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1 Introduction

Let M be a unitary module over a commutative ring R with zero element §. Recall that a
submodule K of an R-module M is called an essential submodule of M denoted by K <, M, if
for every submodule N of M, K N N = {0} implies that N = {#}. Equivalently, K N N # {0}
for all non-zero submodule N of M. In this case, M is called an essential extension of K. A
submodule K of M is called closed in M written as K <. M if and only if M is the only essential
extension of K, that is if /V is any proper submodule of M such that K’ <, N, then K = N. A
submodule K of a module M is called complement for a submodule N of M if it is maximal with
respect to the property that ' N N = {f}. For more information about essential submodules,
closed submodules and complement submodule, we refer to [1,8, 15].

Atanassov and Stoeva [2] generalized the notion of L-fuzzy subset given by Goguen [5] to
an intuitionistic L-fuzzy subset, where L is any complete lattice with a complete order reversing
involution N. Wang and He in [14] and Deschrijver and Kerre in [4] studied the relationship
between intuitionistic fuzzy sets and L-fuzzy sets and some extensions of fuzzy set theory.
Palaniappan and others in [11] have studied intuitionistic L-fuzzy subgroups. Meena and Thomas
in [10] have discussed the notion of intuitionistic L-fuzzy subrings. Sharma et al. [7,12,13] have
discussed intuitionistic L-fuzzy submodules, intuitionistic L-fuzzy prime and primary submodule
of a module. In this paper we introduce and study the concepts of intuitionistic L-fuzzy essential
submodule, intuitionistic L-fuzzy closed submodule and the complement of intuitionistic L-fuzzy
submodule of a module and establish some results.

2 Preliminaries

Throughout this paper R is a commutative ring with identity, M a unitary R-module and L stands
for a complete lattice with least element 0 and greatest element 1. € denotes the zero element of
M. Anelement « € L,1 # «, is called a prime element in L if forall a;b € LifaANb < «
implies a < avor b < « (see [3]).

Definition 1 ([7]). Let (L, <) be a complete lattice with an evaluative order reversing operation
N : L — L. Let X be a non-empty set. An intuitionistic L-fuzzy set A in X is defined as an
object of the form A = {{(x,ua(x),va(x)) | x € X}, where uy : X — Landvy : X — L
define the degree of membership and the degree of non-membership for every r € X satisfying
pa(xz) < N(va(x)). A complete order reversing involution is a map N : L — L such that:

(i) N(0p) =1, and N(1) =0p;
(ii) If a < B, then N(B8) < N(«);
(iii) N(N(a)) = oy
(iv) N(Vi_ ;) = A N(a;) and N(A}_yo;) = VI_ N().

We also denote an intuitionistic L-fuzzy set by simply ILF'S and the set of all ILF'S’s on X
by ILFS(X).
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Remark 1. When ps(x) = N(va(x)), for all x € X, then A is called L-fuzzy set. We use the
notation A = (4, va) to denote the intuitionistic L-fuzzy set A = {(x, pa(z),va(z)) | x € X}.

For A, B € ILFS(X)wesay A C Bifandonly if pua(z) < pp(z) and va(z) > vp(z) for
allz € X. Also, A C Bifandonly if A C Band A # B.

If f: X —Yisamapping A € ILFS(X)and B € ILFS(Y), then f(A) € ILFS(Y) and
f7Y(B) € ILFS(X) are defined as follows:

(sup{pa(z) |z € [~ ()} inf{va()|z € f7H(y)}), if [T (y) # @

(0,1), otherwise

FA) () =

Vy € Y. Also, f~1(B)(z) = (us(f(x)),vp(f(2))),Vz € X.

For A € ILFS(X) and o, 8 € L with a < N(f3), define A5 = {2 € X | pa(z) > «,
va(z) < }. Then A, gy is called the (a, 3)-cut set of A. In particular, we denote A o) by A,.
Of course, A, = {x € X | pa(z) = 1 and v4(z) = 0}. The support of an I LF'S A is denoted by
A* and is defined as A* = {x € X | pa(z) > 0and v4(z) < 1}.

Definition 2 ([12]). Let A = (ua,va) be an ILFS of X and Y C X. Then the intuitionistic
L-fuzzy characteristic function xy = (fbyy , Vyy ) 00 Y is defined as

L, ifyeY 0, ifyeY
oy (y) = o Uy (y) - .
0, otherwise 1, otherwise.

The following are two very basic definitions given in [10] and [12].

Definition 3 ([10]). Let A € ILFS(R). Then A is called an intuitionistic L-fuzzy ideal (ILFI)
of Rifforall x,y € R, the following are satisfied:

(i) pa(r —y) > pa(r) A paly);
(ii) pa(wy) > pa(@) vV pa(y);
(iii) va(r —y) < va(z) Vva(y);
(iv) va(zy) < va(z) Ava(y).

Definition 4 ([7,12]). Let A € ILFS(M). Then A is called an intuitionistic L-fuzzy module
(ILFM) of M if forall x,y € M,r € R, the following are satisfied:

(i) pa(z —y) > pa(x) A pa(y);
(ii) pa(re) > pa(z);

(iii) pa(0) = 1;
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(iv) va(z —y) <va(z) Vva(y);
(v) va(rr) <wva(x);
(vi) va(0) = 0.

Let I Fy, (M) denote the set of all intuitionistic L-fuzzy R-modules of M and I LF'I(R) denote
the set of all intuitionistic L-fuzzy ideals of R. We note that when R = M, then A € [F (M) if
and only if p4(0) = 1,v4(0) =0and A € ILFI(R).

If L is regular and A, B € [Fy (M), then A*, B* are submodules of M. Further we see that
(A+B)* = A"+ B*and (AN B)* = A*N B*. Also, A* = {0} if and only if A = x4 (see [7]).

3 Intuitionistic L-fuzzy essential submodules

In this section, we extend the concept of an essential submodule of an R-module in the intuitionistic
L-fuzzy setting and prove some results.

Definition 5. Let M be an R-module and A,C' € 1F (M) be such that x 9y # C C A. Then C
is called an intuitionistic L-fuzzy essential submodule of A if C N B # X9y VB € IF (M) such
that x(9y # B C A. We denote this by C 1. A, and we also say that A is an intuitionistic L-fuzzy
essential extension of C.

In particular, when A = x v, then C'is called an intuitionistic L-fuzzy essential submodule of
M, written as C' 4. xpr or C e M, if C N B # X0y VB # xqoy € [FL(M).

Proposition 1. Let M be an R-module and A, C € 1 F;(M) be such that C <, A. Then C* <, A%,
but the converse is true when L is regular.

Proof. Firstly, let A,C € IF,(M) be such that C' <, A. To show that C* <, A*.

As C 4. A. Then C N D # xqpy, VD € IFL (M), x(9y # D C A.

Let {#} # N be a submodule of M. Define D = xy. Clearly, x19y # D € IF,(M) and
D C A and therefore C' N D # x{g}. Therefore, there exists § # x € N such that z € (C'N D)*
and so (C'N D)* # {6},i.e., C* N D* # {6}. Hence C* <, A*.

Conversely, suppose that L is regular and C* <. A*. We want to show that C' <. A. For
this we consider any x(9 # D C A, where D € [F;(M). Then D* # {0} and D* C A*.
Therefore, C* N D* # {0} = (C N D)* # {0}. This means that there exists § # x € M such
that v € (C'N D)*. Therefore, C' N D # x(4. Hence C' <, A. O

Example 1. Let N be an essential submodule of R-module M. Then the intuitionistic L-fuzzy
submodule A of M defined by

]_, lfCCZQ 07 lf‘xze
pa(z) =< a, ifreN—{0}; valz)=4q8, ifreN-—{0},
0, ifzé N L, ifx¢N

where a, € L\ {0, 1} with « < N(B), is an intuitionistic L-fuzzy essential submodule of M.
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Example 2. Let L = {0,a,b, 1} be a diamond lattice with a V b = 1 and a AN b = 0 so that
N(a) = band N(b) = a. Consider M = {0,1,2,...,11} under addition and multiplication
module 12 as Z-module. Consider A, B,C € 1 F,(M) as follows:

1, ifz=0 0, ifx=0
pa(z) =< a, ifre{4,8 ; val®)=140b, ifrc{4,8} ;
0, ifz ¢ {0,4,8} |1, ifz ¢{0,4,8}
1, ifr=0 (0, ifz =0
pp(r) =9 a, ifre{2,4,6,810} ; ve(wr)=14b, ifre{24,6,8, 10}
0, ifr¢{0,2,4,6,8,10} |1, ifz ¢{0,2,4,6,8,10}

Here A C B but A is not essential in B. As there is x 9y # C € IF(M) such that C C B and
ANC = xqp), where

L, lfx =0 0, lffE =0
pe(x)=<a, ifr=6 ; ve(x)=4b, ifr=56
0, ifx ¢ {0,6} 1, ifz ¢ {0,6)

Also, B <. M but A is not essential in M.

Theorem 1. Let L be regular, A,C € IF(M) be such that xqy # C C A. Then C' is an
intuitionistic L-fuzzy essential submodule of A if and only if for each 0 # v € M, with x € A*,
there exists v € R such that rx # 0 and rx € C*.

Proof. Assume that for each 0 # = € M with x € A* there exists 0 # r € R such that rz € C*.
We want to show that C' . A . Take any B € [F (M) such that x 9y # B C A. We will show
that C'N B # x{¢3-

Let x € M be such that x # 6 and x € B*. As B C A, therefore B* C A* implies
that z € A*. From the given, there exists r # 0 € R such that rz # 0 and rz € C*, where
xgoy # C C B. Therefore, up(rz) > pc(re) > 0and vp(re) < ve(rx) < 1= rx € B*. Thus,
re € C*NB*=(CNB)*and so C'N B # -

Conversely, suppose that C' <, A. Let § # = € M with x € A*. To show that there
exists r € R such that rz € C*. Now for every r € R, we have u4(rz) > pa(z) > 0 and
va(re) <wva(z) <1=rze A"

Consider the non-zero submodule N = Rx of M. Define B = A|y, then B € IF,(M) such
that x gy # B C A. As C' <. A, therefore C'N B # xygy, 50 (CNB)* # {6}, i.e., C*NB* # {0}
and therefore there exists § # y € M such thaty € B* and y € C*. But B* = N = Rx. Thus,
there exists 0 # r € R such that rx = y € C*. This completes the proof. O

Theorem 2. Let A, B,C' € I F,(M) be suchthat C C B C A. Then C <, Aifand only if C <. B
and B <, A.
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Proof. Assume that C' <. A. Then C'N D # xygy, VD € IF(M) such that x93 # D C A.

Since B C A, it follows that C' N D # xygy, VD € IF; (M) such that x93 # D C B.
= (C <<, B.

Also since C' N D # xqpy, VD € IFy,(M) such that x (9 # D C A and also since C' C B we
get BN D # X0y, VD € IF (M) such that 9y # D C A. Hence B <, A.

Conversely, suppose that C' <, B and B <. A. We want to show that C' <, A.

Since B d. A we have BN D # xqg, VD € IF;(M) such that x(9p # D C A. Then
BN D e IF,(M) satisfies x (91 # BN D C B and therefore, since C' <. B, we get C N (BN D)
# X0y Since C' C B it follows that C' N D # X9y, VD € IFp (M) such that x 9 # D C A.
Therefore C' <, A. O

Theorem 3. Let Cl, 02, Al, Ay € [FL(M) IfCl <. A and Cy <, Ao, then C1NCy, <, A1 N As.

Proof. Let D € IFy,(M) be such that x (9 # D C A; N Ay C Aj. Then since C; <. A, we have
Cy N D # xqoy- Since D C Ay, we get x93 # C2 N D C A,. Therefore since C; . Ay, we get
i N (Cg ﬂD) 7§ X{6}- Thus we get (Cl ﬂCz) NnD 7é X{6}» VD e IFL(M), X{6} 7§ D C A NAs.
Hence C1NCy <, A1 N A, O

Remark 2. Let Cy,Cy, A € TF,(M). If C; <. Aand Cy <, A, then C; N Cy <, A.

Theorem 4. Let L be regular C, A € IF (M) where C C A. Let f : N — M be a module
homomorphism such that f(B) C A where B € IF(N). If C <, A then f~1(C) <, B.

Proof. Given C' <, A. We want to show that f~!(C') <. B. For this we have to show that
f~HC)ND # x40, VD € IF(M), xoy # D C B. That s to show that for given D € I Fy,(M),
Xgoy 7 D C B, there exists  # x € N such that pi;1(cynp(z) # 0 and vy c)np(x) # 1,
ie., pp-1c)(x) A pp(x) # 0 and vi-ic)(z) V vp(z) # 1, ie, pe(f(z)) A pp(z) # 0 and
Vo F(@)) V vp(x) # 1.

Now, we claim that if (D) = xyg}, then D C f~1(C).

Let for all 2 € M with f~'(2) # 0, we have f1(p)(2) = iy, (2) and vy(p)(2) = vy, (2).
Therefore, we have:

1, ifz=4

V{pp(z)|z € N, f(x) = 2} = 0, ifz#6

= V{up(z) |z € N, f(z) =2} =0if 2 £ 0
= {un(z) |2 € N, f(z) = 2} = {0} if 2 # 6
= pp(x) = 0if f(x) # 0. Similarly, we can show that vp(x) = 1if f(z) # 6. Thus we have
pue(f(x)) = pe(0) = 1and vo(f(z)) = ve(f) = 0if f(z) = 6. Therefore, up(z) < pc(f(z))
and vp(z) > ve(f(z)) , Vo € N, ie., pup(z) < pp-1c)(z) and vp(x) > vp-10y(2), Vo € N.
Therefore, in this case we have D C f~'(C') and so we get f~'(C) N D = D # xyg.

If f(D) # X1, to prove that f~*(C') N D # xygy for D € IF (M), xg0y # D C B, we have
DC B = f(D)C f(B) = f(D) C As f(B) C A)

Therefore, if f(D) # X1o}, since C' I, A we get C' N f(D) # x{s). From this we get that
there exist some = # ¢ € M such that jispy(x) # 0 and vypy(x) # 1, which further implies that
there exists some y € N such that f(y) = x and up(y) # 0; vp(y) # 1.
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Thus for this y we have jion¢(p)(y) # 0 and vong(py(y) # 1. ie., pe(f(y)) Mgy (f(y)) #

)
and ve(f(y)) V vepy(f(y)) # 1. This implies that both pc(f(y)) > 0, ve(f ( ) <1 and
troy(f(y)) > 0, vppy(f(y)) < 1. Since L is regular, we get jiy-1(¢)(y) > 0, vp-1(¢)(y) < 1 and
1o(y) > 0,vp(y) < 1= pp-10)(y) Apup(y) # 0and vy-1c)(y) Vn(y) # 1= f HC)ND #

x{o}- Thus, we get f~'(C) <. B. O

Theorem 5. Let L be a regular and Cy,Cy, A1, Ay € TF(M). If C; <. A, @ = 1,2. If
Cl N CQ = X{6}> then Al N A2 = X{6} and Cl D CQ <, Al D AQ.

Proof. Since C; <. A;, i = 1,2. Then by proposition (3.2) we get C; <. A%, + = 1,2. Also
because '} N Cy = x4y, the sum C + C is the direct sum C @ Cs. Since C; N Cy I Ay N Ao,
it follows that A; N Ay # X{4y and so the sum A; + A, is also the direct sum A; & Aj,. Therefore,
since L is regular we have the direct sum of R-modules C} @& C5 and A} & Aj. Since CF <, A,
i =1,2weget C} &, C; I A} & Aj. From this it follows that C; & Cy <. Ay & As. O

Remark 3. Let L be a regular and C1,Cy, A € TF,(M). If C; 4. A, i = 1,2. If C1 N Cy = Xy
then C1 ® Cy <, A.

Proposition 2. Let A, B € [FI(R). Let B be an intuitionistic L-fuzzy prime ideal of R such that
A is not subset of B. Then A <. R.

Proof. Let C € IFI(R) be such that ANC C B. Since AC C ANC C B implies AC C B.
As B is intuitionistic L-fuzzy prime ideal of R. Therefore either A C B or C' C B. But given
that A is not a subset of B, so C' C B which implies that A <. R. This completes the proof. []

4 Complement of an intuitionistic L-fuzzy module

In this section we extend the concept of a complement of a submodule in the intuitionistic L-fuzzy
setting and prove some results.

Definition 6. Let M be an R-module and A, B,C € [F (M) be such that B C A. Then C
is called an intuitionistic L-fuzzy complement of B in A if C' C A and C' is maximal with the
property that BN C' = xy4y. We say that C' is complement of B in A.

Theorem 6. Let L be regular and M be an R-module. If C is complement of B in A. Then C* is
complement of B* in A*.

Proof. Since C'is complement of B in A. Therefore, C' is the maximal intuitionistic L-fuzzy
submodule of A with the property that B N C' = x(g. Then B* N C* = {#}. It remains to show
that C* is the maximal one with this property. Let N be a submodule of M such that C* C N and
B*N N = {0}. Since puc(z) > 0,vc(z) < 1forall z € C*. Solet p = inf{uc(x) |z € C*} and
q = sup{ve(z) | © € C*}. Then p,q € L\{0, 1} such that p < N(gq). Choose «, 5 € L\{0,1}
suchthat 0 < a < pand ¢ < 8 < 1. Define D € ILF'S as follows:

pe(x), ifzeC* vo(x), ifzeC”
pup(z) = 1< a, ifre N—C*; vp(z)=1 8, ifre N—-C*.
0, ifrd N 1, ifrd N

50



Clearly, D € IF (M) suchthat C C D andso D* = N. Now B*NN = {0} = B*NnD* = {6}.
This implies (B N D)* = {#} = BN D = x{g. But C is maximal with this property that
BN C = x4 so C = D and consequently C* = D* = N. Hence, C* is complement of B* in
A*. O

Remark 4. The converse of the above theorem is not true. If for any A, B,C € IF,(M). The
submodule C* is complement of B* in A*. Then C need not be complement of B in A.

Example 3. Let L = |0, 1] and let the module M = Zg = {0,1,2,3,4,5} be a module over the
ring Z of integers. Define ILFSs A, B, C of M as follows:

1, ifzr=0 0, ifz=0
pa(r) =405 ifr=3 ;o va(z) =403, ifr=3 ;
0, ifze{l,2,4,5} 1, ifze{l,2,4,5}
1, ifx=0 0, ifz=0
pp(r) = . ; vp(x) = . )
0, ifr+#0 1, ifz#£0
L, lfl’ =0 0, lfflf =0
pe(x) =406, ifze{2,4} ; ve(x) =103, ifze {24}
0, ifze{l1,3,5} 1, ifze{1,3,5}

It is easy to check that A, B,C € IFL(M) such that A* = {0,3}, B* = {0} and C* =
{0,2,4}. Clearly, A*NC* = {0} = B* and C* is maximal with this property so C* is complement
of B* in A*. But C'is not complement of B in A, for if we define the ILFS D on M as follows:

1, lfl':O 07 l‘fﬂf:O
pp(z) =07, ifre{2,4y ; wvp(z)=401, ifze {24}
0, ifze{l1,35) 1, ifzre{l,3,5}

Then D € IF,(M) with C C D and D N B = x{oy. This shows that C'is not maximal with the
property that C N B = oy

5 Intuitionistic L-fuzzy closed submodules

In this section we extend the concept of closed submodule in the intuitionistic L-fuzzy setting.

Definition 7. Let M be an R-module and A, B,C' € 1 F,(M). Then C'is said to be an intuitionistic
L-fuzzy closed submodule of A if C C A and C' has no non-constant (proper) intuitionistic
L-fuzzy essential extension in A, i.e., if x{oy # B C A such that C 4. B = B = C. We write
C <. A when C'is an intuitionistic L-fuzzy closed submodule of A.

Remark 5. Note that x 9y and A are always intuitionistic L-fuzzy closed submodules of A.
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Theorem 7. Let L be regular and M be an R-module. If A,C € IF,(M) are such that C' <. A,
then C* <. A*.

Proof. Firstly, let C' . A. To show that C* <. A*. If possible, let NV be a proper submodule of
A* such that C* <, N. Then we will show that N = C*.
Define B € ILFS(M) as

1, ifzeN 0, ifze N
pp(r) = ; vp(e) = . :
1, ifz ¢ N.

0, ifr¢é N
Itis clear that B € I F (M) suchthat B C A, i.e., B is a proper intuitionistic L-fuzzy submodule
of A. Also, B* = N. But C* <. N implies that C* <, B* and therefore C' J, B. Also, C' . A.
Therefore, we have C' = B which implies that C* = B* = N. O]

Remark 6. The converse of the above theorem need not be true. See the following example.

Example 4. Consider L, M, A as in Example 3. Here, we notice that B* = {0} <. A*, but B is
not intuitionistic L-fuzzy closed in A.

Theorem 8. Let A, B,C,D € IF/(M) suchthat BC C C D C Aand B<,.C and C <. D,
then B <. D.

Proof. Since BL.C' = B, Candif x9y # F C C € IF (M) suchthat B, F,then B = I
(D).

Also, since C' . D = C' 4. D and if xq9y # G C D € IF(M) such that C' <. G, then
C=GQ).

Now, as B <. C' and C' <, D, then by prop. (3.6), we get B <. D.
Further, if x(9y # H C D € IF (M) such that B <. H, then from (1), we get that B = H.
Hence B <. D. [l

Proposition 3. Let L be regular and M be an R-module. If A,C € IF (M), then C is
intuitionistic L-fuzzy closed submodule of A if and only if C'is intuitionistic L-fuzzy complement
of some B € 1F,(M) such that B C A.

Proof. Firstly, let C' J. A. Then by Theorem (5.3), we have C* <. A*. Hence C* is complement
of some submodule N, where N is a proper submodule of A*. Let B = xy € ILFS(M).
Clearly, B € [F; (M) is such that B C A and B* = N. So C* is complement of B*. Hence,
B*NC* = {0} and so BN C = x{g. Next we claim that C' is maximal with this property.

Suppose that D € ILFS(M) is such that D C A and C is intuitionistic L-fuzzy submodule
of D,i.e.,C' C Dsuchthat BND = xqp. So B*ND* = {#}. But C* is a submodule of D* and
C* is a complement of B*. So C* = D*. Thus, C' = D and hence C'is an intuitionistic L-fuzzy
complement of 5.

Conversely, let C' be intuitionistic L-fuzzy complement of B in A. We want to show that C'
is intuitionistic L-fuzzy closed submodule of A. Suppose that C' . D, where D € [F (M) is
such that D C A. Then C' N B <. D N B (by Corollary (3.8)). Hence x4y <. D N B and so
DN B = xy- But C'is an intuitionistic L-fuzzy submodule of D and C' is intuitionistic L-fuzzy
complement of B, hence D = C'. Thus C'is intuitionistic L-fuzzy closed submodule of A. U
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Remark 7. If L is regular and M is an R-module such that C' is intuitionistic L-fuzzy closed
submodule of A. Then C' being an intuitionistic L-fuzzy complement of some B in A does not
imply that B is intuitionistic L-fuzzy complement of C'in A. See the following example.

Example S. Consider L, M, A as in Example 3. Interchange B and C. We note that C' = (¢ is
an intuitionistic L-fuzzy closed submodule of A. Also, C' is intuitionistic L-fuzzy complement of
B in A. But B is not intuitionistic L-fuzzy complement of C' in A.

6 Conclusion

In this paper, we have introduced the notion of essential submodule, closed submodule and
complement of submodule of a module in the intuitionistic L-fuzzy environment to develop the
theory of intuitionistic L-fuzzy modules. It has been shown that the converse of many results
which hold in general complete lattice L hold only in the case when the lattice L is regular. We
have shown that for the existence of complement of an intuitionistic L-fuzzy submodule C, the
lattice L should be regular and that C' must be closed.
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