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Abstract: The category theory deals with mathematical structures and relationships between
them. Categories now appear in most branches of mathematics and in some areas of theoretical
computer science and mathematical physics, and acting as a unifying notion. In this paper, we
study the relationship between the category of groups and the category of intuitionistic fuzzy
groups. We prove that the category of groups is a subcategory of category of intuitionistic fuzzy
groups and that it is not an Abelian category. We establish a function § : Hom(A, B) —
[0,1] x [0, 1] on the set of all intuitionistic fuzzy homomorphisms between intuitionistic fuzzy
groups A and B of groups GG and H, respectively. We prove that /3 is a covariant functor from
the category of groups to the category of intuitionistic fuzzy groups. Further, we show that the
category of intuitionistic fuzzy groups is a top category by establishing a contravariant functor
from the category of intuitionistic fuzzy groups to the lattices of all intuitionistic fuzzy groups.
Keywords: Intuitionistic fuzzy group, Intuitionistic fuzzy homomorphism, Category, Covariant
functor, Contravariant functor.
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1 Introduction

Category theory is the study of mathematical structures by means of the relationships between
them. It provides a framework for considering the diverse contents of mathematics from the
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logical to the topological. Category theory was developed by Saunders Mac Lane and Samuel
Eilenberg in [6]. Initially, it was associated with algebraic topology and geometry. In recent
years category theory has been associated with areas as diverse as computability, algebra and
quantum mechanics. For conceptual concepts about Category theory and related areas, We refer
to follows Tom Leinster [9], Steve Awodey [3], O. Wyler [13] and Kim, Lim, Lee, Hur [8].

The theory of Intuitionistic Fuzzy Sets introduced by K. T. Atanassov [1,2] plays an important
role in modern mathematics. It is a generalization to the theory of Fuzzy Sets given by L. A.
Zadeh [15]. R. Biswas was the first one to apply the theory of intuitionistic fuzzy sets (IF sets)
in Algebra and introduced the notion of intuitionistic fuzzy subgroup of a group in [4]. After this
many mathematicians have worked on it and study intuitionistic fuzzy group (IFG) in different
contexts for example: Zhan and Tau [16] studied IFGs with operators, Chuangu [5] studied IFGs
with the operation on the elements based on the IF relations. Fathi and Salleh [7] studied IFGs
based on the notion of IF space. Yuan and Xing [14] studied IFGs based on the definition of
neighbourhood relation between an element and the IF Sets. Sharma [10] studied IFG based on
(o, B)-cut sets of IFSs. The notion of IF Abelian groups are also defined and studied by Sharma
in [11]. He also studied the representation of IF groups in [12]. The aim of this paper is to bring
the study of intuitionistic fuzzy groups into a categorical perspective in order to set the ground
for future work.

It can be easily seen that the classes of all intuitionistic fuzzy groups and intuitionistic fuzzy
homomorphisms constitute the objects and morphisms, respectively, of the category Cirg Where
composition of morphisms is the usual composition of functions. Furthermore, for any two
intuitionistic fuzzy groups A and B, the set Hom(A, B) of all intuitionistic fuzzy homomorphisms
forms an Abelian group under the usual addition of intuitionistic fuzzy homomorphisms. In
Section 3, we establish a covariant functor from the category of groups Cg to the category of
intuitionistic fuzzy groups Cirg. We show that Cypg is indeed an additive category although it is
never an Abelian category (Section 4).

In the process, we introduce an important technical tool to “optimally intuitionistically fuzzify”
families of homomorphisms. This ability to intuitionistic fuzzify provides Cyrg with the structure
of a top category over C¢ (Section 4).

2 Preliminaries

As was explained in the Introduction, we shall analyse the category of intuitionistic fuzzy groups
using known notions from Category theory. Thus, it is important to recall the notions that are
necessary to define categories and functors and also some related results on intuitionistic fuzzy
groups and intuitionistic fuzzy homomorphisms.

Definition 1 ([3]). A category C'is a quadruple (Ob, Hom, id, o) consisting of:
(Cl) Ob, an object class;

(C2) Hom(X,Y') a set of morphisms is associated with each ordered object pair (X,Y);
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(C3) a morphism idx € Hom(X, X), for each object X;

(C4) a composition law holds, i.e., if f € Hom(X,Y) and g € Hom(Y, Z), go f € Hom(X, Z);

such that it satisfies following axioms:
(M1) ho(go f)=(hog)of, forall f € Hom(X,Y),g € Hom(Y,Z),h € Hom(Z, W),
(M2) idy o f = fo idy = f,Vf € Hom(X,Y);
(M3) a set of Hom(X,Y') morphisms are pairwise disjoint.

Definition 2 ([13]). The opposite category CP of a given category C'is formed by reversing the
arrows, L.e., for each ordered object pair (X,Y")

Homgor (Y, X) = Home (X, Y)

Definition 3 ( [13]). A category D is a subcategory of the category C' if ob(D) C Ob(C),
Homp(X,Y) € Home(X,Y) for ordered object pair (X,Y') and composition of morphisms
and the identity of D should be the same as that of C'.

Definition 4 ([13]). For ordered object pair (X,Y) of D, a full subcategory of a category C'is a
category D if ob(D) C Ob(C) and Homp(X,Y) = Home (X, Y).

Definition 5 ([13]). A category C is called an Abelian category if and only if it satisfies the
following axioms:

1. Cis an additive category.

2. Every morphism in C has kernel and a cokernel.

3. Every monomorphism in C'is the kernel of its cokernel.
4. Every epimorphism in C'is the cokernel of its kernel.

Definition 6 ([13]). The Category C* is said to be a top category over category C, if for a given
object A in C, A form a complete lattice sA in C®° and if f : A — B be a morphism in C, the
inverse image map f* : sB — sA that preserve infima and define a contravariant functor.

Proposition 1 ([3]). The collection of all groups and group homomorphisms is a category. This
category is denoted by Cg.

Proof. A category groups Cg consisting of:
(Cl) aclass of objects = Ob(C¢) = all groups;

(C2) a set of Hom(G, H) morphisms for each ordered object pair (G, H) = Set of all group
homomorphisms;

(C3) for each object G an identity morphism ide € Hom(G, G);
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(C4) Composition law: For each pair of morphisms f € Hom(G, H) and g € Hom(H, P), a
morphism g o f € Hom(G, P) the following diagram commutes

H

gof ‘
g

P

(Gl) ho(go f)=(hog)o f,forall f € Hom(G, H), g € Hom(H, P) and h € Hom(P, Q);
i.e., the following diagram is commutative

e f

|

|;

G

g

4

@

hogo f
g

A

Qe——7r

|

Therefore associativity of the composition holds.
(G2) idyo f=foide=f,VfeHom(G, H),
(G3) the sets Hom(G, H) are pairwise disjoint. O

Remark 1. A category of groups Cg = (Ob(Cg), Hom(Cg), o) consisting of two classes:
(i) a class of objects = Ob(Cg) = all groups;
(ii) a class of morphisms Hom(Cg) = | J{Hom¢, (G, H) : G, H € Ob(Cg)}, where Hom¢, (G, H)

are pairwise disjoint sets for each ordered object pair (G, H).

Definition 7 ([5]). Let C = (Ob(C), Hom(C),id,0) and D = (Ob(D),Hom(D),id, 0) be two
categories and let Fy : Ob(C) — Ob(D) and Fy : Hom(C') — Hom(D) be maps. Then the
quadraple F' = (C, D, Fy, F3) is a covariant functor provided:

(i) X € Ob(C) implies F1(X) € Ob(D);
(ii) f € Hom(X,Y) implies F5(f) € Hom(F,(X), F1(Y)), VX, Y € Ob(C);

(iii) Fy preserves composition, i.e., Fy(g o f) = Fy(g) o F5(f), V f € Hom(X,Y) and g €
Hom(Y, Z);

(iv) F preserves identities, i.e., Fy(ex) = ep (x), ¥V X € Ob(C).
Remark 2 ([5]).

(i) Instead of F\(X) we write F/(X).

(ii) In preference to F5(f) we write F'(f).
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(iii) We call F : C' — D a functor from C' to D.

(iv) A functor defined above is called a covariant functor that preserves both:
e The domains, the codomains and identities.
* The composition of arrows, especially it preserves the path of the arrows

(v) A contravariant functor F' is similar to the covariant functor in addition to the other side of the
arrow, F(f) : F(Y) — F(X)and F(go f) = F(f) o F(g9),Yf € Hom(X,Y), g € Hom(Y, Z).

Thus a contravariant functor F' : C' — D is the same as a covariant functor F' : CP? — D.

Definition 8 ([6,9]). A mapping A = (pua,va) : X — [0,1] x [0, 1] is called an intuitionistic
fuzzy set on X if pa(z) +va(x) < 1forall x € X, where the mappings i : X — [0,1] and v, :
X — [0, 1] denote the degree of membership (namely ji4(x)) and the degree of non-membership
(namely v4(x)) of each element x € X to A, respectively.

An intuitionistic fuzzy set A in X can be represented as an object of the form

A={<z,us(x),vs(x) > 2 € X},

where the functions jis © X — [0,1] and v4 : X — [0, 1] denote the degree of membership
(namely j14(x)) and the degree of non-membership (namely va(x)) of each element x € X to A,
respectively, and 0 < p(x) + va(x) < 1 foreachz € X.

Remark 3. (i) When ps(x) + va(z) =1, ie, va(z) = 1 — pa(z) = pac(x). Then A is called a
fuzzy set.
(ii) We denote the IFS A = {< z,pa(z),va(x) >: 2 € X} by A = (a,va).

Definition 9 ([5, 8]). Let G be a group. An IFS A = (jua,va) of M is called an intuitionistic
fuzzy subgroup (IFSG)(or intuitionistic fuzzy group) of G if

(i) pa(z +y) = pa(@) A pa(y) and va(z +y) < va(x) Vvaly), Va,y € G;

(ii) pa(—x) > pa(x) and va(—x) < va(z), Vo € G.

Definition 10 ( [10, 13]). Let K be a subgroup of a group G. Then the intuitionistic fuzzy
characteristic function of K is denoted by x i defined by x i (x) = (fiyc (), Uy, (7)), where

l, ifreK 0, ifrek

:UXK(:U): 0, lf:L‘%K’ I/XK(x): 1, lfq;¢K

Clearly, x is an IFSG of G. The IFSGs Xy, X are called trivial IFSGs of group G, where 0 is
the zero element of G. Any IFSG of group G other than these is called proper IFSG.

Definition 11 ([14]). If G, H are two groups and A = (ua,va), B = (up,vp) are IFSG of G
and H, respectively. Let f : G — H be a homomorphism. Then the map f : A — B is called an
intuitionistic fuzzy homomorphism (or IF homomorphism) from A to B if
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pp(f(2)) = palr) and vp(f(x)) < va(z),vVr € G.

Given an IF homomorphism f : A — B, f : G — H is called the underlying homomorphism of
f. The set of all IF homomorphisms from A to B is denoted by Hom(A, B).

If f: A — B is an IF homomorphism, we define that Ker f = {z € G : ua(f(z)) =
L;va(f(z)) = 0} and that Imf = {f(x) : * € G}. If f : G — H is a homomorphism and
Ker f is the pre-image of {#} under f (where @ is zero element of GG), we have Ker f C Ker f.
Especially, if B = yy, then we have Ker f = A, for all f € Hom(A, B).

Proposition 2. If f : A — B is an intuitionistic fuzzy homomorphism, where A and B are IFSG
of group G and H, respectively, then we have the following:

(i) Ker f is a subgroup of G;
(ii) The restriction of A to Ker f, i.e., Alker f is an IFSG of A.

Proof. (i) Since f : A — B is an intuitionistic fuzzy homomorphism. Let  be zero element of
G, then 0 € Ker f. Further, if 2,y € Ker f, then we can easily show that z + y € Ker f. This
proves that Ker f is a subgroup of G.

(i) Let C' = Alge f- Then C = (uc,ve), where puc(x) = pa(z) and vo(x) = va(x), Vo €
Ker f. Now, it is easy to show that C' is an IFSG of G and C' C A. ]

3 Categories of intuitionistic fuzzy groups

In this section we show that there exists a covariant functor from the category of ordinary groups
to the category of intuitionistic fuzzy groups.

Proposition 3. Ler Hom(A, B) be the set of all IF homomorphisms from the IFSG A of group G
into the IFSG B of group H. Then Hom(A, B) is an Abelian additive group.

Proof. Since pp(0(z)) = pup(0) =1 > pa(z) and vp(0(z)) = vp(0) = 0 < vy(z) implies that
there exist zero IF homomorphism 0 : A — B. Let f, g € Hom(A, B) and Vx € G, we have
us((f + 9)(@)) = ns(f(2) + 9(2) = us(F(@) A pslo(@)) = juale) A pale) = pale).
Similarly, we can show that vz ((f+¢)(x)) < va(z). This shows that f + g € Hom(A, B). Now,
we can define f + g = f + g € Hom(A, B). The addition obviously satisfies the commutative

law and associative law. Also, define -f = — f for every f € Hom(A, B).

We have confidence in the definition, because:

p((=f)(x)) = pe(=(f(z))) = pp(f(x)) > pa(z) and va((=f)(x)) = ve(=(f(2))) =
vp(f(z)) <wva(x),Vx € G. This shows that — f € Hom(A, B),Vf € Hom(A, B).

Precisely, f +0 =0+ fand f + —f = —f + f = 0. This shows that — f works as the additive
inverse of f and 0 is the zero element (or additive identity) in Hom (A, B). Hence Hom(A, B) is
an additive Abelian group. ]
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Theorem 1. Let A = (ua,va) and B = (up,vp) are two IF groups of group G and H,
respectively. Then the function 5 : Hom(A, B) — [0, 1] x [0, 1] on group Hom(A, B) defined by

B(F) = (s> vap):

where g5 = Mps(f(2)) : x € G} and vy 5y = V{vp(f(x)) : © € G} is an intuitionistic fuzzy
subgroup of Hom(A, B).

Proof. As shown in Proposition 3, Hom(A, B) is an Abelian group. Next, we show that the
function 8 : Hom(A, B) — [0,1] x [0, 1] on group Hom(A, B) defined by

B(f) = (s vacp)

where 1157 = AMpp(f(2)) : 2 € G} and vy 5y = V{vp(f(z)) : « € G} is an intuitionistic fuzzy
subgroup of Hom(A, B). Let f,g € Hom(A, B). Then we have

norrg = Mups((f+3)(@) :z € G}

= Mus(f(z)+9(2) v € G}

> M{ps(f(z) Ag(2)} 12 € G}

= {Mus(f(2) 2 € G} AM{Mus(g(x) - = € G}}

= Ha) NN Hs()
Thus, pgrig) = Hap) N Be@)- Similarly, we can show that vgri5) < Vg5 V V). Also,
o = Mus(=f(2)) 12 € G} = Mup(=f(2)) 1 2 € G} 2 Mup(f(2)) 1 7 € G} = gy,
Similarly, we can show that v;—% < v(7. Hence (3 is an intuitionistic fuzzy subgroup of group
Hom(A, B). O
Definition 12. Ler C¢ = (Ob(Cg),Hom(Cg),ig,0) be a category of groups and let

Hom(Cg) = |J{Hom¢, (G, H) : G, H € Ob(Cg)}. An IF-groups category Cipg over the base
category Cg¢ is completely described by two mappings:

a:0b(Cg) — [0,1] x [0, 1];
B : Hom(Cg) — [0, 1] x [0, 1].
IF-group category Cipg consists of:
(Cl) a class Ob(Cg) of objects;
(C2) an IF subclass o of Ob(Cg), o : Ob(Cg) — [0, 1] x [0, 1];

(C3) aclass Hom(Cg)=\J{ Hom¢,(G, H) : G, H € Ob(Cg)} where Home, (G, H) are pairwise
disjoint sets for each ordered object pair(G,H);

(C4) anIF subclass $ of Hom(Cg), B : Hom(Cg) — [0, 1]%[0, 1], such that if f € Hom¢, (G, H),
then

BU) = (s V()
as defined in Theorem 1.
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(C5) a composition law associating to each pair of morphisms f € Hom(G,H) and
g € Hom(H, P), a morphism g o f € Hom(P, Q)), such that the following axioms holds;

(G1) Associativity: ho (go f) = (hog)o f, forall f € Hom(G, H), g € Hom(H, P) and
h € Hom(P, Q);

(G2) preservation of morphisms: (g o f) = (g) o B(f);

(G3) existence of identity: for each G € ob(Cg) there exists an identity i € Home, (G, G) such
that B(ic) = a(G).

Remark 4. A category of IF groups Cirg = (Ob(Cq), o, Hom(Cg), 3, 0) can be constructed as
Circ = (Ob(Cirg), Hom(Cirg), )

consisting of two classes:

(i) a class of objects = Ob(Crg) = {a(G) : G € Ob(Cg)} forms an IF subclass of Ob(Cg);

(ii) a class of morphisms Hom(Cirg) = {B(f) : f € Hom(Cg)} forms an IF subclass of
Hom(Cq);

Proposition 4. Cg is a subcategory of Cipg.

Proof. 1t follows from (2.3), (2.7) and (3.4). O

Proposition 5. There exists a covariant functor from Cg to Cpg.

Proof. Define 3 = (pug,v5) : Ce¢ = Cwe by B(G) = (us(G), v(G)), where pg(x) + vg(x) <
1,Vx € G.

Let f € Homc, (G, H). Then 5(f) € Hom(Cyrg), where 5(f) : S(G) — B(H) defined by
B(f)ps,vs) = (ngo f~vgo f7'), where
(@) ps(@ +y) > ps(x) A ps(y)
(i) vg(z +y) < vg(x) V va(y)
(i)ps(—2)
(iv) vg(—x)

ps()
vg(x),V,y € G.

We want to prove that 3 preserves objects, composition, domains and codomain and identity.
Let (15, v3), (s, vs,) € Ob(Crre) such that B(f) (s, vs) = B(f) (ks va)
= (/lﬂofilﬂjﬁofil) = (//“/31 Ofilvyﬁl Ofil)
= pgo f~ = pg o ftandvgo fTH =g o f7
= g = pp, and vg = v, = (pg, vs) = (s, vs,)
= [ is well defined.

Let f € Hom¢, (G, H), g € Homc,(H, P) then g o f € Home, (G, P).
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Also, then 3(f) € Homey, (5(G), 5(H)), 5(g) € Homey, (B(H),B(P)) and (g o f) €
Homc,, (B(G), B(P)). Let (s, vg) € 5(G), then we have

Blgo f)upvs) = (pgol(gof)vgo(go )™

= (upo(frog ) wso(fTtog™)
((ugof)og ™t (vgofog™)

= B(g)(uso f~ >V,6’Of_1)

= B(9)B(f)(us, vp)-

Therefore, 5(g o f) = 5(9)B(f).
Also, B(iq)(ug, vg) = (usoig', vaoig') = (uup, vs) implies that B(i¢) is the identity element
in Hom(Cyrg). Hence 8 : C¢ — Cypg is a covariant functor. O]

4 Optimal intuitionistic fuzzification

In this section we show that the category Cygg form a top category over the category Cg. To prove
this we first construct a category Cpayc) of complete lattices corresponding to every object in Cg
and then show that corresponding to each morphism in Cg there exist a contravariant functor
from Cypg to the category Cpae (= union of all Cpag), corresponding to each object in Cg ) that
preserves infima. Finally, we define the notion of kernel and cokernel for the category Cigg and
show that Cyp¢ is not an Abelian category.

Let A = (ua,va4) be an IFSG of G, let H be a group and let f : G — H be a group
homomorphism. With the help of A and f, we can provide an IF group structure on H by

ppay(y) = supi{pa(z) : f(z) =y} and vpay(y) = inf{v(z) : f(x) =y}

It is clear that f(A) = (us(a), Vf(a)) is an IFSG of H and f : A — f(A) is a homomorphism of
intuitionistic fuzzy groups.

If Gisagroupand B = (up,vp)isan IFSGof H and f : G — H is a group homomorphism,
then we can define IF group structure on GG by

710 (%) = (£ (2)) and vyos s () = v (f(2))
Hence, f~'(B) = (pt-1(p), Vs-1(p)) is an IFSG of G and f : f~!(B) — B is a homomorphism
of intuitionistic fuzzy groups.
Lemma 1. Let G and H be groups and f : G — H be a group homomorphism.

(i) If A = (pa,va) is an IFSG of G, then there exists an IFSG f(A) = (fiyay, Vya)) of H such
that for any IFSG (ug,vg) of H, f : A — B is an IF homomorphism if and only if f(A) C B.

(ii) If B = (up,vp) is an IFSG of H, then there exists an IFSG [~ (B) = (ps-1(p), Vs-1(p)) of
G such that for any IFSG A of G, f : A — B is an IF homomorphism if and only if A C f L(B).
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Proof. (i) Now, f : A — B is an IF homomorphism if and only if pg(f(x)) > pua(z) and
ve(f(z)) < va(z), Vo € G. Lety € H be any element, then 1154y (y) = V{pa(z) : f(z) =y}
< pa(@) < pp(f(2)).

Similarly, we can show that vy (y) > vp(f(z))ie., f(A) C B.

(ii) Now, f : A — B is an IF homomorphism if and only if pg(f(x)) > pa(z) and
ve(f(z)) < valz),Vo € G. Now, purp(x) = pup(f(x)) > pa(r) and vy (r) =
vp(f(z)) < va(z) implies that A C f~(B). O

Notice that if f : G — H is a homomorphism, then for every IFSG A [B] of G [H] one
has f(A) [f~'(B)] IFSGs, we say that f is trivially intuitionistic fuzzified relative to A [B]. In
particular, if f : G — H is a homomorphism, then for each IFSG A [B] of G[H], we have IF
homomorphism f : A — gz [f : xa¢ — Bl

Lemma 2. The set s(G) = {(ua,va) : G — [0,1] x [0,1] : (ua,va) is IF group of group G'}
form a complete lattice associated with the order relation (py,v1) < (u2,v2) if pi(z) < pa(x)
and vy () > v(z), Vo € G.

Proof. Let {(p;,v;) : i € J} be a collection of elements of s(G). Then infimum and supremum
on s(G) are defined as follows:

Niea(pi, vi) () = (infz‘eJ{Mz‘(f’?)}>SupieJ{Vi(l")})

and

Vies (i, vi) (v) = (nf{n(w) : (s, ) € 8(G) and pi; < i}, sup{v (@) : (i, i) € 5(G) and vi 2 v}).

Then s(G) form a complete lattice. [
Remark 5.
(i) The least element of s(G) is 0 and the greatest elements of s(G) is 1.

(ii) s(G) under the order relation defined above form a category where Ob(s(G)) = all IF-group
on G and Hom(s(G)) = order relation defined above.

(iii) Supremum can also be defined as Ve (i, v;)(x) = (sup;e {pi(z)}, infic {vi(x)}) which
only holds for IF sets but does not hold for IF groups including when J is finite.

For example, let G = (Z, +) and IFSGs (p, v) and (', ') on G defined as:

(1,0), ifziseven ;o (1,0), if3|z
(u,v)(x) = o ;o (wav)(z) = -
(0,1), if zisodd (0,1), otherwise

Take (u,v) V (p',v') = (1", "), where " (z) = max{pu(z), i’ (z)}, V" (v) = min{v(z), v (z)}.
Here, we can check that (11", ") is not IFSG of G, for 0 = " (1) = s (3—2) < p" (3)Ap"(2) = 1
and1=10"(1)=v"(3-2)>v"(3) v (2) =0.

Lemma 3. The set t(G) = {(pa,va) : G — [0,1] x [0,1] : (pna,va) is IF group on group G }
form a complete lattice associated with the order relation (p1,v1) < (u2,v2) if pi(x) > pa(x)
and v1(x) < 1y(z) Vo € G.

64



Proof. Let {(p;,v;) : i € J} be a collection of elements of ¢(G). Then infimum and supremum
on t(G) are defined as follows:

Noe () () = (sup{ja() . inf {4 ()

and

Vies(pivi) (@)= (inf{p(x) - (uvi) € H(G) and i <p}, sup{w(@) : (piovi) € HG) and v 2 v}).
i 1€

Then ¢(G) form a complete lattice. O

Remark 6. t(G) under the order relation defined above form a category where Ob(t(G)) = all
IF-groups on G and Hom(t(G)) = order relation as defined above.

Theorem 2. Cjpg is a top category over Cg.

Proof. Tt suffices to show that assigning to each G € Ob(Cg) the corresponding complete
lattice s(GG) defined in Lemma 2 and to every f € Homc, (G, H) the function s(f) : s(H) —
s(G) defined as s(f)(up,vB) = (1), Vf-1(8)), ¥(1uB,vB) € s(H) determine a contravarient
functor s : Cipg — Crat. In other words, we need to show that

(i) for all f € Homc, (G, H), s(f) preserves infima,
(ii) for each f, g € Hom¢, (G, H) we have s(g o f) = s(f) o s(g) and
(iii) s(i¢) : s(G) — s(G) is the identity function for each identity homomorphism i : G — G.

Consider {(up,,vp,) : i € J} C s(H) to be a non-empty subfamily of s(H) and let x € G.
Then

s(OHIN s ve)(@) = (inf{ps-1(mytsup{ve-1s)})(@)
= (f{pr-1(m)(2)}, sup{vy-1(m,)(2)})
(inf{pp,(f(2))}, sup{vs,(f(2))})
(inf{pp, }, sup{ve, })(f(z))
= Aus;,vs,)(f(x))
= A s, (f(2)),vE,(f(2)))
(py1( ()Vf 1By (2))
(hp1( ~1(8,)) (2)
[S(f)(MBN vg,)] ().

|
>

[
= A(ps-

|
>

Thus, s(f) preserves infima.
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Let f: G — H,g: H — T be homomorphisms and let (¢, v¢) € s(T) and x € G, then

s(go Mo, ve)@) = (lggep-1(c)s Vigop) 1)) (@)
= (H(f-10g-1) ( T), V(§-10g-1)()(T))
= (hy11©) >( ) V-1 ()

= 5(Nkg1(0) (@), v1(0) (@)
= s(f)(s(g)(pc(x ) ( )
= s(f)s(g)(pe,ve)(x).

Thus, s(g o ) = s(/)s(g).

Further, let i : G — G be the identity homomorphism defined by ig(z) = z,Vz € G.
Then s(i¢) is the identity element in Hom(Cygg), for if (ua,va) € s(G) be any element,
then s(ic)(pa, va)(@) = (i1 (a) (@), Vigr () (#)) = (Bic(a) (#), Vig () = (pa(), valz)) =
(ha,va)(z).

This completes the proof. []

Remark 7. There exists a covariant functor t : Cipg — Cryu such that t(f) : t(G) — t(H)
preserves suprema and is defined by t(f)(ja,va) = (fpa), Viay), V(a,va) € t(G) such that
t(gof)=1t(g)ot(f),¥Yf:G—H,g: H—T.

Proof. Ttis easy to check that ¢( f) preserves suprema and ¢(i¢ ) is the identity element in Hom(Cyg)-
Furthermore, we have

tgo fpava)(z) = (tgon()(2); Vigon)(2))
= (kg(ra)(2), Vo(r(a)(2))
= U9 (s (2): tpa(2))
= Ug)A(f)(pa(z),va(2)))
= Hgt(f)(alz), va(2))
= UG()(pa,va)(2).
Thus t(g o f) = t(g)t(f). This completes the proof. O

Lemma 4. (i) Let {G, : i € J}, H be groups and A = {f; : G; — H : i € J} be a collection of
homomorphisms. If { A; : i € J} is a collection of IFSGs of G, then there exists a smallest IFSG
B = (up,vp) of H such that f; : A; — B is an IF homomorphism, ¥i € J, where (g, vp) =
()™ = (™, %), here pp = ™ = V{us ) 21 € J}andvg = v = Mg a, i € T}

(ii) Let G and {H; : i € J} be groups and B = {g; : G — H; : i € J} be a collection of
homomorphisms. If {B; : i € J} are IFSGs of H,, then there exists a largest IFSG A = (ji4,V4)
of G such that g; : A — By is an IF homomorphism, Yi € J, where (jia,v4) = (u,v)s =
(ks vo3), here pia = pg = N1,y 11 € JY and vy = vy = V{y -1, 1i € J}.

Proof. (i) Using Lemma 1(i), for each i € J, A; is IFSG of G; there exist IFSG f;(A;) on H
such that for any IFSG B = (up,vg) of H, f; : A; — B is an IF homomorphism if and only if
fz(AZ> g B, i.e., UB Z /’sz‘(Ai) and VB S sz‘(Ai)'
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Let p* = V{pif,(a,) 1 € J} and v* = A{vy,(a,) : @ € J}. Then the result follows.

(i1) Using Lemma 1(i1), for each ¢« € J, B; is IFSGs of H, then there exists an IFSG g, 1(Bi) of
G such that for any IFSG A = (ua,va) of G, g; : A — B, is an IF homomorphism if and only if
AC g (By),ie., ua < p o By A VA > V1.

Let ug = A{(u Mo, 1€ J} and vy = V{(v (B 1 E J}. Then the result follows. [

Lemma 5. (i) Let {A; : i € J} be a collection of IFSGs of group G;,i € Jand A = {f; : G; —
H :i € J} be a collection of homomorphisms and g : H — T a homomorphism then

() =t(g)(p, v)*, where A, = {go f; : G; =T :i € J}.

(ii) Let { B; : i € J} be a collection of IFSGs of H;,Vi € Jand B ={g;: G — H; :i € J} bea
collection of homomorphisms and h : L. — G be a homomorphism then

(u,v)s, = s(h)(p, v)s, where B, ={g;oh: L — H;:i¢c J}

Proof. (i) Let?, = {g; =go fi : G; — T : i € J} be the collection of homomorphisms. Then
by Lemma 4(i), there exist IFSG C' = (u¢, ve) of T such that g; : A; — C'is IF homomorphism,
Vi € J, where (uc,ve) = (p,v)* = (p™,v™), here p* = V{pg,y : i € J} and
v = ANy, (a,) @ @ € J}. Now, we have

()™ = V{(lgian) Vauay) i € T}
= V{{1gosan, Vigoryan) 11 € J}
= V{40 Yigtriany) 1 1 € J}
= V{t(g)(uﬁ-( A Vh(Ay) 1i € T}
= t9) VA{(ksan, vran) i € J}
= 1(g)(u, )™

(ii)) Let B, = {h; = gioh : L — H; : i € J} be the collection of homomorphisms. Then by
Lemma 4(ii), there exists IFSG A = (ua,v4) of L such that h; : A — C; is IF homomorphism,
Vi € J, where (pa,va) = (p,v)s, = (u»,,v»,), here py, = /\{Mh;l(ci) i € J} and
v, = V{V,-1c, i € J}. Now, we have

(o v)m, = My C)?Vh (c-)) i€ J}
= N ((gson)- V(gioh)-1(Cy)) 11 € J}
= MWpn-10g71) ) Vin-109-1)(c1) 1T € I}
= /\{(“h*(g;l(ci))’ Vp-i(gricn) F 1€ T}
= Ms(h)(bg-1c) Vo1 cy) 1 €I}
= 5(h) AM{(g-1c)r Vorrc) 11 €T}
= s(h)(p, V).
Thus, (u, v)s, = s(h) (@, v)s. O
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Remark 8. From Lemma 4 and Lemma 5, we are able to optimally intuitionistically fuzzified
filgi] in respect to family of IFSGs {A; :i € J} [{B; :i € J}|.

Theorem 3. The category of IF groups Cirg has kernels and cokernels and is not an Abelian
category.

Proof. Let A = (ua,va) and B = (up,vp) be IFSG of groups G and H, respectively. Let
f : A — B be an IF homomorphism corresponding the homomorphism f : G — H.
For Ker f, there exists an inclusion map ¢ : Ker f — G so that the following diagram commutes.

Kerf —2— G

fog=0

f

H

=

Ker f

(kB-vB)

For Ker f, there exists an inclusion map g : g~'(A) — A such that the following diagram

A
‘f
B

Therefore, kernel of f is defined as g~*(A) with the inclusion map g : g~'(A4) — A. Thus
kernel of f is given as ((Ker f,g~'(A)), g), where the inclusion map is ¢ : Ker f — G.

commutes.

gHA) ——

Similarly, cokernel of f is defined as ((H/Imf,m(B)),7), where the projection map
n:H — H/Imfand 7 : B — Bp/img.

Further, in order for an IF homomorphism h:C — Aof IFSG C of G to be normal (i.e., to be
a kernel) C' must be equal to g~'(A). Hence for G # {6}, the IF homomorphism 1 : x5y — X
is a subobject of x which is not a kernel and therefore Cyp¢ is not an Abelian category. [l
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5

Conclusion

In this paper, we defined a function 5 : Hom(A, B) — [0,1] x [0,1] and showed that it is
an intuitionistic fuzzy subgroup of Hom(A, B). Using this we proved that the cagegory Cg of

groups is a subcategory of the category Cyrg of intuitionistic fuzzy groups. We also extablished

a covariant functor from Cg to Cyrg. Further, we proved that Cgg is a top category over Cg.

Finally, we defined the concept of kernel and cokernel in Cygg and showed that Cygg is not an

Abelian category. For further study we shall analyse the concept of inverse and direct systems in

the category of intuitionistic fuzzy groups.
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