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1 Introduction

Chang introduced topology of fuzzy subsets in [4] and Sostak introduced the fuzzy topol-
ogy in [19, 20]. Sostak’s topology is latter redefined by various researchers and is called
smooth fuzzy topology [18]. In the context of smooth fuzzy topological spaces, neighborhood
structures [9], base and subbase [16], product topology [21], compactness [2, 10, 11, 12],
separation axioms [21], gradation preserving functions [14] are also studied. On the other
hand, Atanassov [1] generalized the fuzzy subsets to intuitionistic fuzzy subsets. Later Coker
[6] defined intuitionistic fuzzy topological spaces, fuzzy continuity and some other concepts
in intuitionistic fuzzy topological spaces. In [15], Mondal and Samanta introduced grada-
tion of openness on collection of fuzzy subsets. Coker and Demirci [8] introduced the basic
definitions and properties of intuitionistic fuzzy topological spaces in Sostak sense.
Regarding functions in fuzzy setting, the fuzzy proper function and its continuity on
Chang topological spaces are first introduced by Chakraborty and Ahsanulla [3]. Chaudhuri
and Das [5] proved the equivalent statements of continuity of fuzzy proper function in the



context of Chang topology. Fath Allah and Mahmoud [13] introduced the fuzzy graph,
strongly fuzzy graph of a fuzzy proper function on Chang topological space. They proved
the closed graph theorem under some sufficient conditions and also proved various results
relating separation axioms, the continuity of fuzzy proper function and the closedness of its
graph. The notions of smooth fuzzy continuity and weakly smooth fuzzy continuity of a
fuzzy proper function on smooth fuzzy topological spaces and their properties are discussed
in [18].

This paper is organized as follows. In Section 2, we recall some basic definitions and
results from the literature and also prove some preliminary results required for our discussion.

The section 3 is devoted to discuss intuitionistic smooth fuzzy continuity and intuitionistic
weak smooth fuzzy continuity in intuitionistic smooth fuzzy topological spaces. As in the
classical case of continuity of functions between two topological spaces, we prove that fuzzy
continuity on a fuzzy set is equivalent to the fuzzy continuity at every fuzzy point of the fuzzy
set. When we study the intuitionistic weak continuity of a intuitionistic fuzzy proper function
at a intuitionistic fuzzy point, obviously, we have to consider two notions, one is defined in
terms of fuzzy neighborhoods and the other in terms of quasi neighborhoods. We establish
that intuitionistic weak fuzzy continuity on an intuitionistic fuzzy set implies intuitionistic
weak fuzzy continuity at every intuitionistic fuzzy point in the intuitionistic fuzzy set, in both
notions, and neither of the converse is true, which is in contrast with the classical case. To get
the converse of one of these results, we introduce two new notions, namely, intuitionisttic
a-weakly smooth fuzzy continuous functions and positive minimum intuitionistic smooth
fuzzy topological spaces. We also proved that intuitionistic (0, 1)-weakly fuzzy continuity
on an intuitionistic fuzzy set implies intuitionistic (0, 1)-weakly fuzzy continuity at every
intuitionistic fuzzy point in the intuitionistic fuzzy set and the converse is not true. To get
the converse, we introduce intuitionisttic (o, §)-weakly smooth fuzzy continuous functions.

In section 4, the projection functions from a product of intuitionistic fuzzy sets into a in-
tuitionistic fuzzy set are defined as intuitionistic fuzzy proper functions, and it is proved that
they are intuitionistic smooth fuzzy continuous, intuitionistic weakly smooth fuzzy contin-
uous, intuitionistic qn-weakly smooth fuzzy continuous, intuitionistic (0, 1)-weakly smooth
fuzzy continuous, intuitionistic a-weakly smooth fuzzy continuous and intuitionistic («, 5)-
weakly smooth fuzzy continuous. We also prove that every intuitionistic fuzzy proper func-
tion F : A — [[B; can be expressed as [F;] for some suitable F; : A — B; and study the
relationship between continuity of F and that of its coordinate functions IF;.

2 Preliminaries

Intuitionistic fuzzy set is introduced by Atanassov in [1].

Definition 2.1 Let X be a nonempty set and I be the closed unit interval [0,1]. An intu-
itionistic fuzzy set (IFS) A is a function A = (up,va) : X — ¢ where ¢ = {(r,s) € I x I :
r+s<1.

The set of all intuitionistic fuzzy subsets of X is denoted by ¢X.
Definition 2.2 Let (r,s), (p,q) € (. We define

1. (r,s)U(p,q) = (rVp,sAq), where rV p and s A\ q usual maximum of r and p, usual
minimum of s and q in the ordered set of real numbers.



2. (r,s) M (p,q) = (r Ap,sV q), where r Ap and sV q usual minimum of r and p, usual
mazimum of s and q in the ordered set of real numbers.

3. (r,s) < (p,q) ifr <pands>q
4. (r,s)>(p.q) if r=pands < g
It is easy to observe that ' and U satisfy all the laws satisfied by A and V.

Definition 2.3 [1] Let A, B € ¢X. We say that A is contained in B if A(z) < B(z),Vz € X.
In this case, we simply write A < B.

For A € (¥, we denote {U c¥ U A} by 4.
Definition 2.4 [7] Let X be a nonempty set and x € X. If r € (0,1], s € [0,1) such that
r+s <1, then the IFS
progy - {00 Fv=z
(0,1), otherwise
is called an intuitionistic fuzzy point (IFP) in X.
The IFP PU" is said to belong to the IFS A if PU"¥ < A. We also write this by PU™* € A.

Definition 2.5 [7] (i) An IFP P{" in X is said to be quasi-coincident with an IFS A,
denoted by PV A, if r > va(z) or s < pa(z).

(ii) The IFS A is said to be quasi-coincident with another IFS B, denoted by AgB if there
exists an element x € X such that ps(x) > vg(x) or va(z) < pg(z).

Now we introduce the quasi coincidence of U,V € % related to A as follows.

Definition 2.6 Let A be an IFS and U,V € 4. U and V are said to be quasi-coincident
related to A, denoted by UqV[A] if uy(z) V va(z) > pa(z) A wy(x) or vy(x) A pa(z) <
va(x) V py(x), for some z € X.

Note that UgV[A] if and only if VqU[A], and it is consistent with Definition 2.5(ii).

Definition 2.7 Let A be an IFS and U € 4. An IFP PUY € A is said to be quasi-
coincident with U in A, denoted by ngr’s)qU[A], if pu(x)Vua(z) > pa(z)As orvy(x) Apa(z) <
va(z) V.

Definition 2.8 /2] Let A € (¥ and B € (V. Define A x B € (X*Y by
(A xB)(z,y) = Ax) NB(y),¥(z,y) € X x Y.

Now we introduce intuitionistic fuzzy proper function between intuitionistic fuzzy sets as
follows.

Definition 2.9 (Cf. [3]) A intuitionistic fuzzy subset F of X XY is said to be a intuition-
istic fuzzy proper function from the intuitionistic fuzzy set A to intuitionistic fuzzy set B

if
1. F(z,y) < (A x B)(x,y) for each (z,y) € X XY,
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2. for each x € X, there exists a unique yo € Y such that F(z,y0) = A(z) and F(x,y) =

Remark 2.10 Hereafter F: A — B means that F is an intuitionistic fuzzy proper function
from A € ¢X into B € ¢V.

Definition 2.11 Let F: A - B. If U< A and V< B, then F1(V) < A, and F(U) < B
are defined by
F(V)(2) = U {F(z,s) NV(s)}, Vo € X.
se

F(U)(y) = U {F(t,y) U@} Yy € Y,

The following lemma shows that the image of an IFP is also an IFP.

Lemma 2.12 If PV € A and F : A — B, then IE‘(IP),(;’S)) = Péf’s), where y € Y is unique
such that F(x,y) = A(z).

Proof. For w €Y,

FPr))(w) = U {JF(t w)I_IIP(”)()}

(

(pa(x) Y (rys)ifw=y
(0,1) therw1se
(r
(0

tex
F(x

B (r,s) 1f w=1y

B 1 otherwise

f —
rw=y [ Since P € A]

{ ,

_ 8)

s)
1) otherwise
(w)

Hence image of an IFP is also an IFP. O
Next we present an easy formula for finding inverse image of an intuitionistic fuzzy set
under an intuitionistic fuzzy proper function.

Lemma 2.13 Let F : A — B be an intuitionistic fuzzy proper function. If V < B then
F~1(V)(z) = A(z) M V(y), where y € Y is unique such that F(z,y) = A(x).

Lemma 2.14 LetF: A - B, Ve % andU € 4,. ThenF(F (V) < V and F~1(F(U)) >
U.

Proof. Let y € Y be arbitrary.

FE(V)() = U {Fty) nFLV)}

= 4 {F(t, y) I = {F(t,s) M V(s)}}
< U AF@Ey) NEty) NV(y)} < V(y).



y) = A(z).

(r.9) =
FUFU)@) = U {F(r,s) NFD)(s))

seY

= F(z,y) NF(U)(y)
= Al)n UAFEy) nU®)}

(
> A(z) M A(z) N U(x)

Let x € X be arbitrary and y be unique such that F

Il
=

O

Lemma 2.15 Let F: A — B and PU® € A. If V < B and F(PY™Y) € V, then PU €
F-1(V).

Proof. F(P{"*)) = P*" € V implies that (r, s) < V(y).

FY(V)(x) = A(z)n1V(y), where y € Y is such that F(z,y) = A(z).
> A(x) M (r,s) = (r,s).[ since A(z) > (r,s)]

Thus P € F-1(V). O

Lemma 2.16 Let F: A — B and PUY € A, If V< B and F(PV)qV[B], then
P gF 1 (V)[A)].

Proof. We know that F(P{"") = P{"* where y is unique such that F(z,y) = A(z). From
F(PY*)qV[B], we have

v (y) Vve(y) > pe(y) As or vy(y) A ps(y) < ve(y) Vr.

We know that F~H(V)(z) = (ua(z) A py(y), va(z) A vy(y)), where y € Y is unique such that
F(x,y) = A(z). We shall show that one of the following inequalities is true:

(a(x) A g () V va(x) > pa(@) A s or (va(@) Vv (y)) A pa(e) < valz) V.

Case 1: py(y) V ug(y) > us(y) A s.

(o) A () Va(z) = (pale) Vva(@)) A(pv(y) V va(z))
> (pa(@) Vva(e) A (pely) V ve(y))
> pal@) A ps(y) A s = palx) As
Case 2: vy(y) A up(y) < vg(y) Vr.
(wa(x) V() Apa(z) = (val@) Apa(z)V (v(y) A palz))
< (va(@) A pa(x) V (v (y) A ps(y))
< (@) Vug(y) Vr=w(z)Vr
Therefore ]P’g’s)qIFfl(V) [A]. O

Adopting the definition of composition of fuzzy proper functions given in [3], we define
the composition of intuitionistic fuzzy proper functions as follows.
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Definition 2.17 Let F : A — B and G : B — C be intuitionistic fuzzy proper functions,
where C' € (2. Then G o is an intuitionistic fuzzy proper function from A to C defined by

(GoF)(z,2) = yIE_IY {F(z,y) NG(y, 2)},V(z,2) € X x Z.

Theorem 2.18 Let F : A — B and G : B — C be intuitionistic fuzzy proper functions.
Then (G oF)"}(U) = FY(G'(U)), VU <« C.

Proof. Let Ac (X, Be (Y and C€ (?. Let W< C and = € X.
(GoF)™ (W)(2) = U {(GoF)(z,2)TW(z)}

- zle_lZ yEUY{F(x’y)HG(y’Z)}HW(Z)
= 2 e N NWE)
= Ui FEnnoE) W)

= A FEnn U AGH,2) TWE)
= U AF@y) NG (W)(y)} =F(E (W) ().
Hence the lemma. =

Lemma 2.19 Let F: A — B and G : B — C be intuitionistic fuzzy proper functions. Then
(GoF)(U) = G(F(U)), VU <« A

Proof. Let U< A and z € Z.
(GoF)(U)(2) = U {(GoF)(z,2)NnU(z)}

zeX

= U { U {F(z,y) N G(y, z)} NU(x)

zeX | yeYy

= U q U A{F(z,y) NG(y,2) NU(x)}

= 4801, Fe) NUw)
= U {G(y,2)NFU))} = GED))(2).

Hence the lemma. O

3 Fuzzy continuity on ISFTS

Definition 3.1 Let X be nonempty set and A € (X. An intuitionistic smooth fuzzy topology
T = (T1,T2) on an intuitionistic fuzzy set on A is a map T : F — (¢ which satisfies the
following properties:

1. 7(0,1) =T(A) = (1,0),
2. TUNV)>TU)UT(V),



3. T(UU;) > nT(U;).
Then (A, T) is said to be an intuitionistic smooth fuzzy topological space (ISFTS).

Definition 3.2 Let F : (A7) — (B, 7 ) and (A, T), (B,T') be ISFTSs. F is said to be
intuitionistic smooth fuzzy continuous on A if T(F~1(V)) > T (V), YV € %.

Definition 3.3 F: (A, T) — (B, T") is said to be intuitionistic weakly smooth fuzzy contin-
wous on A, if Ty(F~1(V)) > 0 whenever T; (V) > 0 and To(F~1(V)) < T,(V), VV € 4.

For our convenience, we denote ¢ \ (0,1) by ¢*.

Definition 3.4 Let (A, T) be an ISFTS and U € 4. U is said to be a g-neighborhood of
PUY € A if T(U) € ¢* and UgPY™ [A].

To discuss the point-wise continuity of a intuitionistic fuzzy proper function, in the context of
ISF'TSs, we introduce intuitionistic smooth fuzzy continuity at an IFP, intuitionistic weakly
smooth fuzzy continuity at an IFP and intuitionistic qn-weakly smooth fuzzy continuity at
an [FP as follow.

Definition 3.5 F : (A, 7) — (B,T) is said to be intuitionistic smooth fuzzy continuous
at an IFP PU € A if for every V < B with IF(]P’SET7S)) €V, there exists U < A such that
P € U, F(U) < V and T(U) > T (V).

Definition 3.6 F: (A, 7) — (B, 7'J) 15 said to be intuitionistic weakly smooth fuzzy contin-
wous at an IFP PU®) € A if for every V < B with T, (V) >0 and IF(IP’;T’S)) €V, there exists
U < A such that T,(U) > 0, PI"Y € U, F(U) < V and T5(U) < T, (V).

Definition 3.7 F : (A, T) — (B, T ) is said to be intuitionistic qn-weakly smooth fuzzy
continuous at an IFP P € A if for every g-neighborhood V. of IF(IP’;(,;T’S)) €V, there exists a
g-neighborhood U of PV € A such that F(U) < V.

Theorem 3.8 An intuitionistic fuzzy proper function F is intuitionistic smooth fuzzy con-
tinuous on A if and only if F' is intuitionistic smooth fuzzy continuous at every IFP PU) € A

Proof. Assume that F : A — B is intuitionistic weakly smooth fuzzy continuous on A.
Let PV € A, V < B with F(PU"") = P € V, where y is such that F(z,y) = A(z).
If we take U = F~(V), then we have T(U) > T (V) and F(U) = F(F"}(V)) < V. By
Lemma 2.15 PU*) € U. Hence F is intuitionistic smooth fuzzy continuous at every IFP
of A. Conversely, assume that F is intuitionistic smooth fuzzy continuous at every IFP
P ¢ A. Let V < B. For every PU®) ¢ F~1(V), there exists U,y 5 < A such that

PU*) € Unir)y F(Uniirg) < V, and T (Upirg) > T (V). Since F7Y(V) = LU, (., we get

T(FY(V)) = T(UUs9) > T (Usrs)) > T (V). Hence F is intuitionistic smooth fuzzy
continuous on A. O

Theorem 3.9 An intuitionistic fuzzy proper function F is intuitionistic weakly smooth fuzzy

continuous on A, then IF is intuitionistic weakly smooth fuzzy continuous at every [FP P ¢
A.



Proof. Assume that F is intuitionistic weakly smooth fuzzy continuous on A. Let Py € A,
V < B with 7; (V) > 0 and F(P*) = P € V, where y is such that F(z,y) = A(z). Let
U = F~4(V). By our assumption 7;(U) = 71 (F~(V)) > 0 and 73(U) < 7, (V). By lemma
2.14 and 2.15, we have IF(U) << V and PU"® € U. Hence F is intuitionistic weakly smooth
fuzzy continuous at every ]P ) e A O

Counter example 3.10 There exists F : (A, T) — (B, T ) such that it is intuitionistic
weakly smooth fuzzy continuous at every IFP of A but not intuitionistic weakly smooth fuzzy
continuous on A.

Let X and Y be set of all natural numbers and A 102830 2% (0.207),(020.7)...] B{§02930 1% (02.0.0,(02.0.7)... ],

be 1ntu1t10nlstlc fuzzy subsets of X and Y respectlvely. Define U, < A, V,, < B by
[(0.7— 25,03 +15),(0.1,0.8),(0.1,0.8),... ] (0.7 27,03 +15),(0.1,0.8),(0.1,0.8),... ]
U Vn=1,23...ItT =

n+9 n+9
(71, T2) + I — ( by

n{1,2,3,.. ] » Yn[123,. ]

1, U=(0,1) or A,
T.(U) = {1 U=0U,Vn=12.3,...

0, otherwise .

0, U=(0,1) or A,
:(U) = <L U=U,v=123,...

1, otherwise .

and T = (7,,7;) : H — C by

I, V=(0,1) or B,
05, V=V,,Vn=12.3,...
0.5, V=VV,

0, otherwise,

0, V=(0,1)orB,
V) = {-L V=V, Vn=123,...

1, otherwise,

then obviously (A, 7), (B, 7 ) are intuitionistic smooth fuzzy topological spaces.

Let the intuitionistic fuzzy proper function F : (A, 7)) — (B, T') be defined by F(k, j) = A(k),
when j =k, F(k,j) = (0,1), when j # k. We first note that I is not intuitionistic weakly
smooth fuzzy continuous on A. Let V = LIV, with 7; (V) = 0.5. If z € X and y € Y such



that F(z,y) = A(x), then
FY(V)(z) = F!

Hence 1

Next we prove that [ is intuitionistic weakly smooth fuzzy continuous at every IFP in A.
Fix IP’,(:’S) € A be arbitrary. ]F(IP),(:’S)) = IP’,(CT’S), for all IP’;:’S) € Aand V,(j) =U,(j), Vj,n e N.
If F(P"Y) € V, with 7;(V,) > 0, then P\"* € U, and F(U,) < V,, T:(U,) > 0 and
Ta(Un) < T3 (V,).

The converse of Theorem 3.9 can be achieved under some sufficient conditions, for which it
is necessary to introduce the following definitions.

Definition 3.11 LetF: (A, 7T) — (B, T) and o € (0,1]. F is said to be a-weakly intuition-
istic smooth fuzzy continuous on A, if T{(F~1(V)) > a whenever V< B and T, (V) > a and
T(F~1(V)) < T3 (V).

Definition 3.12 LetF: (A, 7) — (B, T') and o € (0,1]. F is said to be a-weakly intuition-
istic smooth fuzzy continuous at a fuzzy point PU) € A if for every V< B with T, (V) > «
and IF(]P’&T’S)) €V, there exists U < A with T,(U) > o and PY"® € U such that F(U) < V
and T5(U) < T, (V).

Definition 3.13 An intuitionistic smooth fuzzy topological space (A, T) is said to be positive
minimum intuitionistic smooth topology if N\ T1(U;) > 0, whenever U; € % and T;(U;) > 0

i€l
forallieT.

Theorem 3.14 An intuitionistic fuzzy proper function F is a-weakly intuitionistic smooth
fuzzy continuous on A if and only if F is a-weakly intuitionistic smooth fuzzy continuous at
every fuzzy point P € A.

Proof. Assume that F is a-weakly intuitionistic smooth fuzzy continuous on A. Let Py €

A, V < B with 7 (V) > « and F(P{"") = P{"*) € V, where y is such that F(z,y) = A(z).
If we take U = F~1(V), then 77(U) = T;(F~1(V)) > a, F(U) < V and P{"* € U. Hence F is
intuitionistic a -weakly smooth fuzzy continuous at every P € A. Conversely, assume that
F is a-weakly intuitionistic smooth fuzzy continuous at every IFP P{"*) € A. Let V < B, For
every PU¥) € F~1(V), there exists Uy, (r.q) < A such that PV € Uy.g), F(Upir)) < V, and
ﬂ(Ux;(r75)) > «. Since F_l(V) = UUI;(,,,S), we have B(F_l(V)) = %(HU$;(T7S)) < VE(Ux;(r75)>
< T, (V) we also have, T;(F~1(V)) = T (UUzrs)) = ATi(Ussyr,s)) = . Hence F is a-weakly
intuitionistic smooth fuzzy continuous on A. O
Similarly, we can prove the following theorem.
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Theorem 3.15 Let F : (A, T) — (B, T) and (A, T) be a positive minimum intuitionistic
smooth fuzzy topological space. T s intuitionistic weakly smooth fuzzy continuous on A if
and only if F is intuitionistic weakly smooth fuzzy continuous at every IFP of A.

Theorem 3.16 If an intuitionistic fuzzy proper function F : (A, T) — (B,T") is intuition-
istic weakly smooth fuzzy continuous on A, then F is qn-weakly intuitionistic smooth fuzzy
continuous at every IFP in A.

Proof. Assume F is intuitionistic weakly smooth fuzzy continuous on A. Let V < B be
a g¢-neighborhood of IF(IP’Q(ET’S)) = IP);T’S), where y € Y is such that F(z,y) = A(z). Then
we have 7, (V) > 0 and P{"*qV[B]. Take U = F~!(V). By our assumption 7;(U) > 0,
T>(U) < T, (V) and F(U) < V. Clearly by Lemma 2.16, we have P{"”qU[A]. Hence F is
gn-weakly intuitionistic smooth fuzzy continuous at every IFP of A. ([l

Counter example 3.17 There exists an intuitionistic fuzzy proper function on A such that
it is gqn-weakly intuitionistic smooth fuzzy continuous at every IFP of A but it is not intu-
itionistic weakly smooth fuzzy continuous on A.

[(1,0),(0.2,0.2 1,0),(0.9,0.1
Let X = {z,y}, Y = {a,b}, A{l;) 0202 ¢ (X pLp©204] ¢ ¢v

00340192 s 050550 e e T (7,75 5 C by

(

I, U=(0,1)o0rA,
T1(U) =409, U=0,

L0, otherwise ,

;

0, U=(0,1)or A,
T2(U)=<0.1, U=0y,

1, otherwise ,

and T = (T,,7;) : S& — C by

1, V=(0,1) or B,
T,(V)={08, V=V,

0, otherwise .

0, V=(0,1) or B,
EJ(V) =402, V= Vla

otherwise .

\ "’

Define a fuzzy proper function F : (A, 7;) — (B, 7;) by
F(z,a) = A(z), F(z,b) = (0,1),F(y,a) = (0,1), F(y,b) = A(y).

[F is not weakly intuitionistic smooth fuzzy continuous on A, since

T, (V {aobfo b, <°8°2>]> = 0.8 > 0. Now
F(V)(x) = A(x) N V(a) = (1,0)11(0.8,0.1) = (0.8,0.1)

10



F(V)(y) = A(y) T V(b) = (0.2,0.2) 1 (0.8,0.2) = (0.2,0.2)
Hence T, < (Vl) [(0.8,0. 1),(0.270.2)}> —0.

[z,y]
We claim that F is qn-weakly intuitionistic smooth fuzzy continuous at every IFP of A.
We note that if PI"" € A, then F(P{*)) = P,
Case 1: 0<s<0.8and 0 < r <1.

pp(a) Ns=1ANs=5<08=0.8V0=puy/(a)Vug(a).

In this case, V; and B are the possible g-neighborhoods of Py in B. For V1, we find that
U, is q-neighborhood of PY"* and F(U,;) < V;. Since
pa() ANs=1ANs=5<08=08V0=puy(z)Vwvsy(r).

Hence U, is a g-neighborhood P{™.

F(Ui)(a) = U{F(z,a) NUi(z),F(y,a) NUi(y)}
= (1,0)11(0.8,0.1) = (0.8,0.1)
F(U.)(b) = U{F(z,b) NUi(z), F(y,b) N Ui(y)}
(0.2,0.2) 11(0.1,0.2) = (0.1,0.2).

Therefore F(U, )[ Ob? OD0-10.2] oy, {aob? 0.1),(0.7.02)]

For B, we choose A which is a g-neighborhood of P{"* such that F(A) < B.
Case 2: 0.8 <s<land0.1<r<1.

vg(a) Vr=0Vr=r>01=01A1 :VVI(a)/\,u]B(a).

In this case, V; and B are the possible g-neighborhoods of ]P in B. For Vy, we find U; is
q-neighborhood of PY"* and F(U;) < V;. Since

va(z)Vr=0Vr=r>01=01A1=uvy,(z)A pa(z),

U, is g-neighborhood P, Clearly F(U;) < V;. For B, we choose A as before.

Case 3: 0.8 <s<land 0<r <0.1

In this case B is the only q—nelghborhood of P, For B, we choose A as before.
We note that if P{"" € A, then F(P{"") = P,(f )

Case 1: 0.8 <s<land 0<r <0.1.

vp(b) Vr=01Vr>0.1Vv02=0.2=0.2A0.9=wy,(b) A us(d).

In this case, V; and B are the possible g-neighborhoods of ]P’£T7S) in B. For Vy, we find U; is
q-neighborhood of P{* and F(U;) < V;. Since

valy) Vr=02VvVr>01v02=02=02A02=uvy,(y)V ua(y),

U, is g-neighborhood PU"*) and F(Ul){2(7)1;33,0.1),(0.1,0.2)] < Vl{((lol;?,o.l),(o.zoz)]'

For B, we choose A which is g-neighborhood of P{"” such that F(A) < B.
Case 2: 0<s<08and 0 < r <o0.2.

(D) As=09As<09A08=08=08V0.1=py(b)Vusb).
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In this case, V; and B are the possible g-neighborhoods of ]P’,(f’s) in B. For Vy, we find U; is
q-neighborhood of P{* and F(U;) < V;. Since

va(y) Vr=02Vr>02v0=02=02A02=ry,(y) A ualy),

U, is g-neighborhood IP?(/T’S). Clearly F(U;) < V;. For B, we choose A as before.

Case 3: 0.8 <s<land 0<7r<0.2

In this case B is the only g-neighborhood of P, ™. For B, we choose A as before. Hence F
is qn-weakly smooth fuzzy continuous at every IFP A.

(r,s)

Theorem 3.18 If F is a-weakly intuitionistic smooth fuzzy continuous Yo € (0,1] on A,
then F is intuitionistic weakly smooth fuzzy continuous on A.

Proof. Let V < B with 7;(V) > 0. Choose a such that 0 < a < 7, (V). Since F is
a-weakly smooth fuzzy continuous, 7;(F~*(V)) > a > 0 and T2(F~'(V)) < 7, (V). Hence F
is intuitionistic weakly smooth fuzzy continuous on A. 0

Counter example 3.19 There exists an intuitionistic fuzzy proper function F which is
weakly smooth fuzzy continuous but not a-weakly smooth fuzzy continuous for some v € (0, 1].

0703 (0.5,0.4 0.8,0.2),(0.6,0.4
Let X = {z,y}, ¥ = {a,b}. If A[% O O5001 020206040

Uy (P 0AH 05000y (0004, “’604)], then U, < A € ¢¥, V, < B € ¢¥. We define smooth

[r,s
fuzzy topologies T = (71, 72) on .% and T = (7,,7,) on .% by
I, U=(0,1)orA,
T1(U) =<¢0.6, U=T0Uy,
0, otherwise

0, U=(0,1)or A,
T2(U) =40.2, U="0U;,
1, otherwise

and

1, V=(0,1) or B,
7—11(V) = 077 V= Vlu

0, otherwise .

0, V=(0,1)orB,
T,(V)=¢{03, V=V,

1, otherwise .

It is clear that (A,7), (B, 7 ) are two intuitionistic smooth fuzzy topological spaces. Let
the proper function F: (A, T) — (B,7") be defined by

A
F(x,a) = A(z),F(x,b) = (0,1),F(y,a) = (0,1),F(y,b) = A(y).

We note that F_I(Vl){fj’o‘@’(o'&o4} and [~ (B){IOEOS)’(O‘&OA)]. Therefore I is intuitionistic
weakly smooth fuzzy continuous on A. But F is not a-weakly smooth fuzzy continuous

for a = 0.65. Because 7;(Vy) = 0.7 > a but T(F(Vy)) = T:(U;) = 0.6 ¥ a and
T(F1(V)) =02<03="T,(V,)

12



Definition 3.20 LetF: (A, T) — (B, 7). F is said to be (0, 1)-weakly intuitionistic smooth
fuzzy continuous on A, if TL(F~*(V)) > 0 whenever T, (V) > 0.

Definition 3.21 LetF : (A, T) — (B, 7). F is said to be (0, 1)- weakly intuitionistic smooth
fuzzy continuous at an IFP PY™) € A if for every V < B with T, (V) >0 and ]F(IP’;T’S)) €ev,
there ezists U < A such that T1(U) > 0, Py € U and F(U) <« V.

We point out that as in the case of intuitionistic weakly smooth fuzzy continuous function,
if F is (0,1)-weakly intuitionistic smooth fuzzy continuous on A, then F is (0, 1)-weakly

intuitionistic smooth fuzzy continuous at every IFP PU*) € A. But the converse of this
statement is not true.

Definition 3.22 Let F : (A, T) — (B, T) and (o, B) € ¢*. F is said to be («, B)-weakly
intuitionistic smooth fuzzy continuous on A, if T(F~(V)) > (a,B) whenever T (V) >

(@, 8).

Definition 3.23 (Cf. [17]) Let F : (A, T) — (B,T) and (o, 3) € ¢*. F is said to be
(e, B)- weakly intuitionistic smooth fuzzy continuous at an IFP P € A if for every V< B
such that T'(V) > (o, 8), F(PY"Y) € V, there exists U < A such that T(U) > (a, ),
P € U and F(U) < V.

Theorem 3.24 An intuitionistic fuzzy proper function F is («, B)-weakly intuitionistic smo-
oth fuzzy continuous on A if and only if F is («, B)-weakly intuitionistic smooth fuzzy con-
tinuous at every fuzzy point BPU € A.

Proof. Assume F is («, 5)-weakly intuitionistic smooth fuzzy continuous on A. Let Py e
A,V < B with 7;(V) > o, 7,(V) < B and IF(]P’Q(UT’S)) = ]P’ér’s) € V, where y is such
that F(xz,y) = A(x). If we take U = F~}(V), then 7;(U) = T{(FY(V)) > «, To(U) =
T(F1(V)) < 8, F(U) <V and P{"” € U. Hence F is intuitionistic (o, 8) -weakly smooth
fuzzy continuous at every P € A. Conversely, assume that F is («, §)-weakly intuitionis-
tic smooth fuzzy continuous at every IFP PU*) € A. Let V< B ,For every Py ¢ F-4(V),
there exists U,y < A such that P ¢ Usi(r,s)5 F(UI( ) €V, and T1(Uyyps) > o,
To(Usi(rs)) < B. Then clearly F~H(V) = UUy (), T1(FH(V )) Ti (WU (rs)) > /\T( z( ))
>« and T(FH(V)) = To(UU, ) < \/7'2(1[},,3;(7475)) < B. Hence F is (« ﬁ) weakly 1ntu1t1on—
istic smooth fuzzy continuous on A. ([l

Theorem 3.25 IfF is («, §)-weakly intuitionistic smooth fuzzy continuous ¥(«, ) € (* on
A, then F is intuitionistic (0, 1)-weakly smooth fuzzy continuous on A.

Proof. Let V < B with 7, (V) > 0. Choose a, 3 such that 0 < a < 7, (V) and 75 (V ) <p
1. Since F is («, 8)-weakly smooth fuzzy continuous, 71 (F~1(U)) > a > 0 and T3(F~1(V))
B < 1. Hence F is (0, 1)-weakly intuitionistic smooth fuzzy continuous on A.

OIAN A

Counter example 3.26 There exists an intuitionistic fuzzy proper function F which is
(0, 1)-weakly intuitionistic smooth fuzzy continuous but not («, B)-weakly smooth fuzzy con-
tinuous for some («, ) € C*.
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Let X = {z,y}, Y = {a,b}.

It Ag(’)s.f,oa),(o.s,o.4)7 B{g’)ﬁ,o.z),(o.ﬁ,o.4)], U1{$£’0'4)’(0‘5’0'4)], VlEL(?Z.)?,OA),(0.6,0.4)]7 then U; < A € (X,
Vi < B € (Y. We define smooth fuzzy topologies T = (71,7;) on % and T = (7,,7,) on
S by

(1, U=(0,1) or A,
T1(U)=1¢0.6, U=TU,

L0, otherwise

(

0, U=(0,1)or A,
T2(U) =402, U="0U;,
1, otherwise

and
1, V=(0,1)orB,
7—11(V) = 077 V= Vlu

0, otherwise .

0, V=(0,1) or B,
T,(V) =403, V=V,

L1 otherwise .

It is clear that (A,7), (B,,7 ) are two intuitionistic smooth fuzzy topological spaces. Let
the proper function F : (A, 7) — (B, 7") be defined by

F($’ CL) = A(ﬂ?), IF({L", b) = (Oa 1)7 IF(Q? CL) = (07 1)7 F(ya b) = A(y)

We note that Ffl(V1){;0;]5’0'4)’(0'5’0'4)} and Ffl(B){;OJ’O'?’)’(O'B’OA)}. Therefore F is (0, 1)-weakly
intuitionistic smooth fuzzy continuous on A. But F is not («, 3)-weakly smooth fuzzy con-
tinuous for a = 0.65 and any B € I with (o, 8) € ¢*. Because 7;(V;) = 0.7 > a but

ﬂ(Ffl(Vﬁ) = ﬂ(U1) =0.6 ¥ a.
Theorem 3.27 LetF: A — B and G : B — C. Then Prove the following,

1. IfF and G are intuitionistic smooth fuzzy continuous, then GolF is intuitionistic smooth
fuzzy continuous.

2. If F and G are intuitionistic weakly smooth fuzzy continuous, then GolF is intuitionistic
weakly smooth fuzzy continuous.

3. If F and G are intuitionistic a-weakly smooth fuzzy continuous, then G ol is intuition-
istic a-weakly smooth fuzzy continuous.

4. If F and G are intuitionistic (0,1)-weakly smooth fuzzy continuous, then G o T is
intuitionistic (0, 1)-weakly smooth fuzzy continuous.

5. If F and G are intuitionistic («, f)-weakly smooth fuzzy continuous, then G o F is
intuitionistic (o, B)-weakly smooth fuzzy continuous.

14



Proof. Let W < C. We claim that 7{((G o F)~1(W)) > T3(W).

Ti(GoF)"{(W)) = Ti(F (G (W)
> T(GTH(W))
> T3(W).

Hence GG o F' is intuitionistic smooth fuzzy continuous on A. Similarly, we can prove the
remaining statements. 0

4 Projection maps

Definition 4.1 Let A; be an intuitionistic fuzzy set on X;, for every j € J. For every
k € J, the k™ projection map Py, : [[A; — Ay defined as an intuitionistic fuzzy proper
function such that for every [x;] € [[ X; and yi, € X,

ITA([z5]);, vk = s

Pr([25], yr) = {O U £ T,

Definition 4.2 (Cf. [21]) Let {(A;,7;):j € J} be family of intuitionistic smooth fuzzy
topological spaces and Py : [[A; — Ay denote the k™ projection map. Let . = {P;l(Uk) :
Te(Uy) € ¢,k € J and B be the collection of all finite intersection of members of #. We
define T : % — ¢ by T(P,'(Ug)) = Te(Ux). We also define T as follows,

ﬂ{T(El),T(Ez)}7 U:El |_|E2 where El,]EQ € y,
T (U) = ¢ UT (W), U= Ile\VZ where each W; € By

0, otherwise

T is called the product of T;’s and ([[ X;, T») is called the product of intuitionistic smooth
fuzzy topological spaces {(X;,T;) :j € J}.

Definition 4.3 Let A € (¥, B, € (Y7, Vj € J. IfF; : A — B;, then we define [F;] : A —
I1B; by

Lemma 4.4 Let Py, : [[A; — Ay be projection map. If Uy < Ay, then P;l(Uk) =[14;x
J#k
U,.
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Proof. For an arbitrary [z;] € [[ Xj,

P (UR)([ag]) = JT A () 1 Uk(an)

= j';'JAj(l"j)) M Ug(zr)

= (N pa (), \ v, () 11 (o, () A v, (24))

- (/\ 127.¥ (:BJ) N b, ($k)7 \/ Va, (33]) Vo, (xk))
= (N ey () A (i), \f v, () Vo, (20))
J#k J#k
= (N sy (), \ v, () 11 (o () A v, ()
J#k Jj#k
= (JJAs > U)([3]).
J#k
Hence the lemma. O

Theorem 4.5 Let Py : [[A; — Ay be the kth projection, where k € J. Then prove the
following.

1. Py is intuitionistic smooth fuzzy continuous on [ A;.
Py is intuitionistic weakly smooth fuzzy continuous on [ A,;.
Py is intuitionistic a-weakly smooth fuzzy continuous on [[A;, Va € (0, 1].

Py is intuitionistic (0, 1)weakly smooth fuzzy continuous on [ A;.

Py is intuitionistic («, B)-weakly smooth fuzzy continuous on [[A;, V(a, B) € (*.

Proof. Let U, < A,. From the previous lemma, and by using the definition of prod-
uct topology 7 on intuitionistic smooth fuzzy topological space, we have T (P,'(Uy)) =

T(ITA; xUg) = Tp(Uy). From this fact the theorem immediately follows. O
itk

Lemma 4.6 IfF: A — [[B;, then F = [P;oF], where Py : [[ B; — By be the kth projection
map for every k € J.

Proof. Let z € X be arbitrary. By definition, there exists unique [y;] € [[Y; is such that
F(z,[y;]) = A(z). To prove this lemma, we shall show that

Alz) 5] = [yl

([Pj o F])(w, [2]) = {(07 1) [z] # [y
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Assume that [z;] = [y;]. Let k € J be arbitrary. Then we have z; = y; and hence

(Pr o F)(z, z) = (PkoF)(SE Yr)
— [wj]eHY {F(z, [wy]) N P([w;], yx) }
= F(x, [y;]) N Pr([y;], vs)

= Al) 1] ] B;([y))

= A(z). (since F(z,[y;]) = A(x) < []B;([y;])

Thercfore ([P, o F)(x.[2) = 0 (B, oF)(r.2) = 1 Alx) = Ala).
j j
Next assume that [2;] # [y;]. Then there exists ¢ € J such that z; # ;. Now

(PioF)(z,z:) = Qo AF@w)) MP(lwyl, )}
= F(z, [yj]) M Pi([yj]> zi)
= (0,1).
Thus ([P; o F))(z, [2]) = yeJ(P oF)(z, z;) = (0,1), since ¢ € J. O

Theorem 4.7 Let F : (A,0) — ([[A;,T) be an intuitionistic fuzzy proper function such
that F = [F], where F; : (A,0) — (A}, T;), for every j € J. If F is intuitionistic smooth
fuzzy continuous on A, then IF; is intuitionistic smooth fuzzy continuous for every j € J on

A.

Proof. Assume that F is intuitionistic smooth fuzzy continuous. By using Lemma 4.6, we
have F; = P; oF, for every j € J. Since each PP; is intuitionistic smooth fuzzy continuous
and [ is intuitionistic smooth fuzzy continuous, we get F; = IP; o [F is intuitionistic smooth
fuzzy continuous on A, for every j € J.

The converse of the above theorem is not true.

Counter example 4.8 Let X = {z,y}, Y = {a,b}. Define A € (X by A&(go;}s,o.z),),(o.zo.z)] and
B.,B,e¢Y by B {(0 ? 02,0703 1 d B { (©. ]7 0-2),(0.9,0.1)1 Define the intuitionistic fuzzy subsets
U, <A, n—123 V0<<IB31andW <<]B%2,n_123 by

U FO'? nig 0.4— 735, (0. 5 n}FQ 0.4— 73] VO[ Ob]5 ,0.3),(0.4,0.3)] W, n{ Ob]5 739:0-4—735),(0.6— 5,04 )]
Nz,y a a .
We define 0 = (01,09) : Iy — ( by

1, U=(0,1) or A,
o(U)=<¢-L U=U, n=123,...

0, otherwise ,

0, U=1(0,1) or A,
o(U)=¢ L. U=U,, n=123,...

1, otherwise ,
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I, V=(0,1) orBy,
T (V) =101, V=V,
0, otherwise ,

0, V=(0,1) or By,
7—2/<V) =406, V=V,
1, otherwise ,

T =(T1.7y) S, — C by

1, W =(0,1) or B,
TT(W)=¢-L W=W, n=123,...
0, otherwise ,

0, W =(0,1) or By,
T,(W)=<{ -1 W=W, n=123,...

otherwise .

/!

then (By, T') and (Ba, T ) are intuitionistic smooth fuzzy topological spaces. We denote the
product of the ISFTSs (By,T') and (By, T ) by T. Define an intuitionistic fuzzy proper
function F: (A,o0) — (B x By, T) by

F(z,(a,0)) = A(z),F(z, (a,a)) = (0,1),F(z, (b,a)) = (0,1),F(z, (b,0)) = (0, 1);
and

F(y, (bv a)) = A(y)v F(ya (av CL)) = (07 1),F($, (av b)) = (07 1>7 ]F(:C’ (bv b)) = (07 1);

Let U = U (By x W,). Since o (IF”(U)[(0'6’0'3)’(0'5’0'3)1> = (0,1), T#(U) = (0.5,0), we
ne

[z,9]
get F is not intuitionistic smooth fuzzy continuous on A. But F; : (A o) — (B, 7T;) are
intuitionistic smooth fuzzy continuous for i =1, 2.

We prove the following theorems like Theorem 4.7

Theorem 4.9 Let F : (A,0) — ([[A;,T) be proper function such that F = [F,;], where
F;: (A 0) = (A}, T;), for every j € J. If F is intuitionistic weakly smooth fuzzy continuous
on A, then IF; is intuitionistic weakly smooth fuzzy continuous for every j € J on A.

Theorem 4.10 Let F : (A,0) — ([[A;,T) be proper function such that F = [F;], where
F;, : (Ao) = (A, T;), for every j € J. If F is intuitionistic (0,1)-weakly smooth fuzzy
continuous on A, then F; is intuitionistic (0,1)-weakly smooth fuzzy continuous for every

j€J onA.

Counter example 4.11 The converse of the above theorems are not true.
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See the same function given in Counter example 4.8.
The converse holds when we use positive minimum intuitionistic smooth fuzzy topology
in the domain of F or when F is intuitionistic a-weakly smooth fuzzy continuous or F is
intuitionistic (a, #)-weakly smooth fuzzy continuous.

Theorem 4.12 Let (A, 0) be a positive minimum intuitionistic smooth fuzzy topological
space and (A;,T;) be intuitionistic smooth fuzzy topological spaces. A fuzzy proper func-
tion F : (A,0) — ([TA;,T) is intuitionistic (0,1)-weakly smooth fuzzy continuous if and
only if F; is intuitionistic (0, 1)-weakly smooth fuzzy continuous for every j € J.

Proof. We prove only that if IF; is intuitionistic (0, 1)—weakly smooth fuzzy continuous on
A, for every j € J, then F is intuitionistic (0, 1)-weakly smooth fuzzy continuous on A. Let
B e #B,. Then B =[[U;, where U; = A;, Vj € J with j # ji, ja, - .. jn and T;(U;) > (0, 1),
Vi = 741,72, Jn. , for some ji, jo,...jn, € J. We claim that F~1(B) = jI;IJ(IP’j o F)~}(U;).

(F'(B)(x) = Az) NB([z;])
where [z;] € HXj is such that F(z, [;]) = A(x)
= Alz) N[ U;([)]) = A=) 1 s Uj(z;)
= D (Al) N (z;)) = D (R0 F)~(U;))(x)
— (UFU))) (sincePoF=F,)

jeJ
Therefore

o ®) = o uF W)

jeg J
— OFY U N N FIYA,
o(LErwan, 0 )

= o ([ FMU;))  (since By (A,) = A, V) )
> (1 o(F;(U)).

Since F, is intuitionistic (0, 1)-weakly smooth fuzzy continuous, we have J(IE‘j_il(Uji) > (0,1),
for every i = 1,2,...n. Hence o(F~1(B)) > (0, 1).
If U € [TA; with 7(U) > (0,1), then U = kUKBk’ where each B, € #5 and K is
€
any index set. Since o(F~'(B;)) > (0,1),Vk € K, and o is a positive minimum intu-
itionistic smooth fuzzy topology, we get o(F~*(U)) = U(F_l(kI_IKIBk)) = a(kI_IK]F_l(IB%k)) >
€ €
kel_lKa(]F_l(IB%k)) > (0,1). O
Similarly we can prove the following theorems.
Theorem 4.13 Let a € (0,1]. A intuitionistic fuzzy proper function F : A — [[B; is

a-weakly intuitionistic smooth fuzzy continuous if and only if F; is a-weakly intuitionistic
smooth fuzzy continuous for every j € J.

Theorem 4.14 Let (o, 5) € (*. An intuitionistic fuzzy proper function F : A — [[B; is
(o, B)-weakly intuitionistic smooth fuzzy continuous if and only if F; is (o, B)-weakly intu-
ittonistic smooth fuzzy continuous for every j € J.
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