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1 Introduction

Park introduced and discussed in [6] a notion of intuitionistic fuzzy metric space which is based
both on the idea of intuitionistic fuzzy set due to Atanassov [1], and the concept of a fuzzy
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metric space given George & Veeramani [4]. Mustafa and Sims [7, 8] and Naidu et. al [11]
demonstrated the most of the claims concerning the fundamental topological structure of D-metric
introduced by Dhage [3] & hence all theorems are incorrect. Alternatively, Mustafa and Sims
introduced a G-metric space and obtained some fixed point theorems in it. In this paper, we
prove two unique common coupled fixed point theorems for Junck type for three mappings in
symmetric generalized intuitionistic fuzzy metric spaces.

Definition 1.1.([15]) A 5-tuple (X, G, H,*,¢ ) is said to be a generalized intuitionistic fuzzy
metric space (Shortly GIFM) if X is an arbitrary non-empty set,* is a continuous ¢-norm, ¢ is a
continuous ¢-conorm, G and H are fuzzy sets on X? x (0, o) satisfying the following conditions.
For every x,y,z,a € X andt,s > 0

1. G(z,y,2,t)+ H(z,y,2,t) <1,

2. G(x,z,y,t) > 0forz #£ vy,

3. G(x,z,y,t) > G(z,y, z,t) fory # z,

4. G(z,y,2,t) = lifand only if x = y = 2,

5. G(z,y,2,t) = G(P(x,y, z),t), where p is a permutation function,
6. G(z,a,a,t) *G(a,y,z,s) < G(x,y,z,t+s),

7. G(z,y,z2,.): (0,00) — [0, 1] is continuous,

8. G is a non-decreasing of R, tlim G(x,y,z,t) =1,
— 00
PlrolG(x,y,z,t) =0forall z,y,z € X,t >0,
_>

9. H(z,x,y.t) < 1forz #y,

10. H(xz,z,y,t) < H(z,y,z2,t) fory # z,

11. H(z,y,z,t) =0ifand only if x = y = z,

12. H(z,y,z,t) = H(p(x,y, z),t), where p is a permutation function,
13. H(x,a,a,t)o H(a,y,z,s) > H(x,y,z,t + s),

14. H(z,y,z,.): (0,00) — [0, 1] is continuous,

15. H is a non-increasing function on R, tlim H(z,y,z,t) =0,
—00
lirrolH(x,y,z,t) =1forall x,y,z € X,t > 0.
_)

In this case, the pair (G, H) is called an generalized intuitionistic fuzzy metric on X.

Definition 1.2. ([15]) Let X be a non-empty set. An element (z,y) € X x X is called a coupled
fixed point of the mapping F': X x X — X ifz = F(x,y)andy = F(y, x).

Definition 1.3. ([10]) Let X be a non-empty set. An element (z,y) € X x X is called
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1. a coupled coincidence point of F' : X x X — X andg : X — X if gv = F(z,y) and
g9y = F(y, ).

2. a common coupled fixed point of F': X x X — X andg: X — X ifx = gz = F(x,y)
andy = gy = F(y,z).

Lemma 1.4. ([10]) Let (X, G, H, %, <) be a generalized intuitionistic fuzzy metric space. Then,
G and H are continuous function on X? x (0,00). Now onwards, we assume the following
condition:

tlim G(z,y,z,t) = 1and 1tlim H(x,y,z,t)=0forall z,y,z € X. (1
— 00 — 00

Using (1), can prove the following lemma.

Lemma 1.5. ([10]) Let (X, G, H, *,¢) be a generalized intuitionstic fuzzy metric space. If there
exists k& € (0, 1) such that

min{G(z,y, z, kt), G(u,v,w, kt)}
max{ H (z,y, z, kt), H(u,v,w, kt)}

min{G(z,y, 2,t), G(u,v,w,t)}.

>
< max{H(x,y,z,t), H(u,v,w,t)}.

forall x,y, z,u,v,w € Xandt > 0,thenxr =y =zandu = v = w.

Definition 1.6. ([10]) Let X be a non-empty set. The mapping /' : X x X — Xandg: X — X
are called w-compatible if g(F(z,y)) = F(gz,gy) and g(F(y,z)) = F(gy, gx), whenever
gx = F(x,y) and gy = F(y, z) for some (z,y) € X x X.

Now, we give our main results.

2  Main results

Theorem 2.1. Let (X, G, H, *, ) be a generalized intuitionistic fuzzy metric space with a x b =
min{a, b} and a ¢ b = max{a,b}, foralla,b € [0,1]and S : X x X — X and f : X — X be
mappings satisfying

G(S(x,y), S(u,v), S(u,v), kt) > min{G(fz, fu, fu,t), G(fy, fv, fu,t)}

(2)
H(S(z,y),S(u,v).S(u,v), kt) < max{H(fx, fu, fu,t), H(fy, fv, fu,t)}.

forall z,y,u,v,€ X where 0 < k < 1. S(X x X) C f(X) and f(X) is a complete subspace of
X, the pair (f,S) is w-compatible. Then .S and f have a unique common coupled fixed point of
the form (o, ) in X x X.

Proof. Let xg,y0 € X and denote z, = S(Zn,Yn) = fTui1,Pn = SWn,Tn) = fYni1,n =
0,1,2, ...
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Let dn<t) - G(Zna “n+1y Zntl, t)pn(t) = H(Zm Zn41s Zntl, t)BN(t) = G(pnapn+17pn+17 t)

and 7,(t) = H(pn, Pni1, Pnt1,t) From (2) we have

dn+1 (kt) =G (Zn+17 Zn+2; Zn+2, kt)
=G (S($n+1, yn+1>7 S($n+2, yn+2)7 S(‘TTL+27 yn+2)7 kt))

2 min {G(va Zn+1) Znt1, t)a G(pn, Prn+1, Pnt1, t)}
> min{d, (1), e,(t)}.

Pri1(kt) = H (2041, Znya, Znya, kt)
= H (S(Tnt1,Yn+1), S(Tnt2, Ynt2)s S(Tnt2, Ynt2), k)
< max {H(zn, Znt1, Znt15 1), H(Prs Pry1, Put1s 1)}
< max{pn(t),r,(t)}.

ent1(kt) = G (Pni1, Pntas Prya, kt)
= G (SWnt1, Tns1)s SWnr2, Tny2), S(Yni2, Tnya), kt))
> min {G(pn, Pr+1: Prt1, 1) G(2n, Zns1,s Znt1, 1)
> min{e,(t),d,(t)}.

Tn1(kt) = H (Pnt1, Pot2, Put2, kt)
= H (S(Ynt1, Tnt1), S(Yns2; Tnr2)s S(Yny2, Tnia), kt))
< max {H (P, Pns1, Pt1, 1), H (20, Znt1s 2nt1, 1) }
< max{ra(t), pu(t)}.

Thus

min{d,+1(kt), e,1(kt)} > min{d,(t), e, (t)}

Hence,

= min G(ZO, 21y %15 ﬁ)’ G(p07p17p17 ﬁ)} )
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max{pn1(kt), 71 (kt)} < max{pn(t), 7, (1)}

max{p,(t), ra(t)} < max {pn—l (é) Tt (é) }
< (1) s ()}

@)

t
= max {H<z0a 21, 21, ﬁ)v H(pOaphpl) _n)} .

®)

k

For any positive integer n and fixed positive integer p, we have

t t
G(Zn7 Zn+ps Fn+tps t) Z G (Zn+p—1> Zn+ps Antps 1_9 * G Zn+p—25 Fntp—1s Entp—1, 5

t
... %G (zn’Z"“’Z"“’Z_j

. t t
G(Zny Zntps Znips t) = min {G(zo, 21, 21, W), G(po, p1, P15 W)}

. t t
* I {G(Zo, 215 215 W)7G(p07p17p17 IW}

t t
* ... xmin < G(29, 21, 21, — ), G(po, p1, 1, —
{ (20, 21, 21 pk") (po, p1, 1 pk”)}

t t
H(Zn7 Zn+ps En+ps t) S H (zn—l—p—b Zn+ps En+ps ]_? oH Zn+p—25 Zn+p—15 Zn4p—1, ]_)

t
o..0oH (zn,znﬂ,znﬂ,z—)

H(2n, Zntps Znap, t) < max {H(zo, 21, 21, ﬁ), H(po, p1,p1, ]ﬁ)}
t t
© max {H(zo, 21, 21, W),H(po,pl,pl, W)}
¢ ... 0 max {H(zo,zl, 21, L), G(po, p1, p1, L)}
pk" pk"

Letting n — oo and using (1) we get

lim G(zn, Zntps Zntpst) > 1xlx . x1=1
n—oo

lim H (2, Zntps Zntp,t) <0000...00=0.

n—oo
Hence, lim G(2,, Zntp, Znip, t) = 1, and lim H (2, Zn1p, Znip, t) = 0. Thus, {2, } is G and

n—oo n—oo

H Cauchy in X. Similarly, we can show that {p, } is G and H Cauchy in X.
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Since f(X)is G and H complete {z,} and {p, } converges to some « and /3 in f(X), respec-
tively.
Hence, there exists x and y in X such that o« = fz, 5 = fy.
G (20, S(2,y), S(2,y), kt) = G(S(@n, yn), S(2,y), S(x,y), kt)
> min {G(anb fSC, fSU, t)a G(pnfh fy7 fy7 t)}

Letting n — oo we get, G(fz, S(z,y), Sz,y),kt) > min{1,1} =1,

H (zn, S(2,y), S(2,y), kt) = H(S(xn, yn), S(2,y), S(2,y), ki)
§ maX{H(Zn—la fxa fx>t>a H(pn—la fya fyat)}

Letting n — oo we get, H(fxz, S(z,y), Sz,y), kt) < max{0,0} =0,
Hence, S(x,y) = fx. Similarly, it can be shown that S(y,z) = fy. Since (f,S) is w-
compatible, we have

fa=[ffz=[f(5(y))
fB="r1y=f(5(y,z))

S(fz, fy) = S(a, B).
S(fy, fr) = 58, ).

G(zn,foz,fa,kt) = G(S@jnvyn)aS<aaﬁ)as(aaﬁ)7kt)
> min{G(z,_1, fa, fa,t),G(pn_1, B, fB,1)}.

Letting n — oo we get,
Gla, fa, fa, kt) = min{G(a, fa, fo, 1), G(B, [B, [B,1)}. 9)
Similarly, we can show that,
G(B, fB, fB,kt) =2 min{G(a, fo, fa, 1), G(B, fB, fB,1)} - (10)
Thus,
min {G(a, fa, fa, kt),G(B, B8, fB8,kt)} > min{G(q, fa, fa, 1), G(B, B, fB,1)}.  (11)

and

H(zn, fa, fa,kt) = H(S(@n,yn), S(a, B), S(a, B), kt)
< maX{H(Zn_l,fOé,fOé,tLH(pn—l;fﬂ’fﬁ?t)}'

Letting n — oo we get,

H(a, fa, fo,kt) < max{H(a, fa, fa,t),G(B, B, [B,1)} . (12)

Similarly, we can show that,

H(B, fB, f6,kt) < max{H(a, fa, fo, t), H(B, f 3, [, 1)} . (13)
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Thus,

max {H(«a, fa, fo, kt), H(B, fB, B, kt)} < max{H (e, fo, fa,t), H(B, [B, B, 1)}. (14)

From Lemma 1.5, we have fa = awand f§ = . Thus, a = fa = S(«a, ) and § = ff =
S(6,«), Hence (a, ) is a common coupled fixed point of S and f.
Suppose (o', 3') is another common coupled fixed point of S and f.

Gla,a’, o, kt) = G(S(a, B), S(, B),S(a, 8), kt) > min {G(a,a’,a’,t),G(@,ﬁ’,ﬁ’,t)} .
[Similarly,]
G(8,6, 8 kt) = G(S(8,0), S(8',0), (5, '), kt) = min { Gla, o0, ), G(B, 5,8, )}

> m
[Thus,]min{G(a,a/,a/,kt) G(B, 8.4, k:t} { a, o, a 1), Bﬁ g, )}
(15)
and

H(a,a' o kt) = H(S(a, 8), S(a', 8), S(a, 8), kt) < max {G(a, ool t), H, 5’,5’,75)} .
[Similarly,]

H(B, BB kt) = H(S(8,0),S(8 "), S(8',0), kt) < max { H(a, 0,0 4), H(B, 8, 5,1)}
[Thus,]
max {H(a,al,o/, k:t),H(ﬁ,ﬁ/,ﬁ/, k:t)} < max {H(a,a/,al,t),H(ﬁ,B,,ﬁl,t)} )
(16)
From Lemma 1.5, @' = a and §' = 3. Thus, (o, ) is the unique common coupled fixed

point of S and f.
Now, we will show that o = £5.

G(a,a, p,kt) = G(S(a, ), S(a, B), S(B, ), kt).
> min{G(a, o, 8,1),G(5, 5,a,t)}.
G(a,B, 8, kt) = G(S(a, B), S(B,a), S(B, ), kt).
> min {G(a, B, 5, t), (5,04 a,t)} .[Thus,]
min {G(«, o, 5, kt), G(a, B, 5, kt)} > min {G(a, o, 8,1), G(e, 5, 5,t)} .[and]
H(a,a, 8, kt) = H(S(a, B), S(a, B), S(B, ), kt)
<max {H (o, o, B,t), H(B, B, t)}
H(a, 3,8, kt) = H(S(a, 8), S(8, ), S(8, ), kt)
< max {H (e, 3,5,1), H(B, o, v, 1)}
[Thus,]

max {H (a,a, 8, kt), H(c, B, B, kt)} < max{H(«a,«,p,t),H(a,5,5,t)}.

Thus, we have o = (. Thus, « is a common fixed point of S and f. That is, a = fa =

63



S(a, ). Suppose o is another common fixed point of S and f.

G(O/,oz,oz,t) =G <S(o/,ocl,S(oz,oz),S(a,a),t)
> min {G (o/,oz,a, é) .G (o/,oz,oz, %) } .
/ t
>Gla,a,a, =

H(a,,a,a,t) =H <S(0/,d,S(a,a),S(a,a),t)
< min{H (o/,a,a, é) JH (o/,a,a,%)}.
/ t
<H|a,aqa, e

/ t
SH(a,&,a,ﬁ) — 0.

Hence o' = o. Thus S and f have a unique common coupled fixed point of the form (a, a).
Finally, we prove a common coupled fixed point theorem for three mappings in symmetric gen-
eralized intuitionstic fuzzy metric spaces. [

Theorem 2.2. Let (X,G, H,*,0) be a symmetric generalized intuitionistic complete fuzzy
metric space with a * b = min{a,b} and a ¢ b = max{a,b} for all a,b € [0,1] and let
S, T,R: X x X — X be mappings satisfying
G (S(x7 y)? T<u’ /U)7 R(p’ Q)7 kt) Z mln{G(x7 u7p7 t)? G(y’ /U7 q? t)7 G(x7 I? S(x7 y)? t)?
G(u,u, T(u,v),t),G(p,p, R(p,q),t)}

H(S(xay)aT(u?v)a R(p, q), kt) < maX{H(x,u,p, t)? H(y,fu,q,t),H(:U,m, S<x7?/)’t)a
H(u,u, T(u,v),t), H(p,p, R(p, q), 1)}

for all x,y,u,v,p,q € X where 0 < k < 1. Then there exists (z,y) € X x X such that
x=5(xy)=T(z,y) = R(z,y)
and

y=S(y,z)=T(y,z) = Ry, )

S, T and R have a unique common coupled fixed point of the form (z,z) € X x X.
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Proof. Let xg,yo € X. Define the sequence {z,} and {y,} in X as follows:
Tan+1 = S(Tan, Y3n)s Yant1 = S(Ysn: T3n); Tantz = T(T3n11, Ysnt1)s Ysnt2 = T (Ysnt1, Tans1);

T3n43 = R(T3n42, Ysn+2), Ysnts = R(Ysnt2, Tanga),n = 0,1,2, ..

Suppose x3,11 = 3, for some n. Then S(x,y) = z, where © = Z3,,y = Y3,. Suppose
T(x,y) # R(x,y). Then

Gz, T(z,y), R(x,y), kt)

G(S(z,y), T(x,y), R(x,y), kt)

> min{l,1,1,G(z,z,T(z,y),t), G(z,x, R(x,y),t)}.
> Gz, T(z,y), R(z,y),1) (17)
and
H(x,T(x,y), R(x,y),kt) = H(S(z,y),T(x,y), R(z,y),kt)
< max{0,0,0, H(z,z,T(x,y),t), H(x,z, R(z,y),t)} .
< H(z,T(z,y), R(z,y),1) (18)

It is contradiction. Hence T'(z,y) = R(z,y). X is symmetric,
Gz, T(z,y), T(x,y),kt) = Glz,2,T(x,y),1)
= G(a,T(2,y),T(z,y).1) (19)

H(x,T(x,y),T(z,y), kt) H(x,z,T(z,y),t)

= H(x,T(z,y),T(z,y),1). (20)
We have T'(z,y) = x. Thus S(z,y) = T'(z,y) = R(z,y) = .
Similarly, if 23,41 = %312 OF Z3p12 = T3ny3, then also we can show that S(z,y) =

T(x,y) = R(z,y) = « for some x,y in X. Similarly it can be shown that if y3, = y3,41 or
Y3nt1 = Ysna2 OF Ysnio = Ysnrs then there exists (z,y) € X x X such that S(y,z) = T(y,x) =

R(y,x) =y.
Now, assume that z,, # 11 and y,, # y,, 11 forall n, write d,,(t) = G(xy,, Tni1, Tnyo, t)pult) =
H(Zp, Tny1s Tngast), en(t) = G(Yns Yns1s Yna2s 1), Tn(t) = H(Yns Yns1s Ynya, ).
dan(kt) = G(T3n, Tzny1, Tanta, kt)

= G(S(3n,Ysn): T (T3n+1), Ysnt1, R(Z3n—1, Ysn—1), kt)

> min{ds,_1(t), e3,_1(t), G(T3n, T3pn, Tani1,t),
G(Z3n+1, Tant1; Tant2, 1), G(Tan—1, Tan—1, Tan, 1)}
min{ds,_1(t), esn_1(t), dsn(t), ds,(t), dz,—1(t) }. (21)

v

and

pan(kt) = H(Z3n, T3ni1, Tanta, ki)

H(S(230,Y3n), T(T3n11, Y3ns+1), B(T30-1,Y3n-1), kt)
max{ psn_1(t), 3n-1(t), H(Z3n, T3n, Tani1,1),

H (3011, Tant1, Tant2, 1), H(T3n-1, Tan_1, T3n, 1)}

max{pSn—l(t)7 T3n—1 (t)v P3n (t)7 p3n(t>’ P3n—1 (t)} (22)

IN

IN
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Thus, ds,, (kt) > min{ds,—1(t), e3,—1(t)} and ps,, (kt) < max{psn_1(t), r3,—1(t)}. Similarly,
we have eg,, (kt) > min{ds,—1(kt), e3,—1(kt)} and 73, (kt) < max{psn_1(t), 730-1(t)}.

Thus, min{ds,(kt), es,(kt)} > min{ds,_1(kt), es,—1(kt)} and max{ps,(kt),rs3,(kt)} <
max{ ps,_1(kt), r3,—1(kt)}. Similarly, we can show that
min{ds,1(kt), eznr1(kt)} > min{ds,(t), e3,(t)}
min{dz, 2(kt), e3n12(kt)} > min{ds, 1(t), €3,41(¢t)} and
max{ pzn41(kt), 73n41(kt) } < max{psz,(t), 3. (t)}

max{psn+2(kt), ran+2(kt)} < max{psni1(t), ran41(t)}-
Thus, min{d,1(kt), e,1(kt)} > min{d,(t), e,(t)} and

max{pni1(kt), 71 (kt)} < max{pn(t), 7, (1)}

min{d,(t), e,(t)} > min{dy, (é) n (é

|
ot () ()
)

| t t
= mln{G(iL'o,[Ifl,fI?Q, (ﬁ))vG(ymyl:yQa (ﬁ) }

max{pn(t), ra(t)} < max{pn (%) T (%)}

st (1) s (1)
max{ po <ktn> To <%>}

= {H(x, 21,72, (%)),H(yo,yl,yz, (%))}-

IN

IN

‘ t t
ThUS,G($n,$n+1,l’n+2,t) Z mln{G(I(],xlnya Ln ) G(y07y17y27 ]{/‘n)}

t t
H(xn’ Lnt1) Tn+2, t) S maX{H(x(% X1, T2, ﬁ% H(yOa Y1, Y2, ﬁ)}

We have,G (zp,, Tp, Tpi1,t) G(Tp, Tpit, Tnyo, t)

| t t
min{G(zo, 1, T2, i —), G(Y0, Y1, Y2, k”>}

H(xnu Ln+!s Tnt2, t)

v

and H(l‘na Lny Tn41, t)

IN

t t
max{ H (zo, x1, T2, ﬁ)’ H(yo,y1, v, ﬁ)}

IN
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As in previous Theorem 2.1, we can show that {x,,} and {y,, } are G and H Cauchy sequence
in X. Since X is GG and H complete, there exists x,y € X such that z,, — x and y,, — ¥.

G(S(x,y), T3nt2, Tanys, kt) = G(S(x,y), T (23041, Ysn+1), R(Z3nt2, Ysnt2), kt)
2 min{G(:m T3n+1, L3n+2, t)? G(y7 Yan+1, Yan+2, t)? G(:L‘, T, S(:B7 y)v If),

G(Z3n41, Tant1, Tant2, 1), G(T3n42, Tant2, Tants, )}
Letting n — oo

G(S(z,y),z,z,kt) > min{l,1,G(x,z,S(z,y),t),1,1}
= G(x,z,5(x,y),t).

and H(S(z,y), T3n12, T3nis, kt) = H(S(7,y), T(T3n+1, Y3nt1), B(T3n12, Ysni2), kt)
S maX{H(x, T3n+15 T3n+2, t)? H(Z% Y3n+15 Y3n+2, t)? H('TJ z, S('TJ y)7 t)a

H (3011, Tant1, Tant2, t), H(Tan42, Tant2, Tants, )}
Letting n — o0

H(S(x,y),z,x,kt) < max{0,0,H(z,z,S(x,y),t),0,0}
= H(x,z,S(x,y),t)
From this, we have S(x,y) = x. As in the first part of the proof, we can show that S(x,y) =
I(z,y) = R(z,y) = =.
Similarly, it can be shown that S(y,z) = T'(y, x) = R(y,x) = y.
Thus, (x,y) is a common coupled fixed point of S, T and R. Suppose (z',y') is another
common coupled fixed point of S, 7" and R. Consider,

Gw, . kt) = G(S(z.y),T(z,y), Rz y), kt)
> min{G(w,x,x,t),G(y,y,y/,t),1,1.1}
= min{G(z,z,2't),G(y,y,y't)}

H(S(z,y), T(z,y), R(x',y ), k)
ma}X{H(IE7 x? xlt)? H(y7 y7 y/7 t)7 O’ 07 0}
max{H (z,z,2't), H(y,y,y't)}.

H(z, x, kt)

IA

Also,
G(S(y,x), T(y,x), R(y , ), kt)

min{G(z,z,2't),G(y,y,y ,t),1,1,1,}
= min{G(z,z,2't),G(y,y,y't)}.

G(y,y,y , kt)

v

H(S(y,x),T(y,z), R(y', :cl), kt)
max{H(z,z,2't), H(y,y,y ,),0,0,0}
= max{H(z,z,2't), Hy,y,y't)}.

H(y,y,y , kt)

IN
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Thus, min{G(x,m,x/,k:t),G(y,y,y’,kt)} > min{G(x,x,x,,t),G(y,y,y/,t)}
max{H (z,z, 2z, kt), H(y,y,y , kt)} < max{H(z,z,2,t), Hy,y,y .t)}.

From Lemma 1.5 we have ' = z and y = y. Thus (z,%) is the unique common coupled

fixed point of S, 7" and R. Now, we will show that x = y. Consider

G(z,z,y,kt) = G(S(z,y),T(x,y), Ry, z), kt)

> min{G(z,x,y,t),G(y,y,z,t),1,1,1}
= G(z,x,y,t)
land]H (x,z,y,kt) = H(S(z,y),T(z,y), R(y,x), kt)
< max{H(z,z,y,t),H(y,y,x,t),0,0,0}
= H(z,z,y,t).
Hence x = y.
Thus S, T and R have a unique common coupled fixed point of the form (z, x). ]
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