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Over Intuitionistic Fuzzy Sets (IFSs, see [2]) different operations, relations and opera-
tors are defined. The operators are from modal, topologocal level and other types. Here,
we shall discuss some properties of the modal operators.

Let α, β ∈ [0, 1]. We will define (see [2]) six operators over a given IFS A by:

Fα,β(A) = {〈x, µA(x) + α.πA(x), νA(x) + β.πA(x)〉|x ∈ E},
where α + β ≤ 1

Gα,β(A) = {〈x, α.µA(x), β.νA(x)〉|x ∈ E},
Hα,β(A) = {〈x, α.µA(x), νA(x) + β.πA(x)〉|x ∈ E},
H∗
α,β(A) = {〈x, α.µA(x), νA(x) + β.(1− α.µA(x)− νA(x))〉|x ∈ E},

Jα,β(A) = {〈x, µA(x) + α.πA(x), β.νA(x)〉|x ∈ E},
J∗α,β(A) = {〈x, µA(x) + α.(1− µA(x)− β.νA(x)), β.νA(x)〉|x ∈ E},

For every two IFSs A and B a lot of relations and operations are defined (see, e.g.
[2]), the most important of which are:

A ⊂ B iff (∀x ∈ E)(µA(x) ≤ µB(x)&νA(x) ≥ νB(x));

A ⊃ B iff B ⊂ A;

A = B iff (∀x ∈ E)(µA(x) = µB(x)&νA(x) = νB(x));

A ∩B = {〈x,min(µA(x), µB(x)),max(νA(x), νB(x))〉|x ∈ E};
A ∪B = {〈x,max(µA(x), µB(x)),min(νA(x), νB(x))〉|x ∈ E}.

A@B = {〈x, (µA(x)+µB(x))
2

, (νA(x)+νB(x))
2

〉|x ∈ E}.

The following assertions are proved in [2]:
Theorem 1.7.3: For every IFS A and for every α , β , γ , δ ∈ [0,1] such that α+ β ≤ 1
and γ + δ ≤ 1:

Fα,β(Fγ,δ(A)) = Fα+γ−α.γ−α.δ,β+δ−β.γ−β.δ(A).

Theorem 1.8.1 (d): For every IFS A and for every four real numbers α, β, γδ ∈ [0, 1],
then

Gα,β(Gγ,δ(A)) = Gα.γ,β.δ(A) = Gγ,δ(Gα,β(A)).
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Unfortunately, similar equalities cannot be proved for the rest operators. For some of
them more particular results are valid. For example, we can easity prove the validity of
Theorem 1: For every IFS A and for every α, β ∈ [0, 1] :

Jα,1(H1,β(A)) = Fα(1−β),β(A),

H1,α(Jβ,1(A)) = Fβ,α(1−β)(A),

J1,1(Hα,β(A)) = F1−β,β(A),

H1,1(Jα,β(A)) = Fα,1−α(A).

But we cannot construct similar equalities for expressions Fα,β(Gγ,δ(A)), Gα,β(Fγ,δ(A)),
Hα,β(Hγ,δ(A)), Jα,β(Jγ,δ(A)), Jα,β(Hγ,δ(A)), Hα,β(Jγ,δ(A)), etc.

Following [2] we shall mention that in 1991, during a lecture given by the author, a
question was launched of whether an operator can be constructed to include as partial
cases all operators of modal type. On the next lecture the author gave a positive answer,
defining (and publishing in [1]) the following operator which is universal for all above
operators. Let:

Xa,b,c,d,e,f (A) = {〈x, a.µA(x) + b.(1− µA(x)− c.νA(x)),
d.νA(x) + e.(1− f.µA(x)− νA(x))〉|x ∈ E}

where a, b, c, d, e, f ∈ [0, 1] and:
a+ e− e.f ≤ 1, (1)

b+ d− b.c ≤ 1. (2)

In [2] is proved the following
Theorem 1.11.1: For every IFS A and for every a, b, c, d, e, f ∈ [0, 1] satisfying (1) and
(2), Xa,b,c,d,e,f (A) is an IFS.

All the above operators can be represented by the operator X at suitably chosen values
of its parameters. These representations are the following:

Fa,b(A) = X1,a,1,1,b,1(A),
Ga,b(A) = Xa,0,r,b,0,r(A),
Ha,b(A) = Xa,0,r,1,b,1(A),
H∗
a,b(A) = Xa,0,r,1,b,a(A),

Ja,b(A) = X1,a,1,b,0,r(A),
J∗a,b(A) = X1,a,b,b,0,r(A),

where r is an arbitrary real number ∈ [0, 1].
In [2] all above operators of a modal type are systematized, constructing the following

scheme:
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In the same book they are proved the following assertions
Theorem 1.11.2: Let for a, b, c, d, e, f, g, h, i, j, k, l ∈ [0, 1] it holds that

u = a.g +b −b.g −b.c.k + b.c.k.l ≥ 0,
v = a.h +b −b.c.k −b.h > 0,
w = a.h.i +b.c.j −b.c.k −b.h.i ≥ 0,
x = d.j +e −e.f.h +e.f.h.i− e.j ≥ 0,
y = d.k +e −e.f.h −e.k > 0,
z = d.k.l +e.f.g −e.f.h −e.k.l ≥ 0.

Then:
Xa,b,c,d,e,f (Xg,h,i,j,k,l(A)) = Xu,v,w/v,x,y,z/y.

Theorem 1.11.3: For every two IFSs A and B and for every a, b, c, d, e, f ∈ [0, 1] satis-
fying (1) and (2):

(a) Xa,b,c,d,e,f (A) = Xd,e,f,a,b,c(A),

(b) Xa,b,c,d,e,f (A ∩B) ⊂ Xa,b,c,d,e,f (A) ∩Xa,b,c,d,e,f (B),

(c) Xa,b,c,d,e,f (A ∪B) ⊃ Xa,b,c,d,e,f (A) ∪Xa,b,c,d,e,f (B),

(d) if c = f = 1, a ≥ b and e ≥ d, then

Xa,b,c,d,e,f (A+B) ⊂ Xa,b,c,d,e,f (A) +Xa,b,c,d,e,f (B),

(e) if c = f = 1, a ≥ b and e ≥ d, then

Xa,b,c,d,e,f (A.B) ⊃ Xa,b,c,d,e,f (A).Xa,b,c,d,e,f (B),

(f) Xa,b,c,d,e,f (A@B) = Xa,b,c,d,e,f (A)@Xa,b,c,d,e,f (B).

Now, we shall formulate and prove some new propereties of operator Xa,b,c,d,e,f . It is
valid
Theorem 2: For a, b, c, d, e, f, g, h, i, j, k, l ∈ [0, 1] such that (1), (2) and

g + k − k.l ≤ 1, (3)

h+ j − h.i ≤ 1 (4)

are valid, and for a given IFS A:

Xa,b,c,d,e,f (A) ∩Xg,h,i,j,k,l(A) ⊃ Xmin(a,g),min(b,h),max(c,i),max(d,j),max(e,k),min(f,l)(A),

Xa,b,c,d,e,f (A) ∪Xg,h,i,j,k,l(A) ⊂ Xmax(a,g),max(b,h),min(c,i),min(d,j),min(e,k),max(f,l)(A),

Xa,b,c,d,e,f (A)@Xg,h,i,j,k,l(A) = Xa+g
2

+ b+h
2

+ bc+hi
b+h

+ d+j
2

+ e+k
2

+ ef+kl
e+k

(A).

Proof. Let a, b, c, d, e, f, g, h, i, j, k, l ∈ [0, 1] satisfy the above mentioned conditions and
let A be given. Then

Xa,b,c,d,e,f (A)@Xg,h,i,j,k,l(A)
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= {〈x, a.µA(x) + b.(1− µA(x)− c.νA(x)), d.νA(x) + e.(1− f.µA(x)− νA(x))〉|x ∈ E}

@{〈x, g.µA(x) + h.(1− µA(x)− i.νA(x)), j.νA(x) + k.(1− l.µA(x)− νA(x))〉|x ∈ E}

= {〈x, 1

2
(a.µA(x) + b.(1− µA(x)− c.νA(x)) + g.µA(x) + h.(1− µA(x)− i.νA(x))),

1

2
(d.νA(x) + e.(1− f.µA(x)− νA(x)) + j.νA(x) + k.(1− l.µA(x)− νA(x)))〉|x ∈ E}

= {〈x, a+ g

2
µA(x) +

b.(1− µA(x)− c.νA(x)) + h.(1− µA(x)− i.νA(x))

2
,

d+ j

2
νA(x) +

e.(1− f.µA(x)− νA(x)) + k.(1− l.µA(x)− νA(x))

2
〉|x ∈ E}

= {〈x, a+ g

2
µA(x) +

1

2
.((b+ h)− (b+ h).µA(x)− (bc+ hi).νA(x)),

d+ j

2
νA(x) +

1

2
.((e+ k)− (ef + kl).µA(x)− (e+ k).νA(x))〉|x ∈ E}

= {〈x, a+ g

2
µA(x) +

b+ h

2
.(1− µA(x)− bc+ hi

b+ h
.νA(x)),

d+ j

2
νA(x) +

e+ k

2
.(1− ef + kl

e+ k
.µA(x)− νA(x))〉|x ∈ E}

= Xa+g
2

+ b+h
2

+ bc+hi
b+h

+ d+j
2

+ e+k
2

+ ef+kl
e+k

(A).

The validity of the other expressions is checked analogously.
Now, using X-representations if operators Fα,β, Gα,β, Hα,β, Jα,β, H

∗
α,β and J∗α,β we ob-

tain through Theorem 1.11.2:

Fa,b(Fc,d(A)) = X1,a+c−ac−ad,1,1,b+d−bc−bd,1,

Fa,b(Gc,d(A)) = Xa+c−ac,a,d,b+d−bd,b,c,

Fa,b(Hc,d(A)) = Xa+c−ac,a−ad,1,1,b+d−bd,1,

Fa,b(H
∗
c,d(A)) = Xa+c−ac−ad+acd,a−ad,1,1,b+d−bd,c,

Fa,b(Jc,d(A)) = X1,a+c−ac,1,b+d−bd,b−bc,1,

Fa,b(J
∗
c,d(A)) = X1,a+c−ac,d,b+d−bd,b−bc,1,

Ga,b(Fc,d(A)) = Xa,ac,1,b,bd,1,

Ga,b(Gc,d(A)) = Xac,0,0,bd,0,0,
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Ga,b(Hc,d(A)) = Xac,0,0,b,bd,1,

Ga,b(H
∗
c,d(A)) = Xac,0,0,b,bd,c,

Ga,b(Jc,d(A)) = Xa,ac,1,bd,0,0,

Ga,b(J
∗
c,d(A)) = Xa,ac,d,bd,0,0,

Ha,b(Fc,d(A)) = Xa,ac,1,1,b+d−bc−bd,1,

Ha,b(Gc,d(A)) = Xac,0,0,b+d−bd,b,c,

Ha,b(Hc,d(A)) = Xac,0,0,1,b+d−bd, d+bc−bd
b+d−bd

,

Ha,b(H
∗
c,d(A)) = Xac,0,0,1,b+d−bd,c,

Ha,b(Jc,d(A)) = Xa,ac,1,b+d−bd,b−bc,1,

Ha,b(J
∗
c,d(A)) = Xa,ac,d,b+d−bc−bd+bcd,b−bc,1,

H∗
a,b(Fc,d(A)) = Xa,ac,1,1,b+d−bd, d+ab−abc−bd

b+d−bd
,

H∗
a,b(Gc,d(A)) = Xac,0,0,b+d−bd,b,ac,

H∗
a,b(Hc,d(A)) = Xac,0,0,1,b+d−bd, d−ab+abc

b+d−bd
,

H∗
a,b(H

∗
c,d(A)) = Xac,0,0,1,b+d−bd, cd+abc−bcd

b+d−bd
,

H∗
a,b(Jc,d(A)) = Xa,ac,1,b+d−bd,b−abc,ab−abc

b−abc
,

H∗
a,b(J

∗
c,d(A)) = Xa,ac,acd,b+d−bd−abc+abcd,b−abc,ab−abc

b−abc
,

Ja,b(Fc,d(A)) = X1,a+c−ac−ad,1,b,bd,1,

Ja,b(Gc,d(A)) = Xa+c−ac,a,d,bd,0,1,

Ja,b(Hc,d(A)) = Xa+c−ac,a−ad,1,b,bd,1,
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Ja,b(H
∗
c,d(A)) = Xa+c−ac,a−ad,1,b,bd,c,

Ja,b(Jc,d(A)) = X1,a+c−ac, c−ac+ad
a+c−ac

,bd,0,1,

Ja,b(J
∗
c,d(A)) = X1,a+c−ac,d,bd,0,1,

J∗a,b(Fc,d(A)) = X1,a+c−ac−abd, c+ab−ac−abd
a+c−ac−abd

,b,bd,1,

J∗a,b(Gc,d(A)) = Xa+c−ac,a,bd,bd,0,1,

J∗a,b(Hc,d(A)) = Xa+c−ac,a−abd,ab−abd
a−abd

,b,bd,1,

J∗a,b(H
∗
c,d(A)) = Xa+c−ac−abd+abcd,a−abd,ab−abd

a−abd
,b,bd,c,

J∗a,b(Jc,d(A)) = X1,a+c−ac,c−ac+abd,bd,0,1,

J∗a,b(J
∗
c,d(A)) = X1,a+c−ac, cd−acd+abd

a+c−ac
,bd,0,1.

References

[1] Atanassov K., A universal operator over intuitionistic fuzzy sets, Compt. rend. Acad.
bulg. Sci., Tome 46, N. 1, 1993, 13-15.

[2] Atanassov K., Intuitionistic Fuzzy Sets, Springer Physica-Verlag, Berlin, 1999.

47


