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Over Intuitionistic Fuzzy Sets (IFSs, see [2]) different operations, relations and opera-
tors are defined. The operators are from modal, topologocal level and other types. Here,
we shall discuss some properties of the modal operators.

Let a, B € [0,1]. We will define (see [2]) six operators over a given IFS A by:

Fus(4) = {2 pa(x) + .ma(2), va(z) + Ama(@)lo € B},
where a + 3 <1

Gap(A) = {(z,a.pa(z),Bra(z))|r € £},
Hop(A) = {({z,.pa(z),va(r) +5 Ta(z))|r € EY,
H 5(A) = {(z,.pa(2),va(z) + B.(1 — a.pa(r) — va(w))) |z € B},
Jap(A) = {(z, pa(x) + ama(z), Bra(r))z € EY,
ap(A) = {{z,pa(z) + @ (1 — pa(r) = Bva(z)), Bva(x))|x € E},

For every two IFSs A and B a lot of relations and operations are defined (see, e.g.
[2]), the most important of which are:

AcCB ift (Vxe E)(ua(r) < pug(x)&va(z) > vp(x));
ADB iff B C A
A=DB ift (Vz€ E)(ua(z) = pup(x)&va(z) = vp(x));

ANB = {{z,min(ua(z),p ( ), max(va(z), ve(z)))|z € E};
AUB = {(z,maz(pa(z), pp(x)), min(va(z),vp(x)))|x € £}
AQB = {{(x, (MA(Q«“)J;MB(I ) (wa(z )+VB )) Vz e EY.

The following assertions are proved in [2]:
Theorem 1.7.3: For every IFS A and for every a, #, v, § € [0,1] such that a+ 5 < 1
and v+ 0 < 1:
Fap(Fy5(A) = Foryan-aspro-prpos(A).

Theorem 1.8.1 (d): For every IFS A and for every four real numbers «, 3,70 € [0, 1],
then
Ga,5(Gr3(A)) = Ganps(A) = Gy s(Gap(A)).
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Unfortunately, similar equalities cannot be proved for the rest operators. For some of
them more particular results are valid. For example, we can easity prove the validity of
Theorem 1: For every IFS A and for every a, 3 € [0,1] :

Ja1(H1p(A)) = Fan—p)s(A),

Hio(J5,1(A4)) = Fpa-p(4),
Ji1(Hap(A)) = Fips(A),
Hl,l(‘]a,B(A)) = Fa,l—a(A)-

But we cannot construct similar equalities for expressions F,, 3(G,s(A)), Gag(Fy5(A)),
Heop(Hy5(A)); Jap(J16(A)), Jas(Hy5(A)), Hap(Jy5(A)), ete.

Following [2] we shall mention that in 1991, during a lecture given by the author, a
question was launched of whether an operator can be constructed to include as partial
cases all operators of modal type. On the next lecture the author gave a positive answer,
defining (and publishing in [1]) the following operator which is universal for all above
operators. Let:

Xapede(A) = {(z, a.pa(@) +b.(1 — pa(z) — cva(z)),
dvs(z)+e(l — foua(x) —va(x)))|z € E}
where a,b,c,d, e, f € [0, 1] and:
ate—ef<1, (1)
b+d—bc<l. (2)
In [2] is proved the following
Theorem 1.11.1: For every IFS A and for every a,b,c,d, e, f € [0, 1] satisfying (1) and
(2), Xapeder(A) is an IFS.

All the above operators can be represented by the operator X at suitably chosen values
of its parameters. These representations are the following:

For(A) = Xi1a1161(A),

Ga,b(A) - a,O,r,b,O,’r(A>7
Hop(A) = Xaor161(4),
H;,b(A) = XaOrl,b,a(A)a
Ja,b<A) = X17a,17b,0,r(A)a

;,b(A> = Xl,a,b,b,O,r(A)a

where r is an arbitrary real number € [0, 1].

In [2] all above operators of a modal type are systematized, constructing the following
scheme:

Fop Gap
H,p H 5 Ja8 Jos
Xa,b,c,d,e,f
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In the same book they are proved the following assertions
Theorem 1.11.2: Let for a,b,¢,d, e, f, g, h,i,j, k,1 € [0,1] it holds that

u = a.g +b —b.g —b.ck+bckl >0,
v = ah +b —b.c.k —b.h > 0,
w = a.ha +bcj —bck —b.hi >0,
r = dj +e —e.fh +e.fhi—ej >0,
y = dk +He —e.f.h —ek > 0,
z = d.kl +efg —e.f.h —ek.l > 0.

Then:
Xa,b,c,d,e,f(Xg,h,i,j,k,l (A>> = Xu,v,w/v,a:,y,z/y~

Theorem 1.11.3: For every two IFSs A and B and for every a,b,c,d, e, f € [0, 1] satis-
fying (1) and (2):

(a) Xa,b,c,d,e,f(A) = Xd,e,f,a,b,c(A)7
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(f) Xa,b,c,d,e,f (A@B) = Xa,b,c,d,e,f(A)@Xa,b,c,d,e,f(B) .

Now, we shall formulate and prove some new propereties of operator X, p cae s It is
valid
Theorem 2: For a,b,c,d,e, f,g,h,i,j,k, 1 €[0,1] such that (1), (2) and

g+k—kil<1, 3)
h+j—hi<l (4)
are valid, and for a given IFS A:
Xapede,s(A) N Xgnijki(A) D Xinin(a,g),min(b,h),max(e,i),max(d,j),max(e,k),min(,0) (A)
Xapedef(A) U Xgnijni(A) C Xmax(a,g)max(b,h)min(e,i),min(d,j),min(e,k),max(f.1) (4),

Xazbzczdrevf(A>@Xgah>i’j’kal(A) = X%ﬂ—‘,—#—F%—&—%{—#{—%(A)

Proof. Let a,b,c,d,e, f,9,h,1,7,k,1 € [0,1] satisfy the above mentioned conditions and
let A be given. Then
Xa,b,c,d,e,f(A)@Xg,h,i,j,k,l(A)
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= {{z,a.pa(z) +0.(1 — pa(z) — cva(z)), dva(z) + e.(1 — fpa(z) —va(z)))|z € E}
Q{(z, g.pa(x) + h.(1 — pa(x) —iva(z)), jva(z) + k. (1 — Lpa(z) — va(z)))|x € E}

= (. 5 (@pa@) + 5.0~ a(e) — cva®) + g.ua(e) + (1~ pala) — iva(x))),

;(d.uA(x) el = fopa(x) — va(@) + (@) + k(1 — Lpa(z) — va(@))|z € E}

— {(z, CL;QIMA<x> N b.(1 — pa(z) — cva(z)) ;L h.(1 — pa(z) — i'VA(I)),

e.(1 = fupa(e) = va()) + k(1 = Lpa(x) — va(2))
2

d+j
2

va(z) + v e EY

= ({2, T palw) + ;((b 4 h) — (b4 h).ualz) — (be+ hi)wa()),

d;jm(x) + ;.((e &) — (ef + kl).pa(z) — (e + k).wa(2))|z € B}

b+ h bc + hi
— (@ S o) + (= o) = T

2 2
(z) = va(x)))|z € E}

va(r)),

d+j e+ k ef +kl
5 I/A(.T)—l- 5 .(1— .y’ A

:Xa+g b+h | bethi | d+j | ed+k | ef+kl A .
2+2+b+h+2+2+e+k()

The validity of the other expressions is checked analogously.
Now, using X-representations if operators I, 5, Gog, Hop, Ja,5, H, 5 and J; 5 we ob-
tain through Theorem 1.11.2:

Fop(Fra(A)) = X1 ate—ac—ad,1,1,b+d—be—bd,15
Fop(Gea(A)) = Xate—acadbrd—bdbes
Fop(Hea(A)) = Xate—aca—ad,1,1,b+d—bd,15
Fop(H 4(A)) = Xate—ac—adtacda—ad,1,1,b+d—bd,cs
Fop(Jea(A)) = X1 avc—ac1brd—bdp—be,1;

Fa,b( :,d(A)) = Xl,a+c—ac,d,b+d—bd,b—bc,1,
Ga,b(FC,d(A)) = Xa,ac,l,b,bd,l;

Ga,b (GC,d (A> ) = Xac,O,O,bd,O,O s
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Ga,b(Hc,d(A)) = Xac,O,O,b,bd,la
Gap(H 4(A)) = Xac0,0bdes
Gap(Jea(A)) = Xaae1,6d,0,0,
Ga,b( Zd(A)) = Xa,ac,d,bd,O,Oa
Hop(Fea(A)) = Xaae1,1,b+d—be—bd,1,
Hap(Ged(A)) = Xac,0,0,b+d—bdbes

Hop(Hea(A)) = X 4e.0,0.1,b+d—bd, dibe—bd,

Ha,b(H:,d(A)) = Xac,O,O,l,berfbd,ca
Heop(Jea(A)) = Xaae brd—bdp—be,1s
Hop(J74(A)) = Xaae,dbtd—be—bd+bed,b—be 1
H;y(Fea(A)) = Xa,ac,l,l,berfbd,7d+“bi;‘ib;‘;bd7

ab(Ged(A)) = Xac0,0b+d—bdbacs

:,b(Hc,d(A)) - Xac,o,o,l,b+d—bd, d;:gjggc )

H;,b(H:,d(A)) = Xac,O,O,l,berfbd cdtabe—bed

? bt+d—bd

Hap(Jea(A)) = Xa.ae.1 b+d—bd.b—abe, b=abe

* * _
ap(JealA)) = Xa,ac,acd,b-l—d—bd—abc—‘,—abcd,b—abc,"bb_’a’lbic7

Ja,b(Fc,d(A)) = Xl,aJrcfacfad,l,b,bd,la
Ja,b(Gc,d<A>) = Xa+cfac,a,d,bd,0,17

Ja,b(Hc,d(A)) = Xa+c—ac,a—ad,1,b,bd,17
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Ja,b<H:,d(A)) = XaJrcfac,afad,l,b,bd,m

Ja,b(Jc,d(A)) = Xl,a+c—ac e—aetad bq.0,13

’ at+c—ac’

Ja,b( :d<A)) = Xl,a+cfac,d,bd,0,17
J:,b(FC,d(A)) = Xl,a+c—ac—abd ctab—ac—abd 4, 3 1

) a+c—ac—abd ’

;,b (Gc,d (A)) = Xa+c—ac,a,bd,bd,o,1,

:,b (HC,d (A) ) = ‘Xra—ﬁ-c—aqa—abd7 ‘Zb:;bbj ,b,bd, 17

:,b( :,d(A)) = Xot e ac—abdtabed.a—abd, ab—abd b bd,c’
;J;(JC,d(A)) = Xl,a+cfac,cfac+abd,bd,0,17

a+c—ac

;,b( Zd(A)) = Xl,a—&—c—ac,w,bd,o,l’
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