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1 Introduction

The concept of fuzzy set was introduced by Zadeh in his classic paper [14]. The concept of fuzzy
topological spaces was introduced and developed by C. L. Chang [4]. In [7, 8] some weaker forms
of fuzzy compactness are considered for the first time. Since Atanassov [1, 2, 3] introduced the
notion of intuitionistic fuzzy sets, Coker [5] defined the intuitionistic fuzzy topological spaces.
Coker and Eg [6] introduced and investigated fuzzy almost compactness, fuzzy near compactness
and fuzzy light compactness in intuitionistic fuzzy topological spaces. The investigation of
covering properties of topological spaces has a long history going back to papers by Menger and
Rothberger [10, 12]. However, more recently a new theory called Selection Principles was
introduced by Scheepers [13]. The theory of Selection Principles has extraordinary connections
with numerous subareas of mathematics, for example, set theory and general topology, uniform
structures and ditopological texture spaces [9]. In 1999, Kocinac defined and characterized the
almost Menger property [9]. Following this concept, Agsa, Moiz ud Din Khan defined and
investigated nearly Menger and nearly star-Menger spaces [11].

In this paper, we introduce and then investigate intuitionistic fuzzy Menger spaces,
Intuitionistic fuzzy near Menger spaces and Intuitionistic fuzzy almost Menger spaces in Coker’s
space.
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2 Preliminaries

Definition 2.1. [1] Let X be a non-empty fixed set and / the closed interval [0, 1]. An intuitionistic
fuzzy set (IFS) A is an object of following form

A:{<x,,uA (x),8, (x)>|xe X}.
where the mappings ¢, : X — I and ¢, : X — I denote the degree of membership 1, (x) and

the degree of non-membership &, (x) for each element xe X of the set A, respectively, and

0<u, (x)+8,(x)<1 for each xe X.

Definition 2.2. [1] Let A and B be IFS’s of the form A :{<x,,uA (x),9, (x)>|xe X} and
B ={(x. 1, (x).8 (x))lxe X}. Then

(i) AcBf u,(x)<u,(x)and 8, (x)238,(x)

(i)  A={(x.9 (x)(x).4,(x))|xe X}

(i) ANB={(x. 1, (x)Au,(x), 8, (x)(x)v 8, (x)(x))|xe X}

(V) AUB={(x a4, (x)Vv (%), 8, (x)(x) A8, (x)(x)) | x€ X}
Definition 2.3. [1] 0_={(x,0,1)xe X} and 1_={(x,1,0)xe X}.
Definition 2.4. [S] An intuitionistic fuzzy topology (IFT for short) in Coker’s sense on a non-
empty set X is a family 7 of intuitionistic fuzzy sets in X satisfying the following axioms:

(T1)y 0,1l ert,

(T2) G,NG,ert forany G,,G,e7,

(T3) | JG, e 7 for any arbitrary family {G, :ie I} c7.

icl
In this case the pair (X, 7) is called an intuitionistic fuzzy topological space (IFT for short) and
each IFS in 7 is known as an intuitionistic fuzzy open set (IFOS for short) in X.

Definition 2.5. [5] The complement A of an IFOS A in an IFTS (X, 7) is called an intuitionistic
fuzzy closed set (IFCS for short) in X.

Definition 2.6. [5] Let (X, 7) be an IFTS and A={(x,4,(x).8,(x))|xe X} be an IFS in X.
Then the fuzzy interior and fuzzy closure of A are defined by
cl(A)=n {K|Kis an IFCS in X and A c K}
and
int(A)=uU {G|Gisan IFOS in X and G C A}.

Definition 2.7. [5] Let X and Y be two nonempty sets and f : X — Y be a function. If
B= {<Y»ﬂs (),8, (y)>| ye Y} isan IFS in Y, then the preimage of B under £, denoted by ' (B)

is the IFS in X defined by:
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f_l(B)={<x,f_1(ﬂB)(x),f_l(ﬂB)(x)>|xe X}-

Similarly, if A= {<x,,uA (x).9, (x)>| x€ X} is an IFS in X, then the image of A under f, denoted
by f(A), is the IFS in Y defined by

FA)={{r. f (1) () f (3)(9)e ¥}

Proposition 2.8. [5] Let (X, 7) be an IFTS and A, B be IFS’s in X. Then, the following properties
hold:

cl(A)z

—

int(A)), int(Z) = (cl(A))
int(A)c Accl(A).
Definition 2.9. [5] Let X be an IFTS. A family {<x, Mg, ,190’_ > el } of IFOS’s in X satisfies the
condition U{<x, Mg, ,190’_ > el } =1_ is called a fuzzy open cover of X.
A finite subfamily of a fuzzy open cover {<x, ,uG’_,ﬁG’_>:ie I } which is also a fuzzy open

cover of X is called a finite subcover of {<x, U Ty > el } . An IFTS X is called fuzzy compact

iff every fuzzy open cover has a finite subcover.
Definition 2.10. [6] Let X be an IFTS. A family {(x,4; .3, }:i€ I} of IFOS’s in X has the finite

intersection property (FIP for short) if every finite subfamily {<x, U Ty > i=1,2,.. .,n} satisfies
the condition ()(x, 41,8, ) # 0.
i=1

Definition 2.11. [6] An intuitionistic fuzzy set A is called an intuitionistic fuzzy regular open set
iff A = int(cl(A)) an intuitionistic fuzzy set B is called an intuitionistic fuzzy regular closed set iff
B = cl(int(B)).

Definition 2.12. [6] Let (X,7,), (Y,7,)be two IFTS’s and let f: X — Y be a function. Then fis
said to be intuitionistic fuzzy strongly continuous iff for each IFS A in X, f (cl(A)) c f(A).

Definition 2.13. [6] Let (X,7,)and (Y,7,)be two IFTS’s and let f: X — Y be a function. Then f

is said to be intuitionistic fuzzy almost continuous iff the preimage of each intuitionistic fuzzy
regular open set of Y is an intuitionistic fuzzy open set in X.

Definition 2.14. [6] Let (X,7,)and (Y,7,) be two IFTS’s and let f: X — Y be a function.

Then f is said to be intuitionistic fuzzy weakly continuous iff for each IFOS B of Y,

£ (B)cint( £ (c1(B))).
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3 Intuitionistic fuzzy Mengerness
Here we generalize the concept of Menger topological spaces, first proposed by Menger [10], to
the case of intuitionistic fuzzy topological spaces.
Definition 3.1 (i) An IFTS (X, 7) is fuzzy Menger, if for every sequence {G,|n€ N} where

Gn ={<x, ﬂG”,ﬂG”>|ne N} are intuitionistic fuzzy open covers of X, there exists a sequence
{H,|ne N}, where H, = {<x,ﬂﬂn,z9H”>|ne N} such that for every n € N, H, is a finite
intuitionistic fuzzy subset of G, and u{<x, My ,19Hn > |ne N}=1..

(ii) An IFTS (X, 7) is fuzzy almost Menger (nearly Menger), if for every sequence {G, |ne N}
where G, = {<x, M T > |ne N } are intuitionistic fuzzy open covers of X, there exists a sequence
{H,|ne N}, where H, = {<x,,uH”,19Hn>|ne N} such that for every n € N, H, is a finite

intuitionistic fuzzy subset of G, and UH: =1_, where H:: {cI(H) | H < Hx}

neN

(H, = {int(cl(H)) | H C Ha}).
It is clear that in IFTS we have the following implications:

Intuitionistic fuzzy Intuitionistic fuzzy Intuitionistic fuzzy
- -

Mengerness near Mengerness almost Mengerness

However, the reverse implications do not hold.

Example 3.2. Let X = {1, 2} and define the intuitionistic fuzzy subsets {G, |ne N} as follows:

1 1
D=1-=, v, )= —,
o, (=1~ o=

1 1
)=1-——, v, (2)=——.
Ho, (2) n+l1 . (2) n+2

In this case, the sequence 7={G,|ne N}U{0_,1_} is an IFT on X [6]. Since cl(G,) = 1. and

int(cl(Gn)) = 1_, (X, 7) is intuitionistic fuzzy nearly Menger. On the other hand, {G, |n€ N} has
no finite intuitionistic fuzzy subset of G,. Hence (X, 7) is not intuitionistic fuzzy Menger.

Theorem 3.3. An IFTS (X, 7) is fuzzy almost Menger iff every sequence{G, |ne N}, where
G, = {<x, U T > |ne N } of intuitionistic fuzzy open subset of X having the finite intersection

property we have ﬂ cl(G,)#0._.

neN

Proof. Suppose X is fuzzy almost Menger and let G, = {<x, M T > |ne N } be any sequence of
intuitionistic fuzzy open sets in X such that ﬂcl{<x, M ,ﬂGn > |ne N } =0_. Then, we have

ﬂint{<x, U > |ne N } =1_. Since X is fuzzy almost Menger, for every n € N, there exists a
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sequence {H, |ne N}, where H, = {<x,,an ’ﬁH,, > |ne N} , such that for every n € N, H, is a finite

intuitionistic fuzzy subset of G, and U H: =1_,where H: = {cl(H) | H < H,}. But from

neN

H, c int(G%,) and G, < int(cl(G.)), we see that ﬂ G, =0_, which is a contradiction with the
neN
finite intersection property.

Conversely, let {G, | n € N} be an intuitionistic fuzzy open cover of X. If U H ; #1_,
ne N

where H, = {cl(H) | H c H,} and H, is a finite intuitionistic fuzzy subset of G,, then (H)‘
1S an intuitionistic fuzzy open sequence with the finite intersection property. Hence,
from the hypothesis it follows that ﬂ cl((H,f)C);«tO~ and then U [cl((H:)c)]C #1_. Since

neN neN
U G, c U [cl((H,))]° #1_, then U G, #1_, which is a contradiction.
neN ne N neN

Theorem 3.4. In an IFTS (X, 7) the following conditions are equivalent:

(1) (X, 7)is fuzzy almost Menger.
(i) Forevery family {K, |n € N}, where K, ={<x, My Ty > |ne N } of intuitionistic fuzzy

regular closed sets such that ﬂ K, =0_, there exists a sequence {H, |ne N}, where
neN

H, = {<x,,uH” Oy, > |ne N} , such that for every n € N, H, is a finite subset of K, and
ﬂ H: =0_, where HZ ={cl(H)|HcH,}.
neN

(iii) ﬂ cl(G,)#0_ holds for each sequence of intuitionistic fuzzy regular open sets
neN

{G. | n € N} with the finite intersection property, where G, ={<x, M > |ne N } .
(iv) For each sequence {G, | n € N} of intuitionistic fuzzy regular open covers of X, there

exists a sequence {H, |n € N}, where H, = {<x,,uH” ,19Hn > |ne N} such that forn € N,
H, is a finite subset of G, and U H =1_, where H,={cl(H)|H cH,}.

ne N
Proof. The proof of this theorem follows a similar pattern to Theorem 3.3. ]

Theorem 3.5. Let (X,7,), (Y,7,)be two IFTS’s and let f : X — Y be an intuitionistic fuzzy

almost continuous surjection. If (X,7,) is fuzzy almost Menger, then (Y,7,) is fuzzy almost

Menger.
Proof. Let {G, |ne N} be asequence of covers of Y by fuzzy open sets, then {int(cl(G, )) | n € N}

is also an intuitionistic fuzzy open cover of Y. Since f is fuzzy almost continuous,
{f "N(int(cl(Gn))) | n € N} is an intuitionistic fuzzy open cover of X. Thus, there is a sequence

{H,|ne N}, where H, = {<x,,uH” Oy > |ne N} , such that for every n € N, H, is a finite subset

of f~(int(cl(G»))) and U H =1_, where H, ={cl(H)|H cH,}.

ne N
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For every n € N and H < H, we can choose a member Gy < G, such that H = f /(Gp). From
the surjectivity of f we have

f ( | el(f ™ Gint(cl(G,, ))))] = fl(f ™ int(el( Gy M) =1

neN neN

But from int(cl(Gx)) < cl(Gr) and intuitionistic fuzzy almost continuity of f, f ~'(cl(Gn))
must be an intuitionistic fuzzy closed set containing f ~!(int(cl(Gx))) and then cl(f ! (int(cl(Gn)))).
Therefore, f (cl(f ~'(int(cl(Gn))))) < cl(Gn).

Then, U {cI(Gy)|H < H,}=1_. Hence, Y is intuitionistic fuzzy almost Menger. (]

neN

Theorem 3.6. Let (X,7,), (Y,7,) be two IFTS’s and let f: X — Y be an intuitionistic fuzzy
strongly continuous surjection. If (X,7,) is fuzzy almost Menger, then so is (Y,7, ).

Proof. It is similar to the proof of Theorem 3.5. O
Theorem 3.7. Let (X,7,), (Y,7,) be two IFTS’s and let f : X — Y be an intuitionistic fuzzy

weakly fuzzy continuous surjection. If (X,7,) is fuzzy Menger, then (Y,7,) is fuzzy almost

Menger.
Proof. The proof follows from the definition of intuitionistic fuzzy weakly continuous
function. [

Theorem 3. 8. An intuitionistic fuzzy topological space (X,7) is intuitionistic fuzzy nearly
Menger iff for every sequence {G, |n€ N} , where G, = {<x, M > |ne N } of covers of X by
intuitionistic fuzzy regular open sets, there is a sequence {H,6 |ne N}, where H, =

{<x,,an ,19H” > |ne N} , such that for every n € N, H, is a finite subset of G, and U H, =1.

neN

Proof. Similar to the proof of Theorem 3.3. ]
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