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Abstrace: New results on intuitionistic fuzzy sets are introduced. Two mews opesators on
intuitionistic fuzzy sets are defined and their basic properties are studied.
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We shall introduce new results on intuitionistic fuzzy sets (KF'Ss), which are a
continuation of the resulis in [1}. All notations are from [i}.
Let a set E be tized. An IFS A* in E is an object having the form
At = {(x» "A(x)l VA‘:”‘) !x EE}:

where the functions g, (x): E—[0, 1] ard v,(x): E=>[0, 1] define the degree of
membership and the degree of nonmembership of the element x € E to the set A,
which is a subset of E (for simplicity below we shall write A instead of 4?),
respectively, and for every x € E:

O=spi(x)+vax)=s L.
Obviously, every fuzzy set has the form

{(x, #a(x), 1= pa(x)) | x € E).
For every two IFSs A and B the following rclations, uperaiions and operators
are valid (see [1]):
AcB iff (Vx € E)(pa(x) = palx) & valx) = va{x));
A=Bif AcB&BcA;
A= {{x, valx), pa(®)} |x e E};
AN B = {{x, min(ua(x), #p(x)), max(va(x), va(x))) | x€ E};
AU B = {{x, mux(palx), ps(x)), min{va(x), ve(x))) |x € E);
A+ B = {{x, pa(x) + pa(x) — palx) - #a(x), valz) - vo(x)}| x € E};
A-B={(x, pa(x) - pp(x), v.a(x) + va(x) — va(x) - vp(x}) ]x €E};
oA = {{x, pa(x), L = pa(x)} |x € E}:
oA ={(x, 1—v4(x), va(x)) | x € E};
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CA={{x.K,LY|x<E}, where K= may a(%), L= minvy(A);
EL xeE

IA={{x,k1)|xeE), where k= mig pailx), 1= max v4(A).
XE XE,
Theorem 10 of [1] can be formulated in 2 more strict form given in [2]):

Theorem 1. For every IFS A:
(#) oCoA=oCod=nloA=clod={(x, K, 1-K)|xeE),
() ©oCoA=o0CoA=aloA=oloA={{x,1~L,L)|xeE},
(©) alod=olnd =0CoA =oCoA = {(x, k, 1—k) | x € E},
(@ aoA=oloA=cCod=0CaA={(x,1-41)|xecE},
(e) olnA=oCoA=nicA=oloA={{x,I,1-1)|xek};
) oCoA=oCoA=alnd=cloAd={{x,1-& k) |xeE},
(8 olcA=oloA=0CoA=0CoA={{x,L,1-L)|xeE},
() olod =0loA =cCod=0CoAd={{x,1-K,K) |xcE}.
Preof. For (a),
oCoA = oCof{x, palx), va(x)) |x € E}
=0C{(x, #alx), 1 — pa(x))} | x € E}
=o{(x, K, min (1 - p,(x))) | x € E}
={{x,K,1-K)|xcE);
oCoAd =of{x, K, 1;2‘151 (1—pax))) |x€E}

={{x 1—min (1 - pa(x), min (1 - ua(x))) | x € E}
= {{x, max py(x), 1 - max ps(x)) | x € E})
={(x,K,1-K)|xcE};

ol =alo{{x, va(x), pala)) [ € E}
=al{{x, 1— pa(x), pa(x)) [x € E}

=o{(x, min (1 - pa(x)), max ua(x)) | ¥ € £}

={{x,1-K,K)xeE}
={(x,K,1-K) |xeE};
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olod = o{x, min (1~ pa(x)), max pa(x))} | x € E)

={{x,1-K K) |xeE}
={(x,K,1~K)|xeE}.

{b)~(d) are proved analogically.
For (e),

oCod =aCal
={{x,1-0)[xcE}
={{x,1,1-1)|x€E)},
and so forth.
{£)—(h) are proved analogically.
Let for a fixed IFA A:
S(A) = {oCod, oCoA, nlod, oloA),
T(A) = {aCoA, oCoA, ulnd, oIcA},
U(A) = {alod, oloA, alod, oloA},
V(A) = {oloA, oloA, oloA, m},
W(A) = {oCuA, oCoA, alca, sIoAl,
X(A) = {aCoA, 6Cod, clok, oloA},
Y(A) = {alod, oInA, 5CoA, SCoA],
Z(A) = {nlod, oloA, oCoA, oCoA}.
Theorem 2 (cf. Theorem 10 of {1]). For every two IFSs P and Q:
(8) f PeS(A) and @ e T(A), then Pc CAcQ;
M) if PeU(A) and Q e V(A), then PcIAc Q;
(c) f PeW(A)and Q e X(A), then PclAc Q;
(d) if Pe¥(A) and Q € Z(A), then PcCAc Q.
Proof. (a) Let P e S(A) and Q & T(A). Then
P={(x, K, 1-K)|xeE}cCAc{{x,1~L,L) |xcE}=0.
(b)~(d) are proved analogically.
Following the idea of a fuzzy set from a-level (e.g. [5)), in [3, 4] the definition

of a set from (&, f)-level, generated by the IFS A, where «, 80, 1} are fixed
numbers for which & + § <1, is introduced. Formally this set has the form:

Nog(A) = {{x, #a(A), va(x)) | x € E & pa(x) = & & va(x) < B}.
From the above definition directly follows the validity of:
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Theorem 3. For every IFS A and for every o, 8 €0, 1] such that ¢ + = 1:
() N,g{A) is an IFS;
(b) N, (A) < A, where the velation < is a relation in the set-theory sense.

In [3, 4] it is proved that the class E, g of all IFSs from (e, $)-level is a filter (in
the sense of [6]). Here we shall introduce two new motations, related to above
mentioned one (& €[0, 1] is a fixed number):

{a) we cail the set

No(A) = {{x, pa(A), va(x)) [ € E& palx) = @}

a set of level of membership o, generated by 4;
{b) we call the set

N(A) = {{x, pa(A), va(%)} | x € E & vs(x) < a}.

a set of level of nonmembership «, generated by A.
From these definitions follows directly:

Theorem 4. N,(A) and N“(A) are IFSs for every IFS A and for every o €[0, 1}.

‘Theorem 5. For every (FS A and for every o, $ [0, 1]:
N g(A)=N,(A)NN BA).

Let
E={NygA)|AcE& e, B0, l]&a+F<1),
E;={N,(4) IACE&G’E[O, ]},
E;={N"(4)|AcE& ael0, 1]).

Theorem 6. The sets E,, E, and E; are filters relating to the operation N and
relation < (in the sense of [6]).

Proof. For E, we shall check the validity of the following assertions:
(1) ifBeE;and B C, then Ce E,,
(2) B, CeE,, then BNCeE,.
The first assertion is valid because from B € £, and B c C follows
(¥x € EY@ = pa(x) < pc(x) & ve(x) < vp(x) < B),
ie. CeEy. From the inequality
(VxeE}(palx)Za & ucx)=a & va(x) s g & ve(x)< )
follows
(¥x € E)(min(us(x), pc(x)) = o & max{va(x), vo(x)) < B),

i.e. BNC e E,. Therefore E, is a filter.
For E, and E; the assertions are proved analogically.

Theorem 7. E,=E,NE,.
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Proof. Let B € E,. Then there is a set A < E and there are @, 8 € [0, 1] for which
B = N, (A). From Theorem § it follows that
B=NANN a(A)n
i.e. B N,(A) and B « N#(A). Hence for every x ¢ E, ug(x) = , i.e. B € E; and
analogically B € E;, i.e. Be E;NE;.

On the other hand, if B e E,NE,, then it can likewise be established that
BeE,.

Let & €{0, 1] be a fixed number. For the IFS A we shall define the operator D,
through
DA)= {(x, palx) + & - Ta(x), vax) + (1~ @) - mu(x)) |2 € E},
where (see [1])
Za(x) =1~ pa(x) — valx):
From this detinition it follows that D,(4) is a fuzzy set, because
#alx)+ & mA(x)+valx) + (1 — @) - (%) = palx) + vale) + Jra(x) 1
Here we shall give the basic properties of this operator.

Theorem 8. For every IFS A and for every ¢, €10, 1):
(a) if @B, then D (A) = Dy{A);
(b) Do(Dp(A)) = Dg(A).

Proof. (a) follows from the above definition.
For (b),
D(Dg(A)) = Do({{x, pa(¥) + B - Ta®), va@®) + (1= ) - m4(x)} | x € E})
= {{x, pa(x)+ B - Ta(x) + ¢ - (1 = palx) — B+ mA(x)
= va(x) — (1 = B) - ma(x)),
va(x) + (1~ B) - ma@x) + (1 — @) - (1= palx)
=B - Ta(x) = valx) ~ (1= B) - mu(x))) | x € E}
= {(%, palx) + B - TA(x), valx) + (1 = B) - ma(x)) | x € E}
= Dg(A).

Theorem 9. For every IFS A and for every e €0, 1}:
(@) Do(A) =c4;
(®) Dy(A)=o4;
(©) D(A) =Dy LA).

Prosf. For (a),

DoAY = {(x, palx) + 0 ma(x), va(x) + (1 -0} - 74(x)) | x € E}
={(x, palx), 1 — pa(x)) |x € E}
=0pd.

(b) is proved analogicaily.
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For (c),
Do(A) = Dul{{{x, valx), pa(x)) | x € E})
= {{x, va(x) + - ma(x), pa(x) + (1 — @) - #ax)) |x € E}
= {{x, uax) + (1 - &) - Ba(x), valx) + @ - A(x)) | € E}
=D,_.(A).

Theorewm 10. For every IFS A and for every e €0, 1}
(a) cD.(A)= D.(4),
() Dp(nd)=ad,
(©) oDu(A)=Def4),
(@) D.{oA)=04,
() C(D.(A)) < D(CA),
& HDa(A))> D.(14).

Proof. The validity of (a)-(d) follows from the definition of D, and from
‘Theorem 8(b) and Theorem 9(a), (b).
For (e),

CD(A) = C{{x, ta(x) + & - Ba(x), v, (%) + (1~ @)  Talx)) | x € E}
= {(x’ Kh Ll) Ix EE}’
where

Ky=max (ua(x) + o ma(s)),  Ly=min (va@) + (1 - @) - ma(x)),

and
D(CA)=D.{{{x K, L) |x€E})
={{x,K+a-(1-K-L) L+(Q—-a)- (A—K-L))|xeE},

where X and L are as above. From
KE+ag - (1-K-L)~-K,=marp,(x)+a- (l—magu_.,(x)—-mig vA(x))
xeds ze I
—max (pa(x) + @ - (1= pa(x) = va()))
= max pa(x) — o max g,(x) — @ - min v4(x)
el x€E xcE
= (1= &)~ maxpa(x) + & - min v,4(x)

=0

it follows that CD,(A) « D (CA).
() is proved analogically.
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From the properties of the operator D, it is seen that it is an extension of the
operatoss o and ¢. But it can be fusrther extended too.

Let @, B0, 1] and o+ B<1. We define the operator F, ; for the IFSA
through

Fo gAY = {{x, pa(x)} + & mA(X), valx) + B+ v4(x)) | x € E).

Theorem 11, Yor every IFS A and for every @, Be [0, 1] such that0sa+8<1:
(a) F,4(A)is an IFS;
(b) if0=y=a, then F, g(A) < F, g(A);
) if0=sy<=B, then F,5(A) = F, (A);
(d) Dn(A) = Fa—.l-a(A);
(e) pA = R (4);

f) od=F,olA);
O B w.

Theorem 12, For every IFS A and for every o, B0, 1) such that 0= + f=1:
(a) CF,s(A) < F, 4(CA),
(b) IF, g(4) > F, g(IA4).

These assertions are proved as respective above.

‘Theerem 13. For every two IFSs A and B and for every a, 8 €0, 1] such that
Isa+fsi:

@) Fop(ANB)c Fy(A) N F, o(B);

(b) Fog(AU B) 2 Fo gAY U F, 5(B);

(©) Frg(A+B)c Frog(A) + Foo(B);

(@) Fopi(A - B} FoplA)- Fop(B);

Proef. For (a),
E, g(ANB)
= {(x, min(ua(z), pa(x)) + & - (1 — min(ua(x), pa(x)) — max(va(x), va(x))),
max(va(x), va(x)) + B - (1 — min(ua(x), ps(x)) —max(va(x), vs(x)))) | x€ E},
Fo g(A)NF, 4(B)
= {(x, min{pa(x) + @ - (1 - palx) — valx)), pp(x) + & - (1 — pup(x) — va(x))),
mar(va(x) + f+ (1 — ga(x) — va@®)), val(x) + 8- (1~ palx) — valx)))) [x € E}.
From
min{pa(x), #a(r)) + o - (1 — min(e,{x), us(x)) — max(va(z), vs(x)))
=(1- &) -min{p(x), pa(x)) + & - min(l - v(x), 1 = va(x}))
=min((1 - &) pax) + - (1 = va(x)), (1 = @) - pa(x) + @+ (1~ va(x)))
=min(g.(x) + @ - (1 — palx) — valx)), #alx) + & - (1 — palx) — va(x)))
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and from
mex(vq(x), va(x)) + B - (1 — min{p,(x), #p(x)) — max(v,(x), valx)))
={1— ) - max(v,(x), va(x)) + 6 - man(l — pu(x), 1 — pa(x))
zmax((1—5) - vo(x)+ B - (1- palx)), (1~ b) - va(x) + 8- (1 —pp(x)))
=max(va(x) + £ - (1 — pa(x) — va(x)), valx) + B - (1 — pp(x) — va(x)))

the validity of (a) follows.
(b)~(d) are proved analogically.

This resuit can also be obtained concerning the D, operator.

Theoress 24. For every IFS A and for every &, B, v, 6 €0, 1]:
(8.) 'fﬂ + y= 1: ther Da(Fﬂ.r(A» = D¢+ﬁ-a-ﬁ-a-v(A)s
(®) if &+ B=<1, ther F, (D, (A)) = D,(A),
© ifat+tp<land y+8=<1l, then

F, a.ﬁ(F y.d(A)) =F, a+y—a-y—n~6,n+a-ﬁ-y—ﬂ-6(A)'
Froof. {a) For o, B, ve[0, 1), let B+ y=<1. Then

Do(Fp,(A)) = Dof{(%, pa(x) + B+ ma(x), va(x) + 7 va(x)) | x € E})
= {(%, ualx) + B malx)
+ o (1 —pq(x)— B - a(x) — valx) = 7+ ®alx)},
Va(x) + 7 7a(x)
+{1— @) (1- palx) = B malx) — vale) — v ms(x))) | x € E}
={{x, pa)+(@+f—w-f-a-7) milx),
val)+(l—a-B+a-B+a- 7). m.x)) | xe E}
= Dysp-wp-ailA)
{b) For &, B, y€[0, 1], let @+ B<1. Then
Fop(DAAY = F. g({{x, pa(e) + 7 ma(x), va(x) + (1 - ¥) - ma(x)) | x € E})
= {{%, pax) + v - mo(x), val®) + (1~ 7) - ma(x)) | x € E}
=D, (x).
(c) Fora, B,v,0€[0, 1], lete+B<landr+6=<1 Then
F, 5(F, s(A)) = Fa p({{x, 1a(x) + 7 - Ta(x), va(x) + 8 - va(2)) | x € E})
= {{x, palx)+ ¥ Ta(%)
e (1 - pa(x) — v - ma(x) — valx) — 8 - ma(x)),
valx) + 8- ma(x)
+8-(— palx) = 7 7ax) — Valx) = 8- ma(x))) |x €E}
={{x, pax} H(e+y—a-y—a-8)- mx),
Va@)+(B+O-F-y~F-8) mu(x)) | xc E}
= Fm-1-a-y—u-a.pw—s-y—ﬁ-o(A)-
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