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Abstract: In 1965, Fuzzy Set Theory was defined by Zadeh as an extension of crisp sets, [8].
K. T. Atanassov generalized fuzzy sets in to Intuitionistic Fuzzy Sets in 1983, [1]. He defined
some operations and operators on intuitionistic fuzzy sets, like modal operators, level operators
etc. In 1991, Atanassov introduced Temporal Intuitionistic Fuzzy Sets. Temporal intuitionistic
fuzzy set is an extension of intuitionistic fuzzy set by “time-moments”, [2]. After this extension
author shows that all operations and operators on the intuitionistic fuzzy sets can be defined for
the temporal intuitionistic fuzzy sets. In 2009, Parvathi and Geetha defined some level operators,
max-min implication operators and P, g, (), g operators on temporal intuitionistic fuzzy sets, [7].
In this study we will introduce Np(A) and Nj; (A) operators on temporal intuitionistic fuzzy sets
with extension to new universal and we will examine some properties of these operators.
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1 Introduction

The concept of fuzzy sets was introduced by Zadeh in [8] as an extension of crisp sets by expand-
ing the truth value set to the real unit interval [0, 1]. Let X be a set. The function p : X — [0, 1]
is called a fuzzy set over X (F'S(X)). For x € X, pu(z) is the membership degree of x and the
non-membership degree is 1 — p(x).

Intuitionistic fuzzy sets have been introduced by Atanassov in [1] as an extension of fuzzy
sets. If X is a universal then a intuitionistic fuzzy set A, the membership and non-membership
degree for each © € X respectively, pa(z)(ua : X — [0,1]) and v4(z)( va: X — [0, 1]) such
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that 0 < pa(x) + va(x) < 1. The class of intuitionistic fuzzy sets on X is denoted by I F'S(X).
While the sum of membership degree and non-membership degree is 1 on FS, this sum is less
than 1 on IFS. In 1991, [3], Atanassov introduced Temporal Intuitionistic Fuzzy Sets. Temporal
intuitionistic fuzzy set is an extension of intuitionistic fuzzy set by “time-moments”.

Definition 1. Let L = [0, 1] then
L* = {(z1,22) € [0, 1] : 21 + 22 < 1}
is a lattice with (x1,5) < (y1,10) = “z1 <y and x5 > yo”.

For (z1,41), (z2,y2) € L* the operators A and V on (L*, <) are defined as follows:

(z1,91) A (22,92) = (min(zy, 22), max(y1, y2))

(21, y1) V (72, y2) = (max(x1, z9), min(y1, y2))
Foreach J C L*
sup J = (sup{z € [0,1]|(y € [0,1])((z,y) € J)},inf{y € [0,1][(z € [0,1])((z,y) € J)})

and

inf J = (inf{z € [0,1]|(y € [0, 1])((z,y) € J)},sup{y € [0,1]|(z € [0, 1])((x,y) € J)}).

Definition 2 ([1]). An intuitionistic fuzzy set (shortly IFS) on a universe X is an object of the
form

A= {(z, pa(z), va(z)) |z € X}

where pia(x)(€ [0,1)) is called the “degree of membership of x in A”, v4(x)(€ [0, 1])is called the
“ degree of non-membership of x in A”, and where 14 and v, satisfy the following condition:
(€ X) (ua() + va(@) < 1),

The class of IFSs on a universal X will be denoted I F'S(X).

Remark 1. Sets 0 and X are defined at intuitionistic fuzzy set theory as follows:
0={(z,0,1) |z € X} and X = {(x,1,0) |z € X}.

Definition 3 ([1]). An IFS A is said to be contained in an IFS B (denoted by A Cx B) if and

only if,
pa(z) < pp(z) and va(z) > vp(x), Ve € X

The intersection and the union of two IFSs A and B on X is defined by
AN B = {{z,ua(x) A ug(z),va(z) Vuvp(z))|lre X}
AUB = {{z,pua(z) V up(z),va(x) Nvp(x)) |z € X}

Definition 4 ([2]). Let A € IFS and let A = {{(z, pa(z),va(x)) |x € X} then the above set is
called the complement of A

CompA = {<£L’, VA(x)muA(x)) ‘.I' < X}



Definition 5 ([3]). Let X be a universal and T’ be non-empty set and elements of 'T" called “time-
moments”. A temporal intuitionistic fuzzy set is an object of the form;

A(T) = {{z, palz,t), vale, 1) |(2,t) € X x T}
where
a. A C X is a fixed set.
b. pa(z,t)+va(x,t) <1forevery (z,t) € X xT

c. pa(x,t) and va(z,t) are the degrees of membership and non-membership, respectively, of
the element x € X at the time-momentt € T .

The intersection, union and complement of temporal intuitionistic fuzzy set were defined in
[7] as following,

Definition 6 ([7]). Consider two TIF'Ss,
AT = {{(x, 1), pa(a, t),va(z, 1)) [(2, 1) € X x T}

and
B(T”) = {<([E,t),,uB($,t),VB([E,t)> |($vt) € X X TH}'

Let us denote by T the union T'"UT". The basic operations namely intersection, union and
complement are defined as follows:

AT B (T”)

({ (z,t), min(paz, 1), uB(x,t)),maX(VA(:c,t),VB(x,t))> (2,1) € X x TV}
A(T) U (T”)

{< ,max(pa(z, t), uB(m,t)),min(uA(x,t),VB(m,t))> [(x,t) € X x TV}

Comp(A(T")) = {((x, 1), va(w, 1), palz, 1)) [(z,t) € X x T'}

where

palx,t) ifteT” up(x,t) ifteT”
[LA(ZE,t) = . MB(x’t) = .
0 ifteT’ =T 0 fteT =T

va(z,t) ifteT va(z,t) ifteT”
vp(x,t) =
1 ifteT" —T 1 ifteT" —T

We can express this definition for three situations as following;

1. If 7" C T" then,

(A(T) 1 B(T"))(, 1)

max(A(x,t), B(z,t)) teT
Blx, 1) teT —T"



and
, ” ) min(A(z, 1), B(z,1)) teT’
(A(T) 1 B(T"))(.1) = { o e R

2. 7' NT" = & then,

(A(T") U B(T"))(x, 1)

A(z,t) teT
B(z,t) teT”
and

(A(T") M B(T"))(x, 1)

0,1) teT
(0,1) teT”

3. T NT" + @, T ¢ T'(T" ¢ T') then,

(

B(z,1) teT —T
(A(TYU B(T")(x,t) = ¢ max(A(z,t), B(z,t)) T'NT"
\ A(x,t) teT —T"
and )
0,1) teT — T
(A(T")N B(T"))(z,t) = ¢ min(A(x,t), B(z,t)) T'NT"
(0,1) teT —T"

If given intuitionistic fuzzy sets are defined in different universals then it is not possible to talk
about membership and non-membership degree of the element not defined in related universal.
Because, if a € X then its membership degree can be 0. If @ ¢ X then we can not say anything
about membership degree of element a. So, for intuitionisitc fuzzy sets which have different
universals, operations of sets undefinable. In that case, we should expand the universal set. For
this situation, the image of an intuitionistic fuzzy set is important. If the membership and non-
membership degree of any element is not equal to (0, 1) then to determine the membership and
non-membership degree as (0, 1) for such type elements is unsuitable. So if we use the inf or sup
for these elements, it will be more suitable. After this discussion, for these intuitionistic fuzzy

sets we can define the following extensions.

Definition 7 ([6]). Let A € IFS(X)and B € IFS(Y).If X CY then,

o= {50 T
R b,
o= {5 28
R Et



Definition 8 ([6]). Let, A € IFS(X) and B € IFS(Y), if X NY = @ then,

re X
1. 6 ’
5 A {me reyY

re X
supB reyY

reY

supA, ze€ X
), z€Y

2. 0P A(x
3. 0p A
4. §PA(x

Lo
{mfA reX
e

Definition 9 ([6]). Let A € IFS(X)and B € IFS(Y). If XNY # @, X LY andY ¢ X then

;

B(z), zeY -X
l. pp A(z) =< inf B, ze€XNY
Alx), e X-Y

B(z), zeY -X
2. PP A(z) =14 supB, z€XNY
Alx), e X-Y

B(z), zeY -X
3. opA(x) =4 infA, ze€XNY
Alz), zeX-Y

B(z), zeY-X
4. B A(z) =< supA, z€XNY
Alz), ze X -Y

\

X CY”,“XNY =07 or“XNY #2, X LY andY € X” and A € [FS(X) then
with these definitions we obtain that A € IFS(Y).

So, we can see that if 7" C 7" and then A(T") U B(1T") and (aprnA(T")) U B(T") coincide,
if 7"'NT" = @ then A(T") U B(T") and (0 A(T")) U (O arB(T")) coincide.

Example 1. Let X be a universal, Ty = {t|t = 6k, k = 0,1, ...,100},

Ty ={t|t=2k,k=0,1,...,100}. Since 7} C T5,
i1 t =4k, k€N
Am@ =1 T 7
(L8 t=4k+2keN
( t=3kkeN

—~

~—

t=3k+1,keN
) t=3k+2,keN

U= O =
N—

—~
=l=
cio
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= O = GO i [
N e N N

aB™) A(z) =

o~ o~~~

WIN WD Ol N+

and

(aPTA(T) U B(Ty))(z) =

t=12k, ke N

t=12k+6,keN
t=3k+1,keN
t=3k+2keN

(3.1) t=12kkeN

(3,5) t=12k+6,keN
(2,3) t=3k+1,keN
(3,5) t=3k+2keN

Example 2. Let X be a universal, Ty = {t| t = 2k, k = 0,1, ..., 100},

T, = {t|t = 2k
(

—~

ENEEGSIE SI

A(Ty)(x) = |

—~

r
—~

D= O = s =
~— — —

\

/N N
Ul N O
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N—

[r

r
—~
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o~~~ o~ —
O D= Ot = s [ =

—
=

\ 7~ Y
—~

N O =

—~

i
=l

,
—~

(S

and

(Opm)A(T1)) U (Oacr) B(12))(z) =

Example 3. Let X be a universal, Ty = {t|t = 3k, k

+1,k=0,1,...,100}. Since T1 N T, = &,

t=3k,keN
t=3k+1,keN |
t=3k+2,keN

t=3k,keN
t=3k+1,keN

t=3k+2,keN

3) t=3k,keNandteT)

%) t=3k+1,keNandt T

1y t=3k+2,keNandteT ’

sy t=2k+1,keN

f;) t=3k,keNandte T

‘—%) t=3k+1,keNandt e T,

5)  t=3k+2keNandteT

%) t=2k,keN
((4,1) t=3kkeNandte Ty
(%,%) t=3k+1,keNandteT
(3, 1) t=3k+2,keNandt e Ty
(5,2) t=3kkeNandteT,
(%,%) t=3k+1,keNandtecT,
\(%75) t=3k+2keNandtc T

0,1,...,100}

Ty={t|t=2k+1,k=0,1,..,100}.
Since T1 ng 7£ @,Tl g T2 and T2 SZ Tla

2 4

1179
6 2

1’9

(
(

)

AUD@)Z{ )

t=6kkeN

t=6k+3,keN "’
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t=6k+1,keN

—~
Ul
I[N

~—

B)@)=9 Gy  t=6k+3keN
(4,3)  t=6k+5keN
(2,4 t=6kkeN
(2,2) t=6k+1,k€N
A)(z) =< 3]
PB(T) (T1)(x) &7%) t=6k+3,keN’
L (L9 t=06k+5keN
( (%’%) t=6k keN
(2,2) t=6k+1,keN
B(To)(z) =4 37
PA(TY) (T3)(x) (ﬁ’%) t=06k+3,keN
e t=6k+5keN
and

t=06kkeN
t=06k+1,keN

t=6k+3,keN

t=6k+5keN

—~

=l

cle
~—

~—

(PB() A(T1)) U pa B(T2))(x) =

/N N TN

NN

001 Ol NI
SN—

~—

Now, we will examine Np(A) and Nj;(A) level operators on temporal intuitionistic fuzzy
sets.The definition of these level operators on intuitionistic fuzzy sets is following;

Definition 10 ([S]). Let X be a universal and A, B € 1FS(X). Then;
L. Np(A) = {< z, pa(x), va(r) > |pa(z) = pp(r) &va(z) <vp(r),z € X}
2. N3(A) = {< 2 ja(@), va(@) > ia() < (@) & va(e) > vs(2), z € X}
Definition 11. Let two TIFSs A(T"),B(T").Then;

. ((x)nuA (x7t)7UA <x7t))|:uA (xvt)Z,uB (l‘,t) &
I Ng(4) = { va(z,t)<vg(zt),(z,t)€ X x (T'UT") }

* _ ((IE),,[LA (xwt)va (%,t))l 12y (xat)SMB (:L',t) &
2. N (4) = { va(z,t)>vp(x,t),(z,t) € X x (T'UT") }

It is clear from definition that in order to determine Nz (A) and N3 (A) level operators, the
A, B intuitionistic fuzzy sets must have same universals. But it is seen from the following theo-
rem that we can determine level operators for intuitionistic fuzzy sets that have different univer-

sals,too.

Theorem 1. Let two TIFSs A(T"),B(T") and T" C T". If we extend universals as
C = apan(A(T"))

and
O/ _ aB(T”)<A(T/))

then
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1. CYNB(C’)(NB(C)) C Np(C")
2. N, (C") EaNs@(N,(C))

Proof. (1) For C = apn(A(T") and C' = oPT")(A(T")) we can say that there are new
universals Y x T and Y’ x T** encompassed by the X x T".

Np(C) € IFS(Y x T*) and N5(C") € IFS(Y' x T*),Y x T* C Y’ x T**.

If (2,1) € Y x T* then ay_ cn(Ng(C))(x,t) = Ng(C)(x,1).

So, if (z,t) € X x T" then an, o (Np(C))(z,t) = A(z,t) = Np(C')(x,1). If (z,t) €
X x (T" =T') then ay (o) (Ns(C))(x,t) = inf B < sup B = Np(C')(x, ).

On the other hand, if (z,t) € (Y' = Y) x (T™ — T*) then

ey (NB(C)) @, 1) = inf N,y (C")

and
inf N, (C") < N, (C")(z,1t)
for all (x,t). So, an_(cn(Np(C)) < N,(C') O
Theorem 2. Let two TIFSs A(T"),B(T") and T" C T". If we extend universals as
O = OéB(T//)<A(T/))
and
O = aB(T”)(A(T/))
then
1. an o) (Np(C")) E Np(C)
2. N3(C) T asO(N3(C)
Proof. (2) For C' = agrn(A(T")) and C" = oPT)(A(T")) we can say that there are new
universals Y7 x T3 and Y5 x T, encompassed by the X x T".
NE(C) S IFS(Yi X Tl) and NB(C’) S IFS(YvQ X Tg), Y’g X T2 C Yi X TI-
If (,t) € Yy x Ty then oV (NE(C)(z,t) = Np(C')(,1).
So, if (z,t) € X x T" then aVs(O(N}(C")(x,t) = A(z,t) = N5(C)(x,t). If (2,t) €

X x (T" —T') then oV (N}(C"))(z,t) = sup B = B(x,t) > Nj(O)(z,1).
On the other hand, if (z,t) € (Y} — Y3) x (T} — 1) then

B (NE(C") (x, t) = sup N(O)

and
sup Np(C') > Np(C)(x,1)

for all (z,t). So, Nj(C) C V6@ (N%5(C") O

Theorem 3. Let two TIFSs A(T"),B(T") and T' N T" = &. If we extend universals as C =
OB I (A(T")), C" = 04T (B(T")), D = Spirm(A(T")) and D' = 5 a0 (B(T")) then
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L oMol (Np(D')) £ pNe(©)(Np(D'))
2. one(en(No(D')) E prg(en(No(D'))

Proof. (1) Np(D') € IFS(Y x T*) and No(C') € TFS(Y' x T*).
Since X xT" CY xT*and X x T C Y’ x T* itisclear that (Y x T%) N (Y’ x T™*) # @.
If (z,t) € (Y =Y) x (T"™ — T*) then

PN (Np(D")) (@, t) = Ne(C') (@, t) = oV N (Np (D)) (z, ).
If (z,t) € (Y = Y') x (T* — T**) then
PNCN (N (D)) (x,t) = Np(D')(z,t) = oNCN(Np (D)) (x, 1)
Finally, (z,t) € (Y NY’) x (T* NT*) implies
pNe N (Np (D)) (x,t) = sup No(C') > sup Np(D') = o\ (Np (D)) (, t).
Therefore, o¥¢(©) (N, (D')) C pNe(©) (Np(D')). -

Theorem 4. Let two TIFSs A(T"),B(T") and T' N T" = @. If we extend universals as C =
OB ) (A(T")), C" = 02T (B(T")), D = dpirm(A(T")) and D' = 5 acrr(B(T")) then

1. oMo @I(N(D")) E pNe @) (N (D))
2. ongen(NH(D')) E prgen(Np(D'))

Proof. (2) N5(D') € IFS(Y; x Ty) and N5(C") € IFS(Ys x T).
Since X x T" C Yy x Tyand X x T" C Yy x Ty itis clear that (Y; x T1) N (Yo x T3) # @.
If (z,t) € (Y1 — Y2) x (11 — T3) then

ongcn(NpD') (2, 1) = Np(D')(x,t) = png e (NpD') (@, 1).
If (z,t) € (Yo — Y1) x (Ty, — T1) then
ongcn(NpD') (1) = No(C')(x,t) = pngen(NpD') (2, t).

(x,t) € (YanYy) x (ToNTy) = UNg(C')(NED/)(Lt) = inf N},(D’") < inf N5 (C").
So, onz ey (NH(D')) E pnzen(Np(D')). O

Theorem 5. Let two TIFSs A(T"),B(T") and T' N T" # &, 7" ¢ T"(T" ¢ T').If we ex-
tend universals as C = ppny(A(T")),C" = pan(B(T"),D = oBT)(A(T")) and Dr =
oA T (B(T")) then

L. pne(en(Np(D')) E oneen(Np(D'))
2. przen(NH(D') E ongen(Np(D'))

Proof. ltis clear. O
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