Completeness of IFS(X) as a metric space
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Abstract
The aim of this article is to prove the completeness of the space of intuitionistic fuzzy sets in X,
where X can be finite or infinite universe of discourse.
Keywords: intuitionistic fuzzy set, distance, complete space.

1 Introduction

Theory of intuitionistic fuzzy sets was introduced by Atanassov [1] as a natural generalization of usual
fuzzy sets.

Denote by X a universe of discourse. An intuitionistic fuzzy set A C X is represented by two functions:
wa - the membership function and v4 - the non-membership function. In other words

A= (IU’A7 VA)v
where pa,v4 1 X — [0, 1] are functions satisfying
(Vo € X) (pa(z) +valz) <1).

The family of all intuitionistic fuzzy sets in X will be denoted by IFS(X).

The difference between two objects will be usually expressed by their distance in some space. Atanassov [2]
and Szmidt and Kacprzyk [3] described distances between intuitionistic fuzzy sets. These metrics are
generalizations of Hamming and Euclidean distances.

2 Distance in the finite universe

In this section we will assume the finite universe of discourse X = {z1,x2,...,2,}. Atanassov [2]
suggested a direct generalization of Hamming and Euclidean distances for intuitionistic fuzzy sets A, B €
IFS(X). Their formulas are listed below:

e the Hamming distance

d'(A,B) = (lra(@i) = pp(@i)| + [va(z:) —ve(z:)l),
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e the Euclidean distance

¢'(A,B) =

N | =

Z ((na(@i) = pp(2:)? + (alzi) — vp(2:))?).

Theorem 1 The family of intuitionistic fuzzy sets IFS(X) in finite universe X is a complete metric
space considering the Hamming distance d'(A, B).

Proof.
First we show, that every Cauchy’s sequence of I F-sets is convergent. Then we prove, that the limit is
an element of the family IFS(X).
(i) Let € > 0 and (A,)52; be the Cauchy’s sequence in IF'S(X). Then there exists ng € N such that for
any m,n >ng : d(Am, An) <e.

Take x; € X fixed and denote for any A, B € IFS(X)

o1(A, B) = |pa(ei) — pp(zi)|-

Then
01(Am, An) = |pa,, (zi) — pa, ()] < d'(Ap, An) <e,
hence (A,)5, is the Cauchy’s sequence considering the metric g1 (A4, B). Since (R, 01) is complete metric

space, then (A,)52; has a limit A4, i.e.

01(An; A) = |pa, (i) = pa(z:)| <e,

or
lim pia,, (x:) = pa(zi)
n—oo
for fixed z; € X.
If we do the same consideration for every z; € X, we can define for each ¢t =1,...,n

lim yia,, (xi) = pa(@i).

n—oo

Similarly, if we denote for any A, B € IFS(X) and z; € X fixed
02(A, B) = [va(zi) —vp(wi)l,
we get
02(An, A) = |va, (zi) —va(z)| <e.
So for every x; € X, we can define
(Vi=1,...,n) (lim va, (2;) =va(z;)).

oo

Now we will show, that A = (ua,v4) is the limit of the Cauchy sequence (A4,)22, in IFS(X).
Let € > 0 and z; € X. Then there exist

ny € N such that for any n > n; lpa, (i) — palz)| < £,

ng € N such that for any n > ng lva, (x;) —val(z:)| <

3o



Denote ng = max{ny,na}. Then for any n > ng is

Ly Ie~/e ey 1/[ 2
d'(An, A) = 53 (pa, (@) = pales)] + va, (@) = va@)) < 5 D (7 N 7) -1 <n> .
i—1 L
(ii) Finally we prove, that A = (ua,va) € IFS(X). Let A, € IFS(X), n = 1,2,..., then for every
xT; € X:
pa, (i) +va, (z:) < 1.

After a limit transition we get

pa(ei) +va(e) = m pa, (@) + m va, (2:) = lm (pa, (@) +va, () < 1.

n—o0

Theorem 2 The family of intuitionistic fuzzy sets IFS(X) in finite universe X is a complete metric
space considering the Euclidean distance ¢'(A, B).

Proof.
(i) Let e >0 and z; € X, (i =1,...,n). Denote for any A, B € I[FS(X)

n
01(A, B) = (| > (na(ws) — pp(:)?
i=1
Let (A,)52, be the Cauchy’s sequence in IFS(X). Then for % > 0 there exists ng € N such that for
any m,n > ng : € (An, An) < %
Then

n

01(Am, An) < | D ((pa, (@) = pa, (@0))2 + (va,, (€)= va, (2:)?) =
i=1

n

=2 %Z ((na, () — pa, ()2 + (va, (z;) —va, (x:))?) < \/5% —

i=1
Since g1 is the Euclidean metric in R™ and (R™, 1) is complete metric space, then the Cauchy sequence

(An)$2, converges to A:
01 (An, A) < E.

Hence

(1, () = @) = G, (@00) = pa@a))? = |, (@) — e,
1

€ >

n

7

and
Hm pa, (2;) = pa(z;) Vi=1,...,n.

n—oo

Similarly for

02(A,B) = || 3" (walas) - vs(@:)’

i=1



we get
lim vga, (x;) =va(z;) Vi=1,...,n.

n—oo

We prove that A = (ua,v4) is the limit of the Cauchy sequence (A,)5 .
Let € > 0 and z; € X. Then there exist

ny € N such that for any n > ny lpa, () — palz;)| < % ,
ng € N such that for any n > ns lva, (x;) —va(z;)] < T

Denote ng = max{ni,n2}. Then for any n > ng is

€'(An, A) = ((ha,, (23) = pa, (2))* + (v, (2:) —va, (2:))?) <

v

1
2
i=1

<) () - () -+

(ii) The proof of A = (uua,va) € IFS(X) is the same as in the part (ii) of proof of previous theorem.

3 Distance in the infinite universe

Our aim is to define distance of intuitionistic fuzzy sets A, B € IFS(X), where X doesn’t need to be a
finite universe of discourse. Then we show, that every Cauchy’s sequence of intuitionistic fuzzy sets in
IFS(X) is convergent with a limit from this space. In other words - the space IFS(X) is complete also
in the infinite case of X, considering the given distance.

Definition 1 Let (X,S, P) be a probability space. Let IFS(X) be the set of all intuitionistic fuzzy sets
A= (ua,va), where pa,va are S-measurable. For any two intuitionistic fuzzy sets A, B € IFS(X) we
define the Hamming distance by following:

d(A, B) :/(|MA(x)—MB(x)|+|yA(x)—uB(z)|)dP.
X

Theorem 3 The family of intuitionistic fuzzy sets IFS(X) is a complete metric space considering the
Hamming distance d(A, B).

Proof.
(i) Existence. Let (A,)5, be the Cauchy’s sequence in IFS(X). This means, that for any € > 0 there
exists ng € N such that for any m,n > ng :

(A, Ay) = / (tea, (2) — poa, (@) + va, () — va, (@)]) dP < e,
X

for any =z € X.



Hence (pa, )4, (va,)%; are Cauchy’s sequences in L'(X,S, P), which is a complete space. Then
there exist measurable functions pa,v4 € L'(X,S, P) such that

lim [ |pa, (x) — pa(z)|[dP =0,

n—oo

lim [ |va,(z) —va(z)|[dP=0.
So we have
0= lim_ [ [pa, () — pa(@)] + [va, (2) — va(@)|dP = lim (A, 4),

o0
n=1"

which means, that A = (ua,v4) is the limit of Cauchy’s sequence (4,)
Moreover

0= lim [(lpa,(®)—pa(@)|+|va,(@)—va(@))dP = lim [ |pa, (@)+va, (@)= (pa(z)+va(z))|dP =0,

n—oo n—oo

hence

lim [ |a, (@) + va, (@) = (na(@) + va(@))|dP = 0.

(ii) Completeness. Denote pa, (z) +va, (z) = fn(z) and pa(z) +va(x) = f(z) for any 2 € X. From the
definition of intuitionistic fuzzy sets we get

0< falz) <1

and the last equality in step (i) can be written as

lim [ [fu(x) = f(@)|dP = 0.

n—oo

Let B = {z; f(z) < 0}, then for all z € B: f,(z) > 0> f(z) and

lim [ |fu(e) = f@)]dP = lim [ (fu(e) ~ f(2))dP = 0.

n—oo n—oo

B B

Immediately we get

0< lim [ fu(x)dP = /f(a:)dP
B B
Since f(z) < 0 in B, then P(B) = 0.

Let C = {x; f(z) > 1}, then forallz € C: f,(x) <1< f(x) and

lim [ |fu(@) = f@)|dP = lim [ (f(2) = fu(x))dP = 0.

n—oo n—oo

C C

Hence

n—oo

C

/f(x)dP: lim [ f,(2)dP < /1dP: P(C)
C C



and also
/(f(w) — xc(z))dP = /f(ﬂc)dP — P(C) <0.
C C

Since for every x € C' we have f(z) — xc(x) > 0, then P(C) = 0.
We have proved, that 0 < f(z) <1 Vaz € X. This means that

f(z) =palz)+rvalz) <1 Vo e X,
so the Cauchy’s sequence (A,,)%° ; has a limit A € IF'S(X) considering the distance d(A, B).

Definition 2 Let a,b € R, a < b. Let (X,S,P) be a probability space. Let IFS(X) be the set of all
intuitionistic fuzzy sets A = (ua,va), where pa,va are S-measurable with integrable quadrate. For any
two intuitionistic fuzzy sets A, B € IFS(X) we define the Fuclidean distance by following:

b

b
6(A,B) = / (1) — jp(2))?2dP + / (va(z) — vp(x))2dP .

a

Theorem 4 The family of intuitionistic fuzzy sets IFS(X) is a complete metric space considering the
Euclidean distance e(A, B).

Proof.
(i) Existence. Let (A4,)22; be the Cauchy’s sequence in IF'S(X). This means, that for any € > 0 there
exists ng € N such that for any m,n > ng :

b b
e(Am, Ap) = /(MAm () — pa, (x))2dP + /(Z/Am () —va, (2))?dP < ¢,

a a

for any =z € X.
Hence (p14,,)% 1, (va, )22, are Cauchy’s sequences in L?(a,b), which is a complete space. Then there
exist measurable functions pa,v4 € L?(a,b) such that

n—oo

b
lim / (4, (2) — pa(2))2dP =0,

lim
n—oo

(va, () —va(z))?dP =0.

Se—

Then

0= lim

b
(na, (x) — palz))?dP + /(VAn () —va(z))?dP =

D\G“



b

b
> Jim J / (i, (2) — a())2dP + / (va, (&) — va(2))2dP > 0.

n—oo
a

We have proved that

b b
lim e(4,, 4) = lm J / (1, (2) = pa(x))*dP + / (va, (&) — va(2))?dP = 0.

a

(ii) Completeness. From step (i) we have

n—oo

b
0< lim J/((/m(l“) — pa, () + (a(z) —va, (2)))?dP <

a

b b
< lim @ [ @) - s, 0)2aP + J Jate) - uAn(z»?dP) 0,

a a

n—o0
a

b
Then lim \/ J(a(@) = pa, () + (@) — va, (2)))2dP = 0.
If we denote pa, () +va, () = fu(x) and pa(z) + va(z) = f(z) for any « € X, then
0= fale) <1

and by previous

hence

tim [ (f(x) ~ fule)?dP =0,

Let B = {x; f(x) < 0}, then for all z € B: f,(z) > 0> f(z) and
b

0< /(f(ﬂc))2 < lm [ (fulz) = f(2))%dP < lim [ (fau(z) — f(x))*dP = 0.

n—oo n—0o0

B B a

Immediately we get

@y =0

Since (f(z))? > 0 in B, then P(B) = 0.



Let C = {x; f(z) > 1}, then for all z € C': f,(x) <1< f(x) and
b
0=t [(7@) = fal@)PaP > i [(@) = fu()?aP >t [ (5@ - 1P >0
c

n—oo n—oo

C

a

Hence

/(f(x) —1)%dP = 0.

C

Since for every o € C we have (f(x) —1)? > 0, then P(C) = 0.
We have proved, that

0< fz) =pa(z) +rva(z) <1 VzeX,
so the Cauchy’s sequence (A4,,)22, has a limit A € IFS(X) considering the distance é(A, B).
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