A method for constructing non-t-representable intuitionistic fuzzy
t-norms satisfying the residuation principle

Glad Deschrijver and Etienne E. Kerre
Department of Mathematics and Computer Science, Ghent University
Fuzziness and Uncertainty Modelling Research Unit
Krijgslaan 281 (S9), B-9000 Gent, Belgium
Email: {glad.deschrijver|etienne.kerre}@rug.ac.be
Homepage: http://fuzzy.rug.ac.be

Abstract

Intuitionistic fuzzy sets constitute an ex-
tension of fuzzy sets giving both a mem-
bership degree and a non-membership
degree, whose sum must be smaller than
or equal to 1. In fuzzy set theory, an
important class of triangular norms is
the class of those that satisfy the resid-
uation principle. In this paper we give
a construction for intuitionistic fuzzy t-
norms satisfying the residuation princi-
ple which are not t-representable.
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1 Introduction

An important notion in fuzzy set theory is that
of triangular norms and conorms: t-norms and t-
conorms are used to define a generalized intersec-
tion and union of fuzzy sets, to extend the com-
position of fuzzy relations e.g. for use in approx-
imate reasoning, and for many other purposes.
An important class of t-norms is the class of t-
norms that satisfy the residuation principle (see
e.g. [9, 12]). In non-classical logics they make it
possible to define the implication as the residuum
of the conjunction, the latter being modelled
by a t-norm satisfying the residuation principle
[11, 12, 13]. If the induced negator is involutive,
then the disjunction can be defined as the dual
of the conjunction (by the de Morgan law). Tri-
angular norms satisfying the residuation princi-
ple are also useful in fuzzy preference modelling

[14] (where the preferences of individuals between
two alternatives are described by a real number
in [0,1]). In this paper we give a construction
method, using left-continuous t-norms, for intu-
itionistic fuzzy t-norms satisfying the residuation
principle but which are not t-representable.

2 Preliminary definitions

Intuitionistic fuzzy sets were introduced by
Atanassov in 1983 and are defined as follows.

Definition 2.1 [1, 2, 3] An intuitionistic fuzzy
set A in a universe U is an object

A= {(u, pa(u),va(u)) |u e U},

where, for allw € U, pa(u) € [0,1] and va(u) €
[0,1] are called the membership degree and the
non-membership degree, respectively, of u in A,
and furthermore satisfy pa(u) +va(u) < 1.

Deschrijver and Kerre [8] have shown that intu-
itionistic fuzzy sets can also be seen as L-fuzzy
sets in the sense of Goguen [10], w.r.t. the com-
plete lattice (L*, <r-) defined by [8]:

L* = {(z1,72) | (z1,22) € [0,1]? and z1 + x5 < 1},

(z1,22) <p* (y1,y2) © z1 < y1 and z9 > yo,
v(mla"E?)’ (y1,y2) e L.

We denote its units by 0z = (0,1) and 1z« =
(1,0).
Note that if, for z = (z1,%2),y = (y1,92) € L*,
1 < yi and 2 < y9, 0r 1 > y1 and x2 > yo, then
z and y are incomparable w.r.t <p«, denoted as
|| Ly
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Figure 1: Graphical representation of the set L*

The shaded area in Figure 1 is the set of elements
x = (z1,z2) belonging to L*. From now on, we
will assume that if z € L*, then z; and x5 denote
respectively the first and the second component of
z, i.e. £ = (x1,72). We also define the following
set for further usage: D = {z | z € L* and z; +
z9 = 1}.

Using this lattice, we easily see that with every in-
tuitionistic fuzzy set A = {(u, pa(u), va(u)) |u €
U} corresponds an L*-fuzzy set, i.e. a mapping
A:U =L :uw— (pa(u),vau)).

Definition 2.2 [5, 6]/ An intuitionistic fuzzy t-
norm s a commutative, associative, increasing
(L*)? — L* mapping T satisfying T (1p+,x) = ,
for all x € L*.

Let T be a t-norm and S a t-conorm, and as-
sume that T'(a,b) < 1 - S(1 —a,1 —b), for all
a,b € [0,1]. Then the mapping 7 defined by
T(z,y) = (T(z1,91), S(z2,y2)), for all z,y € L*,
is an intuitionistic fuzzy t-norm.

Definition 2.3 [5, 6]/ An intuitionistic fuzzy t-
norm T is called t-representable iff there exist a
t-norm T and a t-conorm S on [0,1] such that,
for all x,y € L*,

T(w,y) = (T(a"la y1)7 S("EQ’ y2))

Not all intuitionistic fuzzy t-norms are t-
representable.  For instance the intuitionistic
fuzzy Lukasiewicz t-norm 7y defined by [5, 6]

Tw(z,y) = (max(0,z; +y1 — 1),
min(1, 2o + 1 — y1,92 + 1 — 1))

is an intuitionistic fuzzy t-norm which is not t-
representable.

Definition 2.4 An intuitionistic fuzzy negator
is a decreasing L* — L* mapping N satisfying
N(0p<) =1p« and N(1p+) = 0. If N(N(z)) =
z, for all x € L*, then N is called an involutive
intuitionistic fuzzy negator.

3 The residuation principle

The notion of residuation principle for intuition-
istic fuzzy t-norms is an extension of the same
notion for t-norms on [0, 1].

Definition 3.1 [6]/ An intuitionistic fuzzy t-
norm T satisfies the residuation principle if and
only if, for all z,y,z € L*,

T(a:,y) SL* z2<Yy SL* IT(.T,Z),

where I denotes the residual implicator gener-
ated by T, defined as, for z,y € L*,

Ir(z,y) = sup{y | v € L* and T(z,7) <r- y}.

For further usage, we define the intuitionistic
fuzzy negator Nr induced by Z7 as Ny (z) =
Z7(x,0p~), for all x € L*.

4 Construction of non-t-representable
intuitionistic fuzzy t-norms
satisfying the residuation principle

In [7] we have proven the following.

Theorem 4.1 Let T be a left-continuous t-norm
and t € [0,1]. Define an (L*)? — L* mapping
Tt by, for all z,y € L*,

ﬁ“,t(a"ay) = (T(xlayl)a
min{l — T(1 — ¢,T(1 — 22,1 — y2)),
1- T(l - yz,x1), 1- T(l - CCQ,yl)})-

Then Tty is an intuitionistic fuzzy t-norm satis-
fying the residuation principle.

Note that 77 is t-representable if and only if
t = 0. Ift = 0, then clearly Tro(z,y) =
(T(z1,91),1 — T(1 — 22,1 — o). It #
0, then 77,((0,0),(0,0)) = (0,t), so Tr; is



not t-representable, since for any t-representable
intuitionistic fuzzy t-norm 7 it holds that

7((0,0),(0,0)) = (0,0).

Using Theorem 4.1 we can construct intuitionis-
tic fuzzy t-norms satisfying the residuation prin-
ciple, starting from left-continuous t-norms on
[0,1]. For example, if T is the Lukasiewicz t-
norm Ty defined by Ty (a,b) = max(0,a+b—1),
for all a,b € [0,1], and ¢ = 1, then we obtain
Try 1 = Tw-

In [7] it is shown that the residual implicator of
Tt is given by

I77, (%, y) = (min{Ir(z1,y1), I (1 — 72,1 — y2) },
max{l — I7(T(1 — z2,1 — t),
1 —y9),1 —Ir(z1,1 —y2)}), (1)

where I7 is the residual implicator of T' given by
Ir(a,b) =sup{c|c € [0,1] and T'(a,c) < b}. The
intuitionistic fuzzy negator Nr,., induced by Zr;.,
is given by [7]

NTT,t (:L‘) :ITT,t (xa()L*)
= (NT(l - xg),max{l - NT(T(l — X2,
1—-1)),1 = Np(z1)}),

where Nr is the fuzzy negator induced by Ir, i.e.
Nr(a) = Ir(a,0), for all @ € [0,1]. In [7] it is
proven that Nz, is involutive if and only if £ = 1
and Np is involutive.

In [13], Smets and Magrez outlined an axiom
scheme for implicators on [0,1]. We introduced
similar axioms for intuitionistic fuzzy implications
in [4].

Definition 4.1 (Axioms of Smets and Ma-
grez for an intuitionistic fuzzy implicator
T) Forall xz,y,z € L*:

(A.1) I(.,y) is decreasing in L*,
Z(z,.) is increasing in L*;

(
(A.2) T(1px,x) = z;
(A.3) T(z,y) = T(Na(y), Nz(2));
(A.4) T(a,T(y, ) = T, T(, 2));
(A.5) ¢ <p~y o I(z,y) = 1p+;
(A.6) T is a continuous (L*)?> — L* mapping.

We now check under which conditions Z7;, , satis-
fies the Smets—Magrez axioms. In [4] it is shown
that the residual implicator Z7 of any intuition-
istic fuzzy t-norm 7T satisfies (A.2).

Theorem 4.2 I, satisfies (A.3) if and only if
t =1 and Ir satisfies (A.3).

Theorem 4.3 Ty, satisfies (A.4) if and only if
Iy satisfies (A.4) and
IT(l — I, IT(l — t, 1-— Zg))
== IT(T(]_ —£E2,1 —t),l —ZQ). (2)

Theorem 4.4 It,, satisfies (A.5) if and only if
It satisfies (A.5).

Clearly, if T' is continuous and I satisfies (A.6),
then Z7,., satisfies (A.6).

Let us consider for example the nilpotent mini-
mum T}y, defined in [9] by, for a,b € [0,1]:

if b> N()(a),

otherwise,

min(a, b),

Taro (a,b) = { 0

for any involutive negator Ny. The corresponding
residual implicator and S-implicator coincide and
are equal to [9]:

Ir,, (a,b) = 1, if a < b,
g \ B 0) = max(Ny(a),b), otherwise.

Moreover Ir,, (a,0) = No(a), for all a € [0,1],
and Ir,, satisfies (A.2), (A.3), (A.4) and (A.5).

We obtain (denote TTMO,I by Tas,)

TMo(xay) = 7}Mo,l((an)

( (min(z1,y1), min{1 — min(1 — yo, z1),
1 —min(1l — z9,y1)}), if y1 > No(z1);

(0, min{1 — min(1 — yo, z1),
1 —min(1 — z9,91)}), if y1 < No(z1) <
1 —yz and No(y1) < 1 — z2;

(0,1 —min(1 — z9,91)), if 1 —y2 < No(x1)
and No(y1) <1 — m3;

(0,1 — min(1 — yo, 1)), if 1 —z9 < Ny(y1)
and No(z1) <1 —ys;

otherwise.

\OL*a

Let Ty, be the dual intuitionistic fuzzy t-conorm
of Ty, wrt. Ny = NTMO, ie. T (z,y) =



No(Tary(No(z),No(y))). Note that from the
above it follows that My(z) = (No(1 — z2),1 —
No(z1)). Then the S-implicator ITJ\*/IO N, induced
by Tz, and N is given by

ITA*/,O,NO(%?J) = T, No(z),y)

= No(Tao (7, No(v)))

[ (No(max{min(No(y1),z1), min(1 — 22,
No(1 —y2))}),1 — No(min(z1,
No(1—1y2)))), if 1 —ya < zy;

(NO (max{min(No (yl)a -'L'l); mln(l — T2,
No(1 —142))}),0), if 1 —yo > 21 > 1
= < and y2 > x2;

(No(min(1 — z2, No(1 — y2))}),0),

if 1 <yp and yo > z9;

(No(min(No(y1),21)}),0),
if z9 > y9 and z1 > y1;
(1z-, otherwise.

On the other hand, using (1) we obtain that
Iy, (z,y) = ITA}O,NO(w,y), for all z,y € L*.

From the above and from Theorem 4.2, Theorem
4.3 and Theorem 4.4 it follows that 7, satisfies
(A.2), (A.3), (A.4) and (A.5).
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