1n〉
v2 〈µ21, ν21〉 〈µ22, ν22〉 · · · 〈µ2n, ν2n〉
...

...
... · · · ...

vn 〈µn1, νn1〉 〈µn2, νn2〉 · · · 〈µnn, νnn〉

where 〈µij, νij〉 ∈ [0, 1]× [0, 1] (1 ≤ i, j ≤ n), the edge between two vertices vi and vj is
indexed by 〈µij, νij〉. The values of 〈µij, νij〉 of an IFG G = (V,E) can be determined by using
one of the Cartesian products ×t, t = 1, 2, 3, 4, 5, 6 from Definition 2.2.

3 Operations on IFGs

Consider the two IFGs G1 = [V1, E1, µij, νij] and G2 = [V2, E2, µpq, νpq], where V1 and V2 are
the vertex sets of G1 and G2 and µij, νij and µpq, νpq are the edge sets of G1 and G2 respectively.

Definition 3.1. The addition of two IFGs G1 and G2, denoted by G = G1 ⊕G2, is defined by
G1 ⊕G2 = [V1 ∪ V2, V1 ∪ V2, {〈µr, νr〉}] , [V1 ∪ V2, V1 ∪ V2, {〈µrs, νrs〉}] , where

{〈µr, νr〉} =


〈µi, νi〉 if vr ∈ V1 − V2
〈µp, νp〉 if vr ∈ V2 − V1
〈max(µi, µp),min(νi, νp)〉 if vr ∈ V1 ∩ V2
〈0, 1〉 otherwise.

and

{〈µrs, νrs〉} =



〈µij, νij〉 if vr = xi ∈ V1 and vs = vj ∈ V1 − V2
or vr = vi ∈ V1 − V2 and vs = vj ∈ V1

〈µpq, νpq〉 if vr = vp ∈ V2 and vs = vq ∈ V2 − V1
or vr = vp ∈ V2 − V1 and vs = vq ∈ V2

〈max(µij, µpq),min(νij, νpq)〉 if vr = vi = vp ∈ V1 ∩ V2
and vs = vj = vq ∈ V1 ∩ V2

〈0, 1〉 otherwise.

Example 3.1. Consider the graphs G1 and G2 as in Figure 2.
The index matrix of G1 is G1 = [V1, V1, {〈µij, νij}〉], where V1 = {v1, v2, v3, v4, v5} and

{〈µij, νij〉} ≡

v1 v2 v3 v4 v5

v1 〈0, 1〉 〈0.1, 0.5〉 〈0, 1〉 〈0, 1〉 〈0.1, 0.3〉
v2 〈0, 1〉 〈0, 1〉 〈0.4, 0.5〉 〈0, 1〉 〈0.1, 0.5〉
v3 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0.6, 0.3〉 〈0, 1〉
v4 〈0.1, 0.3〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉
v5 〈0, 1〉 〈0, 1〉 〈0.1, 0.3〉 〈0.1, 0.3〉 〈0, 1〉
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Figure 2: G1 and G2

The index matrix of G2 is G2 = [V2, V2, {〈µpq, νpq〉}], where V2 = {v1, v2, v3, v4, v5, v6, v7}
and

{〈µpq, νpq〉} ≡
v1 v2 v3 v4 v5 v6 v7

v1 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0.2, 0.3〉 〈0, 1〉 〈0, 1〉 〈0, 1〉
v2 〈0.4, 0.3〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉
v3 〈0, 1〉 〈0.7, 0.1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉
v4 〈0, 1〉 〈0, 1〉 〈0.2, 0.1〉 〈0, 1〉 〈0.2, 0.1〉 〈0, 1〉 〈0, 1〉
v5 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0.5, 0.1〉 〈0, 1〉
v6 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0.4, 0.2〉
v7 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0.2, 0.1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

The index matrix of G1 ⊕ G2 is [V1 ∪ V2, V1 ∪ V2, {〈µrs, νrs〉}], where V1 ∪ V2 = {v1, v2,
v3, v4, v5, v6, v7} and

{〈µrs, νrs〉} ≡
v1 v2 v3 v4 v5 v6 v7

v1 〈0, 1〉 〈0.1, 0.5〉 〈0, 1〉 〈0.2, 0.3〉 〈0.1, 0.3〉 〈0, 1〉 〈0, 1〉
v2 〈0.4, 0.3〉 〈0, 1〉 〈0.4, 0.5〉 〈0, 1〉 〈0.1, 0.5〉 〈0, 1〉 〈0, 1〉
v3 〈0, 1〉 〈0.7, 0.1〉 〈0, 1〉 〈0.6, 0.3〉 〈0, 1〉 〈0, 1〉 〈0, 1〉
v4 〈0.1, 0.3〉 〈0, 1〉 〈0.2, 0.1〉 〈0, 1〉 〈0.2, 0.1〉 〈0, 1〉 〈0, 1〉
v5 〈0, 1〉 〈0, 1〉 〈0.1, 0.3〉 〈0.1, 0.3〉 〈0, 1〉 〈0.5, 0.1〉 〈0, 1〉
v6 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0.4, 0.2〉
v7 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0.2, 0.1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

The graph of G1 ⊕G2 is shown in Figure 3.
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Figure 3: G1 ⊕G2

3.1 Vertexwise multiplication

The vertexwise multiplication of two IFDGs G1 and G2, denoted by G1 ⊗G2, is defined by

G1 ⊗G2 = 〈[V1 ∩ V2, V1 ∩ V2, {〈µr, νr〉}] , [V1 ∩ V2, V1 ∩ V2, {〈µrs, νrs〉}]〉,
where

{〈µr, νr〉} = 〈min(µi, µp),max(νi, νp)〉 if vr ∈ V1 ∩ V2;

{〈µrs, νrs〉} = 〈min(µij, µpq),max(νij, νpq)〉 ,

if vr = vi = vp ∈ V1 ∩ V2 and vs = vj = vq ∈ V1 ∩ V2.
Example 3.2. The index matrix of G1 ⊗ G2 is [V1 ∩ V2, V1 ∩ V2, {〈µrs, νrs〉}], where V1 ∩ V2 =

{v1, v2, v3, v4, v5} and

{〈µrs, νrs〉} ≡

v1 v2 v3 v4 v5

v1 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉
v2 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉
v3 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉
v4 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉
v5 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

The graph of G1 ⊗G2, a null IFG, is displayed in Figure 4.
Example 3.3. Consider the two IFGs G1 and G2 as shown in Figure 5.

Figure 6 depicts G1 ⊗G2, which is not a null IFG.
Note. From Example 3.2. and 3.3., it is noteworthy that if there is no common edge between G1

and G2, then G1 ⊗G2 is a null IFG.
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Figure 4: G1 ⊗G2

Figure 5: G1 ⊗G2

3.2 Multiplication

The multiplication of two IFDGs G1 and G2, denoted by G1 � G2, is defined by G1 � G2

= [V1 ∪ (V2 − V1), V2 ∪ (V1 − V2), {〈µr, νr〉} , {〈µrs, νrs〉}] where

{〈µr, νr〉} =


〈µi, νi〉 if vr ∈ V1
〈µp, νp〉 if vr ∈ V2
〈min(µi, µp),max(νi, νp)〉 if vr ∈ V1 ∩ V2

In addition, the membership and non-membership values of the loops 〈vr, vr〉 in the resultant
graph (if formed) satisfy the following conditions: µr ≤ µi or µr ≤ µp and νr ≥ µi or νr ≥ µp .
Also,

{〈µrs, νrs〉} =



〈µij, νij〉 if vr = vi ∈ V1 and vs = vj ∈ V1 − V2
〈µpq, νpq〉 if vr = vp ∈ V2 − V1 and vs = vq ∈ V2
〈max((min(µij, µpq))),

min(max(νij, νpq))〉 if vr = vi ∈ V1 ∩ V2 and vs = vq ∈ V1 ∩ V2
〈0, 1〉 otherwise.

Example 3.4. Consider the IFDGs given in Figure 2.
The index matrix of G1 � G2 is [V1 ∪ (V2 − V1), V2 ∪ (V1 − V2), {〈µrs, νrs〉}], where

V1 ∪ (V2 − V1) = {v1, v2, v3, v4, v5, v6, v7}, V2 ∪ (V1 − V2) = {v1, v2, v3, v4, v5, v6, v7} and
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Figure 6: G1 ⊗G2

{〈µrs, νrs〉} ≡
v1 v2 v3 v4 v5 v6 v7

v1 〈0.1, 0.5〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉
v2 〈0, 1〉 〈0.4, 0.5〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉
v3 〈0, 1〉 〈0, 1〉 〈0.2, 0.3〉 〈0, 1〉 〈0.2, 0.3〉 〈0, 1〉 〈0, 1〉
v4 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0.1, 0.3〉 〈0, 1〉 〈0, 1〉 〈0, 1〉
v5 〈0, 1〉 〈0.1, 0.3〉 〈0.1, 0.3〉 〈0, 1〉 〈0.1, 0.3〉 〈0.5, 0.1〉 〈0, 1〉
v6 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0.4, 0.2〉
v7 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0.2, 0.1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

Figure 7 displays the graph of G1 �G2.

Figure 7: G1 �G2

3.3 Structural subtraction

The structural subtraction of two IFDGsG1 andG2, denoted byG1	G2, is defined asG1	G2 =

[V1 − V2, {〈µr, νr〉} , {〈µrs, νrs〉}] where ′−′ is the set theoretic difference operation and
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{〈µr, νr〉} =


〈µi, νi〉 if vr ∈ V1
〈µp, νp〉 if vr ∈ V2
〈0, 1〉 otherwise.

{〈µrs, νrs〉} = {〈µij, νij〉} , for vr = vi ∈ V1 − V2 and vs = vj ∈ V1 − V2. If V1 − V2 = φ ,
then graph of G1 	G2 is also empty.

Figure 8: G1 	G2

4 Conclusion

In this paper, a new version of IFG definition is given and operations like addition, vertexwise
multiplication, multiplication, structural subtraction on index matrix representation of intuition-
istic fuzzy graphs are introduced.
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