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Abstract we propose and investigate two families of metrics in
space of intuitionistic fuzzy numbers. Then we sug-
gest a method of ranking intuitionistic fuzzy numbers

Two families of metrics in space of intu- .
based on these metrics.

itionistic fuzzy numbers are considered. A
method of ranking intuitionistic fuzzy num- _ )
bers based on these metrics is also sug- 2 Basic notions

gested and invesigated.
Let X denote a universe of discourse. Then an intu-

itionistic fuzzy setA in X (see [1], [2]) is a set of or-
dered triples

A= {0 VAR ixEX), (D)

wherepa,va : X — [0,1] are functions such that
A membership function of a classical fuzzy set as-
signs to each element of the universe of discourse a O<ma(¥)+va(¥) <1 ¥xeX. @)

number from the unit interval to indicate the degreeFOr eachx the numbergia(x) andva(x) represent the

of belongingness to the set under consideration. Th%egree of membership and degree of nonmembership
degree of nonbelongingness is just automatically theOf the elemenk € X to A C X, respectively. For each
Complement. to 1 of the membership degree. Howeverelememx € X we can compu’te the so-called, the intu-
a human.belng who expresses the degree of membe|rt'ionistic fuzzy index ofx in A defined as follows

ship of given element in a fuzzy set very often does

not express corresponding degree of nonmembership Ta(X) = 1— pa(X) — VA(X). ©)

as the complement to 1. This reflects a well known

psychological fact that the linguistic negation not al- Of course, a fuzzy set is a particular case of the intu-
ways identifies with logical negation. Thus Atanassovitionistic fuzzy set witlva(x) = 1 — pa(X).

[1] introduced the concept of an intuitionistic fuzzy aianassov has also defined two kindsoofcuts for
setwhich is characterized by two functions expressingitionistic fuzzy sets. Namely

the degree of belongingness and the degree of nonbe-

longingness, respectively. This idea, which is a natu- Aq = {xeX:pa(x)>a}, (4)

ral generalization of usual fuzzy set, seems to be use- AY = {xeX:va(x) <al. (5)

ful in modeling many real life situations.
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1 Introduction

Ranking fuzzy numbers is one of the fundamentalSince from now on we will restrict our consideration
problems of fuzzy arithmetic and fuzzy decision mak- to intuitionistic fuzzy numbers, henceforth our uni-
ing. Itis due to the fact that fuzzy numbers are notverse of discourse would be the real line, Xe= R.
linearly ordered. This problem is also important in We define an intuitionistic fuzzy number as follows
the case of intuitionistic fuzzy numbers. In this paper (see [7]):



Definition 1 An intuitionistic fuzzy subsefA = According to the definition it is seen at once that
{{%,Ha(X),va(X)) : x € R} of the real line is called every a—cut (A")y or (A )y is a closed interval.
an intuitionistic fuzzy number if Hence we havéA™ )y = [Af (), A} (a)] and(A™)q =
(a) Aisif-normal (i.e. there exist at least two points [A_ (a),A;(a)], respectively, where
X0, X1 € X such thatua(xo) = 1 andva(x1) = 1), n . .
(b) Ais if-convex (i.e. its membership functipris AEF(OO =inf{xe X '_“A(X) = 0},
fuzzy convex and its nonmembership function is fuzzy Ay(a) = supix € R - pa(x) > a}, (10)
A () =inf{xe R :va(X) <1—a},

concave), L B ) B
(c) Ma is upper semicontinuous amndgy is lower Ay (@) =sup(x € R :va(x) < 1—aj.
semicontinuous, If the sides of the fuzzy numbeX are strictly mono-

(d) suppA=cl({xe€ X:va(x) < 1}) is bounded tone then by (6) and (7) one can see easily &igt),

From the definition given above we get at once thatAU( ) A (a) and A, (a) are inverse functions of
fa, ga, ha andka, respectlvely In general, we may

for any intuitionistic fuzzy numbeA there exist eight 7 1
numbersy, ap, az, as, b1, by, bz, bs € R such thab; < adopt th? convention thdg (a ) AL (@), Ga7(0) =
e < b < Ay < i A (0), hat(a) = A (o) andk,*(a) = Au(d)-
a1 < by, <ay, <az<hbs<as < by and four functions TA
fa,0a,ha,ka : R — [0,1], called the sides of a fuzzy
number, wherefa andka are nondecreasing armgi
andhp are nonincreasing, such that we can describe a
membership functiop, in a form

3 Distances between intuitionistic fuzzy
numbers

Various methods for measuring distances between in-

0 if x<a tuitionistic fuzzy sets are considered in the literature
fax)  if & <x<a (see [1], [5], [6], [9]). Below we suggest two families
HPa(x) =4 1 if aa<x<as , (6) of metrics that seem to be useful for measuring dis-
8A(X) '; a3 <X< a4 tances between intuitionistic fuzzy numbers. We get
if ay <X

_ _ _ _ Definition 2 Thed,(A, B) distance, indexed by a pa-
while a nonmembership function has a following  rgmeter1 < p < o, for any two intuitionistic fuzzy

form numbersA = {(x,Ja(X),Va(X)) 1 x € R} and B =
1 if x<b {{x,ps(Xx),Ve(X)) : X € R } is given by
hA(X) if by <x<hby 1 1 0
Va(x)=14 0 if by <x<bs (7) dp(AB) = <4/0 /A (o) = B{ (a)| " da
kA(X) if b3 <x< b4
: 1t b
1 i b 2 [ M@ -B@Pda @y
It is worth noting that each intuitionistic fuzzy num- 1t - p
) o = | |AZ(a)—=B_ ()| dat
berA= {(x,pa(x),va(X)) : x € R } is a conjunction of
two fuzzy numbersA* with a membership function 10t - 1/p
Ha+ (X) = pa(x) and A~ with a membership function Z/ A | da)

Ha- (X) = 1— va(X). It is seen thasuppA™ C suppA~.
forl<p<wand
A useful tool for dealing with fuzzy numbers are their

a—cuts. Everya—cut of a fuzzy number is a closed dp(A,B) = % sup |Af (o) =B (a)|  (12)

interval and a family of such intervals describes com- T“Sl

_pletg_ly a f_uzzy number und_e_r study. I_n the case of £~ sup }Au( ) — BG(O()\

intuitionistic fuzzy numbers it is convenient to distin- 4o<a<1

guish followinga —cuts: (A™)q and(A™ ). Itis easily

seen that Zofgfl}AL BL ()]
(AN = {xeX:pa(X)>a}=Aq, (8) } sup A (o) — By (a))|
(A)a = {xeX:1l-va(x)>a} (9) 4O<0(<1

= {xeX:va(x)<1l—a}=A"" for p= oo,



Definition 3 Thepp(A,B) distance, indexed by a pa-
rameterl < p < oo, for any two intuitionistic fuzzy
numbersA = {(X,Ha(X),va(X)) : x € R} and B =
{{(X,us(X),VB(X)) : X € R } is given by

max{ \p//ol\A,f(a)—Bf(a)\pda,

\p/ [ 145@ - B[ da, @13)
1

WO AT (@)~ B (o) |"da,

\‘//OlAUm)BU(a)!pda}

for1 < p< o and

Pp (A7 B)

sup |A (o) — B (a)],

O<a<l

po(AB) = max{

oggglw(a)—BS(a) . (14)
sup |A_(a) =B (a)],
O<o<1
- sup [Ay(0) - B @) |
O<a<1

for p= c.

Let IFN’ denote a space of all intuitionistic fuzzy
numbers. We may partitiotfFN’ into disjoint sets
in such a way that two intuitionistic fuzzy numbers
A andB belong to the same set if and only if the cor-
responding functiong\' (a), Al (a), A (a), Aj(a)
andB (a), Bjj(a), B_ (o), B; (a) differ only on a set
of measure zero. This way we obtain a spHelN of

equivalence classes. It is not misleading that we re-

gard elements of the spalfeN as intuitionistic fuzzy

numbers is one of the fundamental problems of fuzzy
arithmetic. The same is true in the case of intuition-
istic fuzzy numbers. Below we suggest a method of
ranking intuitionistic fuzzy numbers based on metrics
introduced in the previous section. This method is a
direct generalization of the method for ranking classi-
cal fuzzy numbers presented in [4].

Let us start from some definitions. Suppode IFN
is a subfamily of all intuitionistic fuzzy numbers.

Definition 4 An intuitionistic fuzzy numbet(4)

is called the lower horizon of a given subfamily
4 if sup(supp.(4)) < inf(suppp) for any A € 4.
Similarly, an intuitionistic fuzzy numbed (4) is
called the upper horizon of a given subfam#y if
inf(suppJ (44)) > sup(suppA) for anyA € 4.

It is obvious that4 may have one or more horizons.
For a fixed intuitionistic fuzzy number we may con-
sider following subfamilies ofF N:

Definition 5 LetH € IFN. A subfamily#_ (H) C IFN
of a form

H (H)={A€cIFN :supsupH) <inf(supp)}
(15)
is said to be lower-dominated by the intuitionistic
fuzzy numbeH. Similarly, a subfamily#{(H) C
IFN of a form

Hy(H) = {A€IFEN :inf(supfH) > sup(sup) }
(16)
is said to be upper-dominated by the intuitionistic
fuzzy numbeH.

A following lemma is straightforward

Theorem 2LetH € IFN. ThenH = L(#_ (H)) and
U(Hu(H)).

Now we may propose two following orders:

numbers and by integrals in (11) and (13) we mean theyafinition 6 LetA.B e 4 c IFN. Moreover, letH —

integrals of arbitrary representative of the class conl( a)

tainingA.
A following theorem holds

Theorem 1 SpacegIFN,dp) and (IFN,pp) for 1 <
p < o are metric spaces.

4 Ranking intuitionistic fuzzy numbers

It is known that there is no unique linear ordering

in a family of fuzzy numbers. Thus ranking fuzzy

and letd be a metric inFN. The relation~_ in
A x A4 given by

A= B<=d(AH)>d(B,H) (17)

is called the order respect to the lower horizdn

Definition 7 LetA,.B € 4 C IFN. Moreover, letH =
U(4) and letd be a metric inlFN. The relation>-y
in 4 x 4 given by

A>yB<—=d(AH) <d(B,H) (18)



is called the order respect to the upper horizdn where

Of course, using different metrics, ed, or pp given ~ e | 12 L@
above, we may obtain different orders. Anyway, the E.(A) =772+ ébflhA(X)dX_ éafl fa(x)dx,
following theorem holds (20)

Sriay_ asths | 1 L
Theorem 3 Let H € IFN. Then#_(H) is qua- EA =" +26£gA(x)dx 25£kA(X)dx
siordered by the relation-, while #(H) is qua-
siordered by the relation-y. Moreover, both rela- Asin the case of the classical fuzzy sets we will define
tions = and =y are connected. the expected value of intuitionistic fuzzy number as

It should be noticed that both relations and >~y follows (compare [3], [8]):

are not antisymmetric and hence they are only quasibefinition 8 The expected valuﬁ/(A) of an intu-
ordering relations, not ordering relations. However, itionistic fuzzy numbeh = { (X, pa(X),Va(X)) : x€ R }
every quasi-ordering determines an equivalence relais the center of the expected interval of that intuition-
tion and an ordering relation (on equivalence classesistic fuzzy number, i.e.

in a natural way. Therefore the last theorem is of great — —
importance since it makes possible to rank any sub- EV(A) = E.(A)+E*(A)
family of intuitionistic fuzzy numbers which is lower- 2

dominated or upper-dominated that is very common .
. . Ppe y A following theorem holds
in practical applications.

(21)

. .Theorem 6 Let = and >y denote the quasi-order
Now we show some properties of the proposed quasi- . :
ith respect to the lower and upper horizon, respec-

derings based on th trics introduced on Sec. 3, L
orderings based on the metrics introduced on Sec tively, based on the metri (i.e. dp for p=1). Then

Namely for anyA,B € IFN we get

Theorem 4 The quasi-order—_ with respect to the N N

lower horizon, based on the metrég (i.e. dp for A-LB<=EV(A) > EV(B) (22)
p = 1), does not depend on the choice of the Iowerand

horizon. Similarly, the quasi-ordery with respect
to the upper horizon, based on the metii¢ does not
depend on the choice of the upper horizon.

Ay B<= EV(A) > EV(B). (23)

As a natural consequence of Th. 4 and Th. 6 we get

Theorem 5The quasi-orders- with respect to the  cqrollary Quasi-order-, ands> with respect to the
lower horizon, based on the metdg, p1 andpe, do |5 \yer and upper horizon, respectively, based on the
not depend on the choice of the lower horizon, pro-petricd, | do not depend on the choice of any horizon.

vided that the horizon is a crisp number.  Similarly, \joreover, these two quasi-orders are equivalent, i.e.
the quasi-orders-y with respect to the upper hori-

zon, based on the metmk,, p1 andp.,, do not depend A> B<—= A>y B. (24)
on the choice of the upper horizon, provided that the
horizon is a crisp number. 6 Conclusions

In this paper we have introduced two families of met-
rics in a space of intuitionistic fuzzy numbers. We
have also proposed a method of ranking intuitionis-
tic fuzzy numbers based on the suggested metrics and

The expected interval of an intuitionistic fuzzy num- considered some properties of these methods. Order-

ber A = {(X, ua(x),Va(x)) 1 X € R} is a crisp interval ~ iNgs based on the metri; are of a special interest
EI(A) given by (see [7]) because of the close relationship with the concept of

expected value of an intuitionistic fuzzy number. It

is worth noting that these results are direct general-
N S izations of the results obtained for the classical fuzzy
EI(A) = [E.(A).E(A)] (19  numbers.

5 Expected value and orderings
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