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Certain new operators over Intuitionistic Fuzzy Sets (IFSs) will be introduced. Basing
on the notations and definitions from [1], we begin with the definition of the concept of
the IFS and the definitions of some of the operations and operators over IFSs (see, e.g.

[2-4]).
Let a set E be fixed. An IFS A* in E is an object of the following form:

A" = {{z, pa(z), va(z))|z € E},

where the functions s : £ — [0,1] and v4 : E — [0, 1] define the degree of membership
and the degree of non-membership of the element € E, respectively, and for every
z € L:
0 < pa(z)+rva(z) <1,
If
ma(z) =1— pa(z) — va(z),

then m4(x) is the degree of non-determinacy of the element z € E to the set A. In the
case of ordinary fuzzy sets, m4(z) = 0 for every z € E.

For simplicity below we shall write A instead of A*.
The first geometrical interpretation of the IFSs is introduced on Fig. 1.
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For every two IFSs A and B, the following relations and operations can be defined
(everywhere below i f f" will stand for “if and only if”):

ACB iff (Vze E)(pa(z) < pp(z)&va(z) 2 va(z));
AD B iff BCA;
A=B iff (Vz€ E)(pa(z)= pp(z)&va(z) =vp(z));

-A = {(z,va(z),pa(z))|z € E};
ANB = {{z,min(pa(z), up(z)), maz(va(z),ve(z)))|z € E};
AUB = {(z,maz(pa(z), ps(z)), min(va(z),ve(z)))|z € E};
A+B = {{z,pa(z)+ ps(z) — pa(z).ps(z),va(z).ve(2)) | z € E};
A.B = {{z,pa(z).us(z),va(z) + vp(x) — va(z).va(z)) |z € E};
AGB = {(a,( “A(””)E“B(‘”)) : (”A(w)';"B(“")) )z € B};
A$B = {{z,+/pa(z).uB(z),/va(z).va(z))|z € E};

Let A be an IFS and let «, 8 € [0,1]. The following operators are defined:

0A = {(z,4a(2),1 - pa(z))le € E};

OA = {(z,1 —va(z),va(2))|z € E};

Da(A) = {{z, pa(@) + c.ma(@), va(z) + (1 — @).7a(2)) |z € E};

Fop(A) = {{z, pa(z) + a. WA(:L'),VA(.’E) + B.ma(z))|z € E}, where o+ f leql;

aB(A) {{z,a.pa(z), Bra(z))lc € E}.
ap(A) = {(z,0.pa(z),v ( )+ B.ma(z))|z € E},
HZ 5(A) = {{z, epa(2), va(2) + B.(1 — aupa(e) — va(2)))|z € E},
a6(A) = {{z, pa(z) + a.ma(z), B.va(z))|z € B},
ag(A) = {(z, pa(z) + o.(1 — pa(z) — B.va(=)), B.va(z))|z € E},

C(A) = {{z,K, L)z € E},

where
K =maz pa(y), L =minva(y)
yeE yeEE
and
where

k=minpa(y), | =maz va(y)
yeE yeE s

First, we shall introduce the operators of modal type, which are similar to the operators
from the intuitionistic fuzzy modal logic studied in [5]. They are the following (A is an
IFS):
pa(@) (va(z)+1

2 2

BE]A={($, )leE}’
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XA = {(CI), (HA(:L'Q)"_I), VAéx))lx & E}

The following assertions hold of the new operators.
THEOREM 1: For every IFS A:
(a) HAC A C XA,
(b) ~H-A4 = XA,
(c) HEBA C HA,
(d) XIXIA D XA,
(e) HXIA = XIHA,
)
)
)

(f) HoA = oHA,
(g) oA = oA,
(h) HOA = OHA,
(i) KOA = OXIA,

THEOREM 2: For every two 1FSs A and B:
(a) H(AN B) = HANHEB,
(b) X(ANB) =XANKXB,
(c) H(AU B) = HAU BB,

d) X(AUB) =XAUKXB,

) H(A+ B) c HA + BB,

f) XI(A+ B) D XA+ X B,

g) H(A.B) D A.HB,

h) X(A.B) c KA.XB,

i) H(A@B) = HAQHB,

) K(A@B) = KAQX B,

<) H(A$B) D HHASHB,

) XI(A$B) C XASXIB.

X

[X]

(
(e
(
(
(
(
g
(k
(1

THEOREM 3: For every IFS A:
()EE]C( ) = C(H4),
(b) MC(A) = C(HA),
(c) BHI(A) = I(HA),
(d) KI(A) = I(KA).

Now we shall generalize the two operators introduced above. So far the new opcerators
have no analogues in the intuitionistic fuzzy logic (this will be subject of another research
by the author).

Let o € [0,1] and let A be an IFS. Then we can define:

Ba.A = {{z,0.pa(z),a.va(z) + 1 — )|z € E},

XA = {(z,c.pa(z) + 1 — a,a.va(z))|z € E}.
Obviously,

0<oapa(z)+ava(z)+1 —a=1—a.(l —ps(z) — avs(z)) <1
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For every IFS A:
EO.5A = EIA,

XlosA = XA.

Therefore, the new operators “HH,” and “Xl,” are generalizations of the first ones.
Their graphical interpretations are given on Fig. 2 and Fig. 3, respectively.
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Fig. 2.

Fig. 3.

The following assertions (which are direct generalizetions of the above ones) are valid
for the new operators.
THEOREM 4: For every IFS A and for every « € [0,1]:
(a) HaA C AC KA,
(b) ~H,—A = X, A,
(c) H.H.,A C H.A,
(d) X,X,A D K,A,
(e) H.X,A = X,H,A,
f) H,0A = oH,A,
g) X,0A4 = 0oK,A,
h) H,0A = OH.A,

(
E
(i) Ba0A = ORA,

X
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THEOREM 5:

THEOREM 6:

For every two IFSs A and B:
(a) Ha(AN B) = H, AN H,B,
(b) X, (AN B) = X,ANKX,B,
(c) Ha(AU B) = H, AU H,B,
d) X,(AUB) =X,AUX,B,
) Ha(A+ B) C HoA + Hq.B,
) X,(A+ B) D XA+ X,B,
) Ba(A.B) D A.H,B,

) X, (A.B) Cc XK,A.K,B,

i) H.,(AQ@B) = H,AQH, B,
j) X, (A@B) = K,AQX,B,
k) H.,(A$B) > H,A$H, B,

1) X,(A$B) c X,A$X,B.

For every IFS A:

(a )EB C(A) = C(HaA),
(b) W C(A) = C(KaA),
(c) B I(A)—I(EE A),
(d) Wal(A) = I(KaA).

Moreover, the following assetions also are valid.

THEOREM T7:

THEOREM 8:

For every IFS A and for every two real numbers «, 8 € [0, 1]:

(a) BHoHpA = BreraHa A,

(b) X\XpA = Kipetoa Mo A,

(c) X,HzA D HgX,A.

For every IFS A and for every three real numbers «, 8,7 € [0, 1]:
(a) BaDy(A) = (BB A),

(b) BaFp(A) = Fap(Bad), where B+ < 1,

(c) BHaGpn(A) C Gpy(HaA),
(d) BaHpn(A) = Ho(Bad),
(e) HaHj,(A) = H (HaA)
(f) Badpn(A) = Jpq(HaA),
(g) HaJj,,(A) = J; (H.A)

(h) MaDp(A) = Ds(KaA),

(i) MaFpy(A) = Fpy(KaA), where § 4+ < 1,
(§) MaGpy(A) DGpy(KaA),

(k) MaHpy(A) = Hpy(KaA),

( X, A
( X, A
( oA).

Xxx

1) .O‘HE,’Y(A) — HE,Y(
m) XaJpA(A) = JpH(
n) (,JE’,Y(A) = JE,Y(

),
)
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