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Abstract: In this paper, we introduce the notion of intuitionistic fuzzy superfluous (or small)
submodule of a module and study some of their properties. We establish the condition of an intu-
itionistic fuzzy submodule to be an intuitionistic fuzzy superfluous submodule. A relationship be-
tween superfluous submodule and the intuitionistic fuzzy superfluous submodule is derived. We
also study the nature of intuitionistic fuzzy superfluous submodules under intuitionistic fuzzy di-
rect sum. A relation regarding intuitionistic fuzzy superfluous submodule and intuitionistic fuzzy
quotient module is established. It is shown that the well-known relation between the Jacobson
radical and the superfluous submodules does not hold in case of intuitionistic fuzzy superfluous
submodules.
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1 Introduction

The concept of fuzzy subset of a non-empty set was introduced by Zadeh [21] in 1965. Rosenfeld
[16] applied the concept of fuzzy sets to the theory of groups and defined the notion of fuzzy
subgroups of a group. After this, many papers concerning various fuzzy algebraic structures
have appeared in the literature. The concept of fuzzy modules was introduced by Negoita and
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Ralescu in [14]. Since then, different types of fuzzy submodules were investigated in the last
three decades. The notion of fuzzy superfluous submodule of a module was introduced by Basnet
et al. in [5] which was further extended by Rahman et al. in [15].

As an important extension of fuzzy set theory, Atanassov [2], [3] and [4] introduced and de-
veloped the theory of intuitionistic fuzzy sets. Using the Atanassov’s idea. Biswas [7] established
the intuitionistic fuzzification of the concept of subgroup of a group and introduced the notion of
intuitionistic fuzzy subgroups. Later on many mathematicians worked on it and introduced the
notion of intuitionistic fuzzy subring, intuitionistic fuzzy submodule etc., see [10, 11, 12, 17, 18].
In this paper, we define the notion of intuitionistic fuzzy superfluous submodule and discuss its
properties. A relationship between superfluous submodule and the intuitionistic fuzzy superfluous
submodule has been obtained. We examine the nature of intuitionistic fuzzy superfluous submod-
ules under intuitionistic fuzzy direct sum. It has been shown that the well-known relation between
the Jacobson radical and the superfluous submodules does not hold in case of intuitionistic fuzzy
superfluous submodules.

2 Preliminaries

Throughout the paper M will always denote a left module over a ring R.

Definition 2.1. ([1, 8]) A submodule S of a left module M over aring R is said to be a superfluous
submodule of M if for any submodule K of M, S+ K = M = K = M. In symbol, S < M
i.e., S is a superfluous submodule of M.

Proposition 2.2. ([1, 8]) If K and N are submodules of M such that K C N and H is any
submodule of M, then

(i) N < M ifand only if K < M and N/ K < M/K
(ii) H+ K < M ifand only if H < M and K < M.

Proposition 2.3. ([9])If K < M and f : M — N is a homomorphism, then f(K) < N.

Definition 2.4. ([1]) A nonzero module )M is said to be indecomposable if {0} and M are the
only direct summands of M.

Proposition 2.5. ([1]) If K < M and M /K is indecomposable, then M is indecomposable.

Definition 2.6. ([2, 3]) Let X be a non-empty fixed set. An intuitionistic fuzzy set (IFS) A in
X is an object having the form A = {(z,ua(z),va(z)) | * € X}, where the functions p4 :
X — [0,1] and v4 : X — [0,1] denote the degree of membership (namely 14(x)) and the
degree of non-membership (namely v4(z)) of each element = € X to the set A respectively and
0 < pa(z)+va(x) <1foreachz € X.

Remark 2.7.

(i) When pa(z) + va(z) = 1,1.e., when va(x) = 1 — pa(z) = pS(x). Then, A is called a fuzzy
set.
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(ii) We denote the IFS A = {(z, ua(z),va(x)) |z € X} by A = (ja,va).

Definition 2.8. ([3]) Let A and B be IFSs of the form A = {(z, ua(z),va(x))|xz € X} and
B = {(z,pup(x),vg(x)) | x € X}. Then,

(i) A C Bifandonly if ua(2) < pup(x) and va(z) > vp(x) forall z € X.
(i) A= Bifandonlyif AC Band B C A.

(iii) A° = {(a,va(), pa(@)) | = € X},

(iv) AN B = {{z, (@) A pp(z), va(z) V vs(z)) | = € X1,

(v) AUB = {{(z, pa(z) V up(z), va(z) Avs(z)) |« € X1,

Definition 2.9. ([12, 19]) Let M be a module over aring R. AnIFS A = (114, v4) of M is called
an intuitionistic fuzzy (left) submodule (IFSM) if

(i) 114(0) =1, v4(0) = 0;
(ii) pa(z +y) = pa(z) A paly) and va(z +y) <wvalz) Vvaly) ,Va,y € M;
(iii) pa(rx) > pa(zr) and vy(re) < wva(z), Vo € M,r € R.

If we replace the condition (iii) with (iii)" pa(2r) > pa(z) and va(ar) < va(z), Vo €
M, r € R, then A is called an intuitionistic fuzzy (right) module of M. When R is a commutative
ring, then these two types of intuitionistic fuzzy modules coincides.

Theorem 2.10. ([19]) Let A = (p14,v4) be an IFS of a R-module M. Then, A is an IFSM of M
if and only if the following conditions are satisfied:

(i) 1a(0) = 1, va(0) = 0;
(ii) pa(re + sy) > pa(z) A paly) and va(re + sy) < wva(x) Vvaly),Va,y € M, r,s € R.

Definition 2.11. ([19]) Let A be an intuitionistic fuzzy set of a non-empty set M. Then, («, 3)-cut
of A is a crisp subset C,, 5(A) of the IFS A is given by

Cap(A)={x € M : pus(z) > a,va(x) < B}, where o, § € [0, 1] witha + 3 < 1.

Theorem 2.12. ([19]) If A = (4, va) be IFS of a R-module M, then A is an IFSM of M if and
only if C, 3(A) is a submodule of M, for all o, € [0,1] with o + < 1, where 114(0) > «,
va(0) < 5.

Theorem 2.13. (/20]) Consider a maximal chain of submodules of a R-module M

MyCc MyCcMy,C---CM, =M,
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where C denotes proper inclusion. Then, there exists an intuitionistic fuzzy module A of M given

by

(
(0%} lfil? € Ml\MO Bl lf.’L' € MI\MO
:U’A(x) = < Qo lfl' € MQ\Ml ;VA(-T) = Bz lfl' € MQ\Ml
| n ifx € M,\M,_, \6" ifx € M,\M,_;.

where ag > oy > -+ > a,and 0 = By < 1 < --- < B, and the pair («;, 5;) are called double
pins and the set N(A) = {(ao, bo), (a1, 1), - - -, (an, Bn)} is called the set of double pinned flags
for the IFSM A of M.

Remark 2.14. (/20]) The converse of the above theorem is also true, i.e., any intuitionistic fuzzy
module A of M can be expressed in the above form.

Definition 2.15. ([6]) If A = (w4, v4) is an IFSM of a R-module M, then we denote
A, ={x € M : pys(z) = 1and vu4(z) = 0}.
Clearly, A, = C1o(4).

Proposition 2.16. ([6]) If A = (pa,va) is an IFSM of a R-module M, then A, is a submodule
of M.

Definition 2.17. ([6]) we define two IFS Q and (M) of M as

_Jao. =0 . .
Qz) = 0.1, ifx;éOa dQ(M)(z) = (1,0),Vz € M.

Then, the IFS © and Q(A/) of M are IFSMs of M. These we call trivial IFSMs. Any IFSM other
than these two is called proper IFSM of M.

Proposition 2.18. If A = (ua,va) is an IFSM of M, then A, = M if and only if A = Q(M).
Also, A C B implies that A, C B,.

Proof. Now, A, = M if and only if ps(z) = 1 and v4(z) = 0 for all z € M, i.e., if and only if
A=Q(M).

Moreover, if A C B, then p4(z) < pp(z) and va(x) > vp(z), forall x € M.

Let v € A, implies 1 = pu(z) < pp(x) and 0 = va(x) > vp(z), ie., pp(z) = 1 and
vp(z) = 0, which implies that = € B,.

Hence, A, C B,. O

Proposition 2.19. If A = (ua,va) and B = (va,vp) are two IFSMs of a R-module M, then
(AN B), = A.N B, and (AU B), = A, U B,. These results can be extended to infinite
intersection and unions. Further, if A and B have finite pinned flag sets, then (A + B). =
A, + B, where the sum of two IFSMs is A+ B = (luayp,vayp) and is defined as pa.p(x) =
Supz—arp{imin{pa(a), up(b)}} and va,g(x) = Infoqp{maz{va(a),vs(b)}};z € M.
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Proof. The first two proofs are trivial. Also for the last part we have A, B C A+ B, so A, B, C
(A+ B), and hence A, + B, C (A + B)..
Next, if x € (A + B)., then s p(x) = 1 and vap(x) = 0.
Now Supg—arp{min{pa(a), up(b)}} =1 and Infoqp{maz{va(a),vs(b)}} =0
< min{pa(a), pp(b)} =1 and maz{va(a),vp(b)} =0
& pala) =1, up(b) =land va(a) = 0,vp(b) =0
& pa(a) =1and va(a) = 0and pp(b) = 1 and vp(b) =0
& ac A andb € B,
Sa+be A+ B,
S p e A+ B,
Hence, (A + B). = A, + B.. O

Definition 2.20. ([13]) Let A; = (us,v4), (i € J,|J| > 1), be a family of IFSMs of M. Then,

S Ai={{w s, a (@), ve 4 @) |2 € M},

icJ
where
w4 (@) = VAN (A, (2:) s € Myi € 0, i =)}, Vo € M,
ieJ
and
Vs, @) = MV (va, (z:) r 2 € Myi € J,Za:i =)},
ieJ
where in ) ._; x; almost finitely many z;’s are not equal to zero. Then, ), ; A; is called a weak
sum of A;.

Theorem 2.21. ([13]) Let A; = (us,vi), (i € J,|J| > 1), be a family of IFSMs of a R-module
M. Then, ) .., Ajisan IFSM of M and ), ;(A;)« C (D ,c) Ai)s

icJ

3 Intuitionistic fuzzy superfluous module

Definition 3.1. An IFSM A of a R-module M is said to be an intuitionistic fuzzy superfluous
submodule (IFSSM) of M (or of 2(M)) if for any IFSM B of M, A+ B = Q(M) = B = Q(M)
or equivalently B # Q(M) = A+ B # Q(M).

We denote itby A <;p Q(M) or A < p M.

Remark 3.2. From the definition, we observe that A <;p (M) if and only if A + B # Q(M)
for every proper IFSM B of M.

Proposition 3.3. If A <;r Q(M) if and only if A, < M i.e., A is an intuitionistic fuzzy super-
Sfluous submodule of M if and only if A, is superfluous submodule of M.

38



Proof. Firstly, let A <;p Q(M). Let N be any submodule of M such that A, + N = M. Let x
be the characteristic intuitionistic function of N defined by x n(2) = (pty (), vy (2)), where

L, ifreN 0, fxeN

pon () = D V(@) = :
w 0, ifzg N 1, ifzx¢ N

Clearly, x y is an IFSM of M such that (x ). = N. Then,
A+ (xn)s =M= (A+xn)s =M= A+ xny = QM) = xy = QM)

and so N = (xn)« = M. Thus, A, < M.

Conversely, let A, < M and B be any IFSM of M such that A + B = Q(M). Then,
(A+B), =M= A, +B, =M = B, = M[As A, < M ]= B = Q(M).

Hence, A is an IFSSM of M, i.e., A <;r Q(M). O

Example 3.4. Consider the Z-module Zs and an IFS A = (4, v4) of Zg defined by

1, ifz=0,24,6 0, ifz=0,246
palz) =407, ife=1,7 va(r) =402, ifz=1,7
0.5, ifx=3,5 0.3, ifz=3,5.

Then, A is an IFSM of Zg and A, = {0,2,4,6,8}. Since A, is a superfluous submodule of
Zs and by Proposition 3.3, A is an IFSSM of Zs.

Proposition 3.5. If A and B be any two IFSMs of M. Then, A + B <;r Q(M) if and only if
A <IF Q(M) and B <LiF Q(M)

Proof. Firstly, let A <;p QM) and B < Q(M). Let C be any IFSM of M such that
(A+ B) + C = Q(M). Then, we get

A+ (B+C)=QM)=B+C=Q(M)|[Since A <;r Q(M) ]

= C =Q(M) [ Since B < r QM) ].

This shows that A + B <;r Q(M).

Conversely, let A + B <;r Q(M). Let D be any IFSM of M such that A + D = Q(M). Now,
QM)=A+DC(A+B)+D[Since AC A+ B]

= QM)=(A+B)+ D= Q(M)=D|[Since A+ B <p QM) ].

This shows that A <;r Q(M).

Similarly we can show that B <;p Q(M). ]

Theorem 3.6. Let M be a module and N be a submodule of M. Then, N < M if and only if
XN <JiF Q(M)

Proof. Let N < M. We assume that x is not an IFSSM of M. Then, there exists an [FSM B
such that B # Q(M) = xny + B = Q(M). Let x € M, then

Q(M)(x) = (1,0) = (xn + B)(x)
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= (Supx:a-&-b{min{ﬂxzv (a), B (b)}}, ]nfac:a—kb{max{yxzv (a),vp(b)}}).
So, 3's ag, by, co, dy € M such that z = ag + by = ¢o + do and
min{ iy (ao), pp(bo)} = 1, max{vy, (co), v(do)} = 0
= txy (a0) = pp(bo) = 1wy (co) = vB(do) =0
= vy (a0) <1 —pyy(ag) =1—-1=0=1,,(ap) =0.
Similarly, we get v5(by) = 0.
So gty (a0) = 1, vy (ag) =0 = ag € N and pug(by) = 1,v5(by) = 0 = by € B,.
Thus, x = ag + by € N + B,. Since x is an arbitrary, this implies M = N + B,.
As N < M. So, we must have M = B, and this implies B = Q(M), a contradiction.
Therefore, xy < r QU(M).
Conversely, we assume xy < p Q(M). If possible let N is not superfluous submodule of M.
Thus, 3's a submodule 7" of M such that T' # M implies N + T = M.
Lety € M suchthaty =n + ¢, wheren € Nandt e T.
Now, (xn + Xx7)(y) = (Supy=proimin{ iy (p); s (D)} }s Infymprgimaz{vyy (p), v (@) }})
But, Supy—prq{min{iy (p), tixr (@)} = minf{ iy (n), gy, (1)} = 1

and In fy—pio{maz{vy, (p), vy (@)} } < maz{vy, (p), vxr (@)} =0
= (x~ + x7)(y) = (1,0). But y is an arbitrary element of M. So, xny + xr = Q(M).

As xn <1r Q(M) therefore, xr = Q(M), i.e., T = M, which is not possible.
Hence, N < M. O

Proposition 3.7. Let ¢ : M — N be a module epimorphism and A < r QU(M), then ¢p(A) <;p
Q(N).

Proof. First we prove ¢(A,) = ¢(A).. Lety € ¢(A)., then ¢(A)(y) = (1,0).

(Sup{pa(x) :z € ¢~ (W)}, Inf{va(z) :x € ¢~ (y)}) = (1,0).

- 3's 1,29 € M such that ¢(z,) = ¢(x5) = yand pa(zy) = 1,v4(x2) = 0.

Now, va(x1) <1 —pa(x;) =1—1=0= vs(z;) =0and so, z; € A..

Sy = 6(m) € 6(AL). So 6(A). C B(A.).

Conversely, let y € ¢(A.), then y = ¢(x), for some x € A,

= puas(r) = 1,vs(x) =0, where x € ¢~ (y)

= Sup{pa(z) :x € ¢ (y)} = palr) = 1; Infl{va(z) : v € 7' (y)} < wvalx) = 0.

= (Sup{pa(z):x € o7 (y)}, Inf{va(z) : z € o7 (y)}) = (1,0).

P(A)(y) = (1,0) = y € ¢(A)«. So ¢(A.) C ¢(A).. Thus, d(A). = ¢(A,).

Now, A <;r Q(M) = A, < M, so by Proposition (2.3) ¢(A.) < N i.e., p(A), < N and so
»(A) < Q(N) [by Proposition (3.3)]. O

Definition 3.8. Let A and B be two IFSMs of M such that A C B. Then, A, is a submodule of
B,. An intuitionistic fuzzy subset B/A = (up/a,vp/a) of M /A, defined by

ppja(e + As) = V{up(z +y)ly € A},
vp/a( + A) = Mup(z +y)ly € A}
is an IFSM of M/A.,..
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Proposition 3.9. If A and B are two IFSMs of M such that A C B. Then, (B/A), = B./A.

Proof. Letx + A, € (B/A), be any element, then

pp/alx+A) =1vgu(er+ A) =0

= V{up(z +y)ly € At =1, vz +y)ly € A} =0.

Since A has finite double pinned flags set, so there exist 41, y2 € A, such that pp(z 4+ y;) = 1
and vg(z + y2) = 0.

Now, vg(x +141) <1 —pg(x +y) =1 —1 =0 implies that vg(z + y;) = 0.

So, x +y; € B,. Also,y, € A, C B,,sox € B,.

Hence, x + A, € B, /A..

Conversely, let = + A, € B,/A,, then xz € B,, which implies that yp(z) = 1 and vg(z) = 0.

= V{up(z +y)ly € A} = pp(x) = Land AMvp(z +y)ly € A} <wp(x) =0

= pp/alz+A) =landvga(x + A) =0

=z + A, € (B/A)..

Hence, the result proved. [

Proposition 3.10. If A and B are two IFSMs of M such that A C B. Then, B < r Q)(M) if and
only lfA < IF Q(M) and B/A < JIF Q(M)/A

Proof. Since A and B are two IFSMs of M such that A C B. So, A, and B, are submodules
of M such that A, C B,. First let B <;r Q(M), then B, < M and so by Proposition 2.2. (i)
A, < M and B, /A, < M/A,ie., (B/A), < M/A,.

Hence, by Proposition 3.3., we have A <;p Q(M) and B/A < Q(M)/A.

Conversely, let A <;p Q(M) and B/A < r Q(M)/A.

Let C be an IFSM of M such that B + C' = Q(M).

Now, B/A+ (C+ A)/A=Q(M)/A. But B/A <r Q(M)/A.

Therefore, (C'+ A)/JA=QM)/A= C+ A=Q(M).

But A <;p Q(M) = C = Q(M).Thus, B+ C = Q(M) = C = Q(M).

Hence, B < r Q(M). O

Proposition 3.11. Let A, B,C, D are IFSMs of M such that A <;r Q(M) and C < QM)
where A C B and C C D. If BJA < QM)/A and D/C <;p QM)/C, then
(B+D)/(A+C) <r QM) /(A4 C).

Proof. Since B/A <;p Q(M)/A and D/C <;p QM)/C so (B/A). < (2(M)/A). and
(D/C), < (AUM)/C)yie., B./A, < MJA,and D,./C, < M/C..

But A <;r Q(M) and C < Q(M) implies A, < M and C, < M.

Then, by Proposition 2.2. (i) we get B, < M and D, < M.

= (B, +D,) < Mie., (B+ D), < Mandso (B+ D) <;p QM).

Since (A+ C) C (B+ D) and (A+ C) <p QM).

So using Proposition 3.10., we get (B + D)/(A+ C) <r QM) /(A+ C). O
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4 IFSSM, Intuitionistic fuzzy maximal submodule,
Indecomposable submodule

Definition 4.1. If A and B are two IFSMs of a R-module M, then the sum A + B is called the
direct sum of A and Bif AN B =, and we write itas A ® B.

Proposition 4.2. If A and B are two IFSMs of a R-module M with finite double pinned flags
sets. Then, (A® B), = A, @ B..

Proof. By Proposition 2.19., we have (A+ B), = A, + B.. Now, for A® B we have AN B = (),
which implies that (AN B). = A, N B, = {0}. O

Definition 4.3. An IFSM A(+# Q) of M is said to be an intuitionistic fuzzy indecomposable if
there does not exist IFSM B and C'(# 2, A) of M suchthat A = B & C.

Proposition 4.4. (M) is an intuitionistic fuzzy indecomposable if and only if M is indecompos-
able module.

Proof. First let (M) is an intuitionistic fuzzy indecomposable. Let M = P & (), where P and
( are non-zero proper submodules of M. Let xp and x be the characteristic intuitionistic fuzzy
functions on P and @), respectively.

Then, x p and x¢ are IFSMs of M such that (xp). = P and (x¢). = Q.

So, M = (xp)« @ (x@)« = (xp ® Xx@)s = QM) = Xxp & Xq-

Since P and () are non-zero proper submodules of M so xp, xo # §2, Q2(M).

This contradict that (M) is indecomposable. Hence, M is indecomposable.

Conversely, let M is indecomposable. Let A and B be two IFSMs of M such that
A, B#Q,QM)and QM) = A®B.Then, M = A,®B,.Since A, B # Q(M)so A,, B, # M.
Also, if A, = {0}, then B, = M and so B = Q(M), which is not true.

Hence, (2(M) is an intuitionistic fuzzy indecomposable. []

Proposition 4.5. If A <r Q(M) and Q(M)/A is an intuitionistic fuzzy indecomposable, then
Q(M) is an intuitionistic fuzzy indecomposable.

Proof. Since A < r (M) and Q(M)/A is an intuitionistic fuzzy indecomposable, so A, < M
and M /A, is indecomposable. Therefore by Proposition 2.5., M is indecomposable and hence
by Proposition 4.4., (M) is an intuitionistic fuzzy indecomposable. ]

Definition 4.6. The sum of all IFSSMs of a R-module M is again an IFSM of M and it is denoted
by IFsuperfl(M), i.e., IFsuperfl(M)=>"__, A, , where the A,’s are [IFSSM of M.

acJ
Remark 4.7. IFsuperfl(M) is not necessary an IFSSM of M as shown by the following example.

Example 4.8. Consider the Z-module Q). Then, for any ¢ € (), the submodule (q) generated by ¢
is a superfluous submodule of ). Let x, be the characteristic intuitionistic fuzzy function of (g),

yolz) = (1,0), ifxz e (q) .
! (0,1), ifz ¢ (g)



Then, x, is an IFSSM of @) [ by Theorem (3.6)] and (x,). = (¢) for all ¢ € Q. Now, if
[Fsuperfl(Q)) is an IFSSM of @, then >, xy € I Fsuper fI(Q) C xq = Q(Q).

So by Proposition 3.10, > ., X <1r Q).

Thus, (3_,co Xg)+ < Q.- But (3 co Xg)« = D_,c0(q) = @, which is not a superfluous submod-
ule of (). So, we get a contradiction.

Hence, I F'super f1(Q) is not an IFSSM of ().

Definition 4.9. An IFSM A of a R-module M is said to be an intuitionistic fuzzy maximal if for
any IFSM B of M, A C B = either B = Q(M) or B, = A,.

Proposition 4.10. A non-constant IFSM A = (pa,va) of a R-module M is an intuitionistic fuzzy
maximal if and only if the double pinned flags set for Ais {(1,0), (s,t)}, where s,t € (0,1) such
that s +t < 1, i.e., A is defined by

1, ifx e M 0, ifxe M

pa(z) = / ’ ;o valx) = / ’ Vo e M,
s, ifxe M\ M t, ifre M\ M,

where My is a maximal submodule of M.

Proof. Firstly, let the IFSM A = (14, v4) of a R-module M is defined by
1, ifx e M, 0, ifz e M,

() = " ) = " vae,

s, ifx e M\ M t, ifxe M\ M,

where M, is a maximal submodule of M and s,¢ € (0,1) such that s + ¢ < 1.

Clearly, A, = M. Then, for any IFSM B of M suchthat A C B = A, C B,, i.e.,

My C B, = either B, = My or B, = M [ As M, is a maximal submodule of M ]

= either B, = A, or B = Q(M).

Thus, A is an intuitionistic fuzzy maximal submodule of M.

Conversely, let A be a non-constant intuitionistic fuzzy maximal submodule of M with double
pinned flags set {(1,0), (o, 8)}, where «, 5 € (0, 1) such that « + § < 1 defined as

1, ifze M, 0, ifze M,
va(z) = Ve € M,

pa(x) = ;
a, ifze M\ M, B, ifxe M\ M.

where M is a submodule of M. Clearly, A, = M,.

We show that M, is a maximal submodule of M. Let B be any IFSM of M such that A C B.
Therefore, A, and B, are submodules of M such that A, C B, C M.

As A is an intuitionistic fuzzy maximal submodule of M, therefore, either B = Q(M) or B, = A,
i.e., either B, = M or B, = A,.

This implies that A, is a maximal submodule of M. Hence, M, is a maximal submodule of M.
This completes the proof. [

Definition 4.11. The intersection of all intuitionistic fuzzy maximal submodules of M is called
the intuitionistic fuzzy radical of M and it is denoted by IFrad(M).
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Remark 4.12. In module theory Superfl(M) = rad(M), i.e., the sum of all superfluous submod-
ules of M is equal to the radical of M. But it is not true in case of intuitionistic fuzzy submodules
as shown by the following example.

Example 4.13. Consider the Z-module Zg and foreach k € [0, 1), define the IFS A, = (pa,, V4, ),
where

1, ifze€{0,2,4,6} 0, if v € {0,2,4,6}

fia, () = va(z) = ;
* 1—Fk, ifze{1,3,57}

) Vx € Zg.
k, ifze{1,3,57}

Then, Ay is an IFSM of Zg with set of double pinned flags A(Ax) = {(1,0), (k,1 — k)}.

Also, (Ax). = {0,2,4,6} which is a maximal submodule of Zs.

So, A is an intuitionistic fuzzy maximal submodule of Zg and these are the only intuitionistic
fuzzy maximal submodules of Zg.

Thus, we have [ Frad(Zs) = (\{Ax : 0 < k < 1} = B(say). Then, B = (up, vp) is an IFS on
Zg defined as

1, ifze{0,2,4,6} 0, ifze{0,2,4,6}

pp(z) = ; wvp(z) = :
0, ifze{1,3,57} 1, ifze{1,3,57}

Now, if we define the IFS C' on Zg by

1, ifze{0,2,4,6) 0, ifze{0,24,6}

pie(z) = _ ; ve(r) = . )
0.8, ifze{1,3,57} 0.1, ifzxec{1,3,57}

then, C' is an IFSM of Zg and C,, = {0, 2,4, 6}, which is a superfluous submodule of Zs.
So C'is an IFSSM of Zg. Thus, we have [ Frad(Zg) = B C C C [ Fsuper fl(Zg). This shows
that I F'super fl(Zs) # [ Frad(Zs).

5 Conclusions

In this paper some aspects and properties of intuitionistic fuzzy superfluous submodules of a
module have been introduced. This concept has given a new way to the study of intuitionistic
fuzzy Goldie dimension. In our further study we may investigate various aspects of:

(1) spanning dimension of intuitionitic fuzzy submodules,

(i1) intuitionitic fuzzy lifting modules with chain condition on intuitionistic fuzzy superfluous
submodules, and

(iii)) Noetherian and Artinion conditions on intuitionistic fuzzy Jacobson radical of a module.
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