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Abstract

Our main goal is to extend the domain of a
monotone measure to a class of intuitionistic
fuzzy sets. The extension is made by using of
the Choquet integral.
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1 Introduction

In the real world we often meet imprecisely de-
fined notions. Fuzzy sets were introduced to
deal with them. The intuitionistic fuzzy sets,
defined by Atanassov in [1], can be regarded as
generalizations of fuzzy sets, because they are
described by two functions: one expressing the
degree of membership and the other one ex-
pressing the degree of nonmembership, which
do not need to sum up to one.

Classical measure theory and classical the-
ory of integration do not describe all real world
situations too. Therefore monotone measures,
called fuzzy measures are considered. It is not
possible to integrate with respect to them in
the classical way, since their additivity is not
assumed. Choquet integral, proposed by Vitali
([10]) and Choquet ([4]), is one of the most im-
portant integrals defined without the assump-
tion of the o-additivity of the measure.

Real- or complex-valued integrals can be
treated as functionals defined on a certain
space of functions. One of the fundamental
properties of this functionals is that the inte-
gral of the characteristic function of a set is
equal to its measure. Therefore it is obvious
that an extension of a monotone measure to
intuitionistic fuzzy sets is the first step to de-
fine an integral of imprecisely defined functions
or random variables.

The extension of the domain of a monotone
measure to a class of intuitionistic fuzzy sets
is the main goal of this paper. We also prove
some basic properties of such extended mea-
sures. The proposed definition is in agreement
with the notion of probability of intuitionistic
fuzzy events, which was introduced and dis-
cussed by Gerstenkorn and Manko (see [6]) and
Szmidt and Kacprzyk ([8], [9]) as well as Grze-
gorzewski and Mréwka in [7].

Section 2 of the paper includes basic defini-
tions and notations. Section 3 is devoted to the
definition and basic properties of the proposed
extension of a monotone measure to a class of
intuitionistic fuzzy sets. In its third subsection
we show that the probability of intuitionistic
fuzzy events is an extended monotone measure.

2 Intuitionistic Fuzzy Sets

We first recall the definition of intuitionistic
fuzzy sets and introduce some basic notations.



Definition 1 Let €2 denote a universe of dis-
Then an intuitionistic fuzzy set A in
Q) is a set of ordered triples

course.

A={{w,ps(w),vaw)):weQ},

where py,va 2 Q — [0,1] are such that 0 <
pg (w)Hra (w) <1 foreachw € Q2. The family
of all intuitionistic fuzzy sets on €2 is denoted

by 1FS ().

For each w the numbers ;4 (w) and v4 (w)
represent the degree of membership and de-
gree of nonmembership of an element w € Q
to A, respectively. The function 74 (w) =
1— iy (W) —rv4 (w) is interpreted as hesitation
margin.

Definition 2 Let A,B € IFS(Q) with
A = {{w,py (W), va(w)):weQ} and B =
{{w,pg (W), vp (W) :weR}., ACB<&

Vw € Q py (w) < pp(w) and vy (w) > vp (w).
Consequently, A=B < ACB and B C A.
& denotes the intuitionistic fuzzy set with
ty (W) =0 and vy (W) =1 for each w € Q).

For arbitrary f, g : £ — [0,1] we denote by
fAgand fVg the functions defined by formulas

fAg(w) = min(f(w),g(w));
fVvgw) = max(f(w),gw)),we

We repeat Atanassov’s definition of the basic
operations on intuitionistic fuzzy sets.

Definition 3 Let A,B € IFS(Q) with
A = {{w,py (W), va(w)):weQ} and B =
{{w, g (W), vp (w)) : w € Q}. Then

A ={{w,va (W), piq (W) 1w € QY5

AUB=

[ iV i (), 4 A v () 5 0 € 9}
ANB=

[ o A iy ()4 V v () 5 0 € 9}

Two intuitionistic fuzzy sets are disjoint if and
only if ANB = @.

3 Extension of Monotone

Measures

3.1 Monotone Measures

Definition 4 Let € be an arbitrary set and let
F  be a o-algebra of its subsets. Then every
function p: F — RT = [0,00 ) satisfying the
properties:

1 p(2)=0,

2. foreveryACBeF p(A) <pu(B)

s called a monotone measure or a fuzzy mea-
sure. We say that p is continuous from below
if for every sequence {Cr}," | CF and C € F

Co /' C = p(Ca) / 1 (C).

In general we do not assume that p is con-
tinuous from below. If € is finite, it is often
assumed that F = 2%,

Definition 5 A monotone measure
i F — R is supermodular, if for every

A BeF
p(AUB) + (AN B) > u(A) +pu(B).
It is called submodular, if for every A, B € F
p(AUB) + 5 (ANB) < u(A) +u(B).

If the above inequalities hold for each pair of
disjoint events A and B, then p is called su-
peradditive and subadditive respectively. v is
called additive if it is both sub- and superaddi-
tive.

For an arbitrary set I we denote with #1 the
cardinality of /.

Definition 6 A monotone TNEASUTE
w: F — RY is called k-monotone, k > 2, if
for every Ay, Ag, ..., A, € F

2.

Ic{1,2....k},
1£2

1z <Uf:1Ai> + (—1)" p(NierAi) >0



while it is k-alternating, k > 2, if for every
A, Ay, AL, €F

> (D p(UierA) <.

Ic{1,2....k},
1£2

I <mf:114¢> +

1 is called totally monotone if it is k-monotone
for every k > 2.

With any function f : Q@ — Rt we asso-
ciate the family Cy = {C} (z) : z € RT}, with
Cr(r) = {we: f(w) >z} Each function
f: Q2 — R introduces on €2 a semi-order rela-
tion:

w1 <y ws & f(wr) < f(wz).

Definition 7 Two functions: f,g : @& — R
are commonotone if and only if there exists no
pair wi, wy in ) such that wy <j wg and wy <4
w1.

Definition 8 Let F () be the set of all F-
measurable functions from Q to RT, i.e. the
Junctions satisfying the condition: C; C F.
Let X belong to F () and let p be a mono-
tone measure on F. Let G (z) = p(Cx (x)).
Then the Choquet integral of X is defined by
the formula (C) [, Xdp = [;° G (z) da.

The above integral can be treated as the Rie-
mann integral, since fo (x) is a non-decreasing
function of z.

3.2 Extended Monotone Measures

We denote by IF'S (F) the family of all intu-
itionistic fuzzy sets in €2 for which p 4 and v4
belong to F (£2). We say that two intuitionistic
fuzzy sets A, B € IFS (F) are commonotone if
uy and pp are commonotone and v4 and vp
are commonotone.

The extension of a monotone measure to

IFS (F) is defined as follows.

Definition 9 Let p be a monotone measure
on a o-algebra F  of subsets of 2. For each
A € IFS (F) the extension i of the measure
w is the interval fi (A) = [tmin (A) s Bmax (A)],
where pyin (A) and i, (A) are the Chogquet
integrals of the form

[omin (A) = (C)/Q,LLAd,u and

© [ (1 =va)dp.

basic properties of the
extended measure, we introduce the following
notations: 0 = [0,0], g = [ (£2), ()] and
p(A) = [n(A),u(A)] for A € F. We also
introduce the following order on the family of
intervals:

[max (A4) =

To show some

[a,b] <[c,d| = a<c and b<d.

Proposition 10 The
hold:

() () =0, (@) =p and for any
crisp set A€ F [1(A) = p(A).

Let A,B € IFS (F).

(b) AC B= (A < i(B), ie. fuis
monotone.

(c) If p is supermodular, then [i is su-
permodular and if it is submodular, then
i ts submodular. Moreover, [t is sub- and
superadditive if 1 is sub- and superadditive
respectively.

(d) If A and B are commonotone, then

(AUB) +i(ANB) = i(A) +j2(B).

following  properties

Theorem 11 If a monotone measure [ s
n-monotone for n > 2, then [ is also
n-monotone. FPurthermore, if p
alternating,for n > 2, then [ is also n-
alternating.

8 Mn-

From Theorem 11 it easily follows that if a
monotone measure i on a o-algebra F of sub-
sets of 2 is totally monotone, then i is totally
monotone on [F'S (F) .



Theorem 12 Let p be continuous from be-
low, {An}" | C IFS(F) and A, C Annr
for each n > 1. Let A = UX |A,. Then
limy, 00 it (An) = [ (A).

Theorem 13 Let p be continuous from be-
low and let {A,},", C IFS(F) be pair-
wise disjoint.  If p is superadditive, then

i < U An> > 3 (Ap). If pis subadditive,
n=1 n=1

then Ji <nﬁl An> < ni 7t (An).

3.3 Extension of Probability Mea-
sures

The following theorem shows relations between
monotone measures and probability of intu-
itionistic fuzzy events.

Theorem 14 Let €2 be an arbitrary set and let
F be a o-algebra of ils subsels. Let

P : F — [0,1] be a probability measure (i.e.
o-additive monotone measure with P (£2) =1).
Then for cach A € 1FS(F) P(A) = P(A),
where P is the extension of the monotone mea-
sure and P is the probability of intuitionistic
Juzzy event A(see [6], [1], [8], [9]), i.e. a num-
ber from the interval UQ padP,1 — fQ I/AdP],

Proof. It is enough to prove that

[waar= [ P =na

and that
1
1—/uAdP:/ P—vs>a)de. (2)
Q 0

Let F,,(x) = P(uy <z) and F,, (z) =
P(ra <x).

The integral fol F, , (x) dx can be understood
as the Lebesgua’e-Stjeltjes integral. Therefore

[ B = B @l
/0 by (1) = 1- /0 wdl, (5) =

1_/:uAdP7
Q

where the last equality is a known fact from
the measure theory. Finally, formulas (3) and
(4) give (1). Replacing 114 by 1 — 14 we obtain
(2). =m

From the above theorem it follows that the

(4)

extension of a monotone measure, which is a
probability measure coincides with the notion
of the probability of intuitionistic fuzzy events.
In this case the extended measure has all the
properties proved in [7].
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