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A ~ t :  New ~'~v~ on ~ ~ ~ a~ ~at~d~ed. T~¢o a~w~ o I ~  oa 
i a ~ i ~  fl~y ~ are defined ~nd theh" basic p~t~e~e~ are s ~ e d .  

Kcy~eds: ~roi~on~f~¢ ~ y  ~ets; leve|; modal epcra~r-ncoe~ W ~ d  pou~'lf~; mpo- 

We shall introduce new r~mRs oa  inmifioaistic fuzzy ~ t s  ( t F~ ) ,  which arc a 
¢~a~nuafion of the ~eml~ in [1]. , ~  aotatlons are from [1]. 

Let a set E be ~ixe, d. A n  I I~  A* in E is an object having the form 

w h e ~  the funct ions/~(x) :  E ~  [O, 1] and vA(x): E ~  [0, 1] ~ f i a c  th~ d e ~ c  of 
m e m ~ r s h i p  and the d e g r ~  of nonmcmbership of the element x ~ E :o tb~ set A, 
wlfic, h is a s u b ~  of E (for s h n p ~ t y  below wc shah write A instead of A*) ,  
t~spectively, and for ever), x ~ E: 

Obviously, ¢very fuzzy ~¢  has the form 

{(x, ~(x) ,  1 -  ~ (x ) )  Ix • ~), 
For ~very two E ~ s  ~ ~ d  B the followhtg relators, ope~a'u~.~ and operators 

are valid (see [1]): 

A = B  iff A ~ - B & B ~ A ;  

A + B = { (x ,  [~A(x) + l~B(x) - I~A(x) ° K~(x), ¢~(x)" w~(x))[ x a E}; 
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CA = {(x~ K, L~ I"" ~ E ) ,  w h e r e  K = ~ t4,4(x), L ~ m m  ~ ( A ) ;  
xe8  x~B 

zcE xeE 

Theorem 10 of [1] can ~ formulateG in a more strict form (given in {2]): 

T ~ r ~  1. For every ~'S A: 

(b) DCoA=oCcA=~=OI'-~={(x,I-L,L)]xaE}, 

(¢I) ~ to ,4  = o i ~ A  = ~c---'~ = oc-~--~ = { ( x ,  t - t, : )  [ x e ~ } ,  

@) =C~=oC~--'~¢A=oI<>A={(x,I, 1-1)]x ¢ ~ } ;  

(0 uCoA=oCoA--~l~=Ol~={(x,l-~,k)[xaE}, 
(g) ~i~=OI~=~CoA=<>CoA={(x,L, 1-L)[xcE},  

~'(~f. For (a), 

= oC{<~, ~,,(~), ~ -  ~.(~)) Ix ~ ~} 

= o{(~. K, ~ .  0 - ~.(~))) J ~  ~ ~} 

: ({~, ~,  ~ - ~ )  I~ ~ ) ;  

: ((~. ~ - m~n (~ - ~,,(~)), ~ (~- ~,.(x))) Ix ~ ~) 

= ((x, K, ~ - K ) I x  ~ } ;  

= ~ { ( ~ ,  ~ - ~ . ( ~ ) ,  ~,,(x)) I ~ E }  



--{(x, l - g ,  Ky[x ~ E} 

(b)-(d) arc proved analogically. 
For (e), 

= { - ~ 7 i -  t,--7"j6q • ~ E} 

={(x, s, l - O  jx E~}, 
and so forth. 

( f ) - (h)  are proved an~ogic~iy. 

Let for a fixed IFA A: 

S(A) = {°C=a, o C t ,  ~---g-Ao, o1~-g'A~, 

T(A) = {oCoA, oCoA, ~l-i'~ ~ ,  

v(A) = {oroA, ou<,A, ~ ,  oc-c-~}, 

Y(A) = {al~, <>IaA, =CoA, <>COAL 
Z(A) = {~oA, o[oA, aCna, oCaa}. 

' l ~ m  ~ (d. Theorem 10 of [1]). For every two IFSs P and Q: 
(a) if  P ~ 8(,4) and Q ~ T(A), t~en P , -  CA ~ Q; 
~ )  if  P • U(A) and Q ~ V(A), then P c: I A ~  Q; 
(c) C p ~ W(A) aria ~ ~ X(A), then P = ~ = O ;  
(d) ~f P ¢ Y(A) and Q ¢ Z(A), sam P ~ CA ~ Q. 

Proof. (a) Let P ~ S(A) and Q e T(A). Then 

P =  {(x, K, 1 - / ¢ )  IxeE}cCA~-{(x, ~-L,  ~) [ x ~ z }  = ~. 

(b)-(d) are proved analogically. 

Following the idea of a fu ry  set from ~-level (e.g. [5]), in [3, 4] the definRion 
of a set from (a¢, }8)-level, generated by the IFS A, where 06 }8 ~ [0, 1] are fixed 
nmnbe~s for which o~ + }8 <~ I, is introduced. Formally this set has the fonn: 

From the above definition directly follows the validity of: 
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~ e o u ~  ~. Por every I ~ A  ~uf  for  eve~y ~, /~ ¢ [0, 1] such that o~ + ~ ~ 1: 

(b) N~,~(A ) ~ A, where the relation ~ is a relation in the set-theory sense. 

In [3, 4] it is p~ovcd that the class E~,~ of all I F ~  from (~, ~)olev©i is a filter (in 
the s c n ~  of [6]). Here we shall intt~duc~ two new notations, related to above 
mentioned one ( ~  ¢ [0, 1] is a fixed number): 

(a) we call the set 

a set of level of r a e ~ a ~ h i p  ~, ~ea~ra~ed by A; 
(b) we call the set 

a set of ~¢vel of nonmerabetship ~, generated by A. 
Fror~ these def~.ifio~s follows dh-ee~!y: 

T ~ O ~  ~. N~(A) ~md N~(A) are IFSs for every IFS A ond for e~ery ¢ e [0, 1]. 

Tkeo~e~ $. For every ~FS A and for every ~, f l~[0,  1]: 

N¢.#(A) f N~,(A) n N#(A). 

Let 

E~= {N'(A)IA=~ ~e[O, I]}. 

~e~ua 6. The sets E~, E2 and Es are filters re~dng to the opera,on N and 
rda~on = (in the sense o f  [6]). 

Proof. For E~ we shall check the validity of the following assertions: 
(1) if B e E 1  and B c C ,  then C ~ E . ,  
(2) if B, C e E l ,  then B N C e E 1 .  
The first assertion is valid because from B ¢ E1 and B c C follows 

fvx G E)(~  ~ ~ ( x )  ~< ~c(z) & v~(x) ~< ~ ( z )  ~ ~), 
i.¢. C e E~. From the inequality 

follows 

(vx e E ) ( ~ i n ( ~ ( z ) ,  ~ ( x ) )  ~ ~ & max(v~(x), v~(~)) ~ ~), 
Le. B ~ C e E~. Therefore E~ is a filter. 

For E~ and E~ the assertions are proved analogically. 

~ 7. E~ = E2 n E3. 



~ .  Let B e EI. Then there is a set A c E and therc are ~, [$ E [O, t] for wlfich 
B ~ N~.~A). From Theorem 5 it fo~ows that 

= N~(A) n N0(A), 

i.e. B c N~(A) and B ~ N°(A).  Hence for ©very x ~ ~, ~ ( x )  ~ ~, i.e. B G E2 a ~  
analo~caHy B e E3, i.e. B e E2 N E3. 

On the other hand, ff B e E2 N E3, then it can fikew~se be estab~shed t ~ t  
B E E I .  

Let ot G [0, 1] be a fixed number. For the IFS A we sha|! define the operator D~ 
through 

o~(A) = ( (x, ~,A(~) + ~ . ~,~(x), vA(x) + ( I -  ~) " ~,,(x) ) Ix ~ ~} ,  

whe~  (see [1]) 

~ ( x )  = I - t,,~(x) - ~,.~(x). 

From this definition fl follows that D~(A) is a fuzzy ~ t ,  because 

~,,4(x) + or. ~ ( x ) +  vA(x) + (I - ~) .  ~,4(x) = ~A(x) ÷ ~.~(z) + ~A(x) = I. 

Here we shah give the basic properties of this operator. 

8. For every IFS A and for  every ~, fl ~ [0, 1]: 

(~) o~(o# (A) )  = D0(~) .  

~ u o t .  (a) fo||ows from the above definition. 
For (b), 

Dr(De(A)) --- O~(( (x, ~a(x) + fl-  ~ ( x ) ,  v~(~) + (1 - ~)o ~ ( x ) )  Ix e E}) 
= ((x ,  ~A(x) + # -  ~,~(x) ÷ ~ .  (~ - ~ ( x ) -  # .  ~A(x) 

- v ,~ (x) -  (~ - t~)" ~ ( x ) ) ,  

- # .  ~ ( x ) -  ,v.~(~)- ( 1 -  #)" ~A(x)))  Ix ~ E)  
= {(x,  ~ ( ~ )  + ~ .  ~,~(x), ~,,~(~) + 0 - ~)"  ~.,(~)) I ~ ~ ~} 
=De(A).  

T ~ m ~ m  9. For every I~S A and for every o~ ~ [0, 1]: 
(a) o o ( A ) - - ~ ;  
(b) D~(A)-- ~ ;  

~eef. For (a), 

~ ( ~ )  = {(~, ~A(z) + o .  ~.~(x), v.~(~) + (~ - o ) .  =A(x)) I~ • E)  
= { (x ,  ~ ( x ) ,  ~ - ~,~(x))  I ~  ~ ~} 
= I : ]A .  

(b) is proved analogically. 
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For (c), 

= {{~, ~A(x) + 0 - ~)" ~,~(~), ~'A(~) + ¢" ~,~(~)) [~ ~ E} 

=D,_+(A). 

" ~ + + m  10. For e ~ e ~  IF$ A ~nd f o r  every ¢ ~ [0, 1]: 
(a) ~o~(~) = ~¢(~), 
(~) D~(~)-- ~, 
(e) <,D~(A) = O~(A), 
(d) O,,(<>A)=<>A, 
(e) C(D~(A)).- D~(CA), 
(~) ~(O.(A)) ~ D~(~A). 

I~roof. The validity of (a)-(d) follows from the definition of D+ and ~om 
Theorem 8(b) and Thanrem 9(a), (b). 
For (e), 

CD¢(A) = C{(x, ~,,,(x) + ~- ~A(x), ~,,,(x) + 0 - ~)" xA(x)) Ix ~ ~} 

={{~, KI, L,> I~ ~E), 

where 

~:~ = max (++(x) ÷ ~. +,#)), L~ = mln (v,~(+) ÷ (I - +)- +~(x)), 
x c E  a ~ E  

and 

D~(CA) = O~({(x, K, I+) I~ e ~)) 

= { (x ,  K +  e .  O -  U - L ) ,  L + O  - e ) '  0 - K - g ) )  Ix e E } ,  

where g and L are as above. From 

K + , . ( 1 -  K -  L )  - K<t = max ~+++(a) ..+- + . max+e+ ~ , ( x )  - mJn.,.+j~ v.+,(+ )) 

- max (~(x) + ¢ .  (I - ++(x)- vA(x))) 
some 

;see xeE xcE 

- (I - ~). max ~,,~(x) + ~. rain v,~(a) 
z ~ E  a ~ E  

--0 

it fo~ows that CD+r(A ) ~ D , (  C A  ). 
(~) is proved analogic~|y. 



From the prol~e~fies of  the operator D~ it is seen that it is an extension of the 
operato~ o and <,. But R can be f t~Aer extended too. 

Le~ ~ , [ge |O,  I] and o~+[9~I .  We define the operator F~.~ for the ]FSA 
through 

F~.~(A) = {(x, tz,~(x) + ~ .  ~ ( x ) ,  v,,(x) + [9. v~(x)) I z E ~).  

T~ .or~a  11. For ever,2 IFS A and for  e~v¢~ ~, [9 ~ [O, 1] such that O ~ ~ + [9 ~ I: 
O) F~.,(A) ~ an I~'S; 

(d) D=(~) = ~.,_~(A); 

(0 ~__~_.~,o(~); 
(g) ~ . ~ ( ~ )  = &.~(A). 

T ~  ]2. For eve~. ]I:$~4 ~nd for  eue:y e', [9 ¢ [0, 1] such that O~  ~ + [J ~ 1: 
(~) CF~.~(A) ~ ~o.~(CA), 
(b) ~Fo.~(~) = ~.~ffA). 

These assertions are proved as respective above. 

T h e e ~ m  13. For every two IFSs A and B and for  every o~, [9 ~ [0, 1] such that 

(a) F~.~(~ n B)--  ~ .~ (A)  n F~,~(B); 
(b) F~.~(,~ u ~) -, ~,~(~) u F~,~,(~); 
(c) ~.~(~ + ~) = ~.,(~) + F~.~(~); 
¢9) ~,~(A • B) = ~.~(A) • ~o..(B); 

P~of .  For (a), 

= {(x, mh'~(~zA(x)~ ~(x)) + ~. (I -- min(~A(x), ~e(x)) -- max(v~(x), v~(x))), 

m~xO,~(x), v~(x)) + [9. (1 -  nun(~(z), ~ ( x ) ) -  m~x(vA(x), vB(x)))) [xe~},  

= {(~, n~n(~(x) + ~. (I - ~(x)- ~(x)), ~B(x) + ~. (I - ~(x)- ~(x))), 

max(~(~) + [9.0 - ~(x)- v~(~)), ~(~) + [9. (I - ~(x) - ~(x))) ) [ x ~ ~}. 

From 

n~n(~(x), ~(x)) + ~- (~ - m~n(~(~), ~B(~)) - m~x(vA(~), ~,(x))) 

= (I - ~ ) .  m i n ( ~ ( x ) ,  p,,(x)) + ~ -  min(l  - v.,(x), I - vs(x)) 

min(O - ,~). ~ ( x )  + =. ( ~ -  ~,~(z)), (I - =)" ~ ( ~ )  + ~" ( ~ -  ,,~(x))) 

= n~n(~(~) + ~- <~- ~(x)- v~(x)), ~(~) + ~. (t - ~(~)- ~(~))) 



~ d  from 

rnaxO,~,(x), vB(x)) ÷ p .  (1 - n~n~.~(x), ~B(x))- mx(vA(x), v~,(x))) 

= ( I -  ~).  max(v.~(x), ~,~(x)) ÷ p .  mx(1 - ~(x) ,  z - ~ (x ) )  

m x ( ( 1 - b ) ,  v~(x) ÷ ~ .  (I - ~(x)) ,  (I - b)- v~(~) ÷ p-  ( 1 - ~ ( x ) ) )  

= max(v~(x) + ~ .  (I  - ~ ( z ) -  v~(x)), v~(x) + p -  (I - ~a (x) -  vn(x))) 

the v~idigy of (a) follows. 
(b)-(d)  arc proved analo~caIIy. 

This result can also be obtained eoncerning the D~, ol~rator.  

' l l ' i ~ m  14. For every ~ A and for  every a~, ~, ~,, ~ ¢ [0, I]: 

(b) # ' ~ + p ~ 1 ,  tten &~(D~(A))= D~(A), 

Fo.~(~.~(a))-- F~÷~_~.v_~.~.~.~_o.~_~.~(,~). 

~ .  (a) For ~, ~, ?~[0, I], let/~÷ ~,~I. Then 

÷ ~.  (I - ~,~(x)- p .  ~,~(~) - ~,~(~) - ~,. ~(~)) ,  
vA(x) + ~- ~ ( x )  

+ ( I -  ~). (1 - ~ ( x ) -  ~. =A(x)- ~ ( x ) -  ¢-=~(x))) Ix~E) 

= {(x,  ~.~0") + (~  + P - ~'" P - ~"  v)" ~ ( x ) ,  

= D~.~_~.~_~.~(A). 

(b) For ~, ~, 1' ~ [0, I], ~et ~ + ~ ~ I. Then 

~.~(~(A))  = ~ , , ( (  (x, ~ ( x )  ÷ ~,. ~ (x ) ,  v~(x) + (~ - v)" ~ ( ~ ) )  Ix ~ ~}) 
-- {(x,/~A(x) ÷ ?"  ~A(x), w,~(x) ÷ (I - ) ' )-  ~A(x)) I s  ¢ E} 
= D~.(x). 

(c) For o615, ?, 6~[0 ,  i], let # f + ~ < l  and r +  ~ <  1. Then 

~,.~(~.~(~)) = ~ , o ( { ( x ,  ~ ( x )  + y -  ~,~(x), v~(~) + 6 .  v~(~)) Ix ~ ~))  
= { ~ ,  ~ ( x )  + ~.. ~ ( ~ )  

,,A(x) + #- =.,(x) 

÷ p-  (~ - ~ ( x )  - ~,. ~ ( x ) -  v~(x) - ~. ~ (x ) ) )  J x.~ ~) 
ffi {(x,  ~ ( x )  + (~  + ~ -  ~ .  ~ -  ~-  #)- ~ ( x ) ,  

-- F~+~_~.~_,.~.~.~_~.~_~.~(A). 
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