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Abstract 
The paper deals with the problem of clustering based on intuitionistic fuzzy relations. A heuristic 
method of possibilistic clustering is extended for of intuitionistic fuzzy tolerances. The extended 
clustering method is based on the concept of allotment among intuitionistic fuzzy clusters. The paper 
provides the description of basic ideas of the method of clustering. A plan of a direct clustering 
algorithm is described in detail. Illustrative examples of applications of the proposed algorithm to 
artificial data sets are given in comparison with the results of application of the Hung’s fuzzy 
clustering method. Preliminary conclusions are formulated and perspectives are outlined. 
 
 
1   Introduction 
 
The first subsection of this introduction provides a brief review of fuzzy clustering methods. 
Some intuitionistic fuzzy clustering methods are considered in the second subsection. 
 
1.1 Preliminary Remarks 
 
Fuzzy clustering is a structural approach to solving the problem of object classification 
without training samples. Areas of application of fuzzy cluster analysis include data analysis, 
pattern recognition, and image segmentation. Despite the successful applications, there are a 
number of issues that must be dealt with in practical applications of fuzzy clustering 
algorithms. Heuristic methods of fuzzy clustering, hierarchical methods of fuzzy clustering 
and optimization methods of fuzzy clustering were proposed by different authors. Fuzzy 
clustering methods are described by Höppner, Klawonn, Kruse and Runkler in [7]. 

In general, the goal of clustering is to derive c  fuzzy clusters from a set of n  unlabelled 
objects, },,{ 1 nxxX K= . In fuzzy clustering, a given pattern does not necessarily belong to 
only one cluster, but can have varying degrees of memberships to several clusters. One of the 
fundamental distinctions between clustering algorithms rests with the type of data matrix. In 
the first place, the matrix of attributes ]ˆ[ˆ t

inm xX =× , ni ,,1 K= , mt ,,1 K= , is a set of n  vectors 
in the space mℜ  of m  attributes or variables. Prototype-based fuzzy clustering methods can 
be applied directly to the data given as the matrix of attributes. The best known prototype-
based approach to fuzzy clustering is the method of fuzzy c -means, developed by Bezdek [3]. 
The FCM -algorithm is the basis of the family of fuzzy clustering algorithms, such as the Wu 
and Yang’s AFCM -algorithm [26], the Pedrycz’s CFCM -algorithm [11] and other clustering 
procedures. 
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In the second place, the matrix of pair wise similarity or dissimilarity coefficients can be 
used as a matrix of the initial data. Relational fuzzy clustering algorithms can be used for the 
data processing. In relational approach to fuzzy clustering, the problem of classifying data is 
solved by expressing a relation that quantifies the similarity, or dissimilarity, degree between 
pairs of objects. So, objects which are very similar to each other will belong with high 
membership values to the same cluster. The most popular examples of fuzzy relational 
clustering are the Roubens’ FNM -algorithm [14], the Windham’s AP -algorithm [25], and the 
Hathaway, Davenport, and Bezdek’s RFCM -algorithm [6]. All these algorithms determine a 
fuzzy c -partition of the data set using an alternating optimization scheme to iteratively 
minimize appropriate objective functions based on a dissimilarity relation.  

A possibilistic approach to clustering was proposed by Krishnapuram and Keller in 
[10]. The approach can be considered as a special case of fuzzy clustering because 
membership degrees defined a possibility distribution function for some cluster over the 
domain of discourse consisting of all objects of the data set. The concept of possibilistic 
partition is the basis of possibilistic clustering methods and membership values can be 
interpreted as a typicality degree. The possibilistic approach to clustering was developed by 
different researchers. This approach can be considered as a way in the optimization approach 
in fuzzy clustering because all methods of possibilistic clustering are objective function-based 
methods. However, possibilistic clustering methods deal with the data in the form of the 
matrix of attributes. All methods of possibilistic clustering are objective function-based 
methods.  

However, heuristic clustering algorithms display high level of essential clarity and low 
level of a complexity. Some heuristic clustering algorithms are based on a definition of cluster 
concept and the aim of these algorithms is cluster detection conform to a given definition. 
These algorithms are called algorithms of direct classification or direct clustering algorithms 
[20], [21]. 

Direct heuristic algorithms of fuzzy clustering are simple and very effective in many 
cases. An outline for a new heuristic method of fuzzy clustering was presented in [17], where 
concepts of fuzzy α -cluster and allotment among fuzzy α -clusters were introduced and a 
basic version of direct fuzzy clustering algorithm was described. The basic version of direct 
fuzzy clustering algorithm requires that the number c  of fuzzy α -clusters be fixed. 
Moreover, in the proposed in [17] clustering algorithm membership values defined a 
possibility distribution function for some cluster over the domain of discourse consisting of 
all objects of the data set and the condition which defines the allotment of elements of the set 
of classified objects among fuzzy clusters is similar to a condition which defines possibilistic 
partition. So, the allotment of elements of the set of classified objects among fuzzy clusters 
can be considered as a special case of possibilistic partition. The fact was demonstrated in 
[20], [21]. That is why the basic version of the algorithm, which is described in [17], can be 
considered as a direct algorithm of possibilistic clustering and the algorithm can be called the 
D– AFC(c)-algorithm. Notable, that the matrix of the fuzzy tolerance is the matrix of initial 
data for the D– AFC(c)-algorithm. Thus, the D– AFC(c) -algorithm is the direct algorithm of 
the relational approach to possibilistic clustering. A modification of the D– AFC(c)-algorithm 
using a concept of a principal allotment among fuzzy clusters is proposed in [23] and the 
modification were called the D– PAFC-algorithm. 
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1.2 A Brief Review of Existing Intuitionistic Fuzzy Clustering Techniques 
 
The intuitionistic fuzzy set theory, originated by Atanassov [1], [2] has been used in a wide 
range of applications, such as logic programming, medical diagnosis, and decision making. 
Applications of the intuitionistic fuzzy set theory to pattern recognition problems are outlined 
by Vlachos and Sergiadis [24]. Moreover, Szmidt and Kacprzyk [15] proposed an effective 
approach to the classification of nominal data using intuitionistic fuzzy sets. However, so far 
there has been little investigation of the clustering techniques of intuitionistic fuzzy sets. A 
few intuitionistic fuzzy clustering methods were proposed by different researchers. 

In the first place, fuzzy clustering method based on intuitionistic fuzzy tolerance 
relations was proposed by Hung, Lee and Fuh in [8]. An intuitionistic fuzzy similarity relation 
matrix is obtained by beginning with an intuitionistic fuzzy tolerance relation matrix using the 
extended n -step procedure by using the composition of intuitionistic fuzzy relations. A hard 
partition for corresponding thresholds values α  and β  is the result of classification. Several 
types of Smin&Tmax −−  compositions can be used in the Hung, Lee and Fuh’s approach. So, 
the Hung, Lee and Fuh’s clustering method can be considered as the extended version of the 
clustering technique which was proposed by Yang and Shih [28].  

In the second place, Pelekis, Iakovidis, Kotsifakos and Kopanakis [12] proposed a 
variant of the well-known FCM-algorithm that copes with uncertainty and a similarity 
measure between intuitionistic fuzzy sets, which is appropriately integrated in the clustering 
algorithm. The fuzzy c -partition is the clustering result. An application of the proposed 
clustering technique to image segmentation was described in [9]. 

Thirdly, concepts of the association matrix and the equivalent association matrix were 
defined by Xu, Chen and Wu [27]. Thus, methods for calculating the association coefficients 
of intuitionistic fuzzy sets were introduced in [27]. The proposed in [27] clustering algorithm 
uses the association coefficients of intuitionistic fuzzy sets to construct an association matrix, 
and utilizes a procedure to transform it into an equivalent association matrix. The α -cutting 
matrix of the equivalent association matrix is used to clustering the given intuitionistic fuzzy 
sets. So, a hard partition for some value of α  is the result of classification. That is why the 
proposed in [27] clustering method is similar to the clustering technique which was proposed 
by Hung, Lee and Fuh in [8]. 

In the fourth place, Torra, Miyamoto, Endo and Domingo-Ferrer [16] proposed a 
clustering method, based on the FCM-algorithm, to construct an intuitionistic fuzzy partition. 
In the clustering method, the intuitionistic fuzzy partition deals with the uncertainty present in 
different executions of the same clustering procedure. Intuitionistic fuzzy partitions for the 
traditional fuzzy c -means, intuitionistic fuzzy partitions for the entropy-based fuzzy c -
means, and intuitionistic fuzzy partitions for the fuzzy c -means with tolerance are considered 
in [16]. 

The main goal of this paper is a detailed consideration of an extended version of the 
D– PAFC -algorithm [23], which is based on intuitionistic fuzzy relations and oriented at 
detection of the unknown least number of compact and well-separated intuitionistic fuzzy 
clusters. The contents of this paper are following: in the second section some basic concepts 
of the Atanassov’s intuitionistic fuzzy set theory are considered, in the third section basic 
definitions of the proposed clustering method are introduced and the general plan of the new 
D– PAIFC algorithm is proposed, in the fourth section numerical examples of application of 
the D– PAIFC algorithm to two Hung’s data sets are given, in the fifth section some final 
remarks are stated and further investigations perspectives are outlined. 
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2   Intuitionistic Fuzzy Set Theory 
 
In this section, a brief overview of fundamental definitions of the Atanassov’s intuitionistic 
fuzzy set theory is provided that will be used throughout the paper. In particular, some 
concepts are defined in the first subsection. The second subsection of this section provides a 
short consideration of intuitionistic fuzzy relations. 
 
2.1 Intuitionistic Fuzzy Sets 
 
Let },,{ 1 nxxX K=  be a set of elements. An intuitionistic fuzzy set A  in X  is given by 
ordered triple { }XxxxxA iiAiAi ∈= |)(),(, νµ , where ]1,0[:, →XAA νµ  should satisfy a 
condition  

1)()(0 ≤+≤ iAiA xx νµ , (1) 
for all Xxi ∈ . The values )( iA xµ  and )( iA xν  denote the degree of membership and the 
degree of non-membership of element Xxi ∈  to A , respectively.  

For each intuitionistic fuzzy set A  in X  an intuitionistic fuzzy index [1] of an element 
Xxi ∈  in A  can be defined as follows 

( ))()(1)( iAiAiA xxx νµρ +−= . (2) 
The intuitionistic fuzzy index )( iA xρ  can be considered as a hesitancy degree of ix  to A . It is 
seen that 1)(0 ≤≤ iA xρ  for all Xxi ∈ .  

Obviously, when )(1)( iAiA xx µν −=  for every Xxi ∈ , the intuitionistic fuzzy set A  is 
an ordinary fuzzy set in X . For each ordinary fuzzy set A  in X , we have 0)( =iA xρ , for all 

Xxi ∈ . 
Let )(IFS X  denote the set of all intuitionistic fuzzy sets in X . Basic operations on 

intuitionistic fuzzy sets were defined by Atanassov in [1], [2] and other publications. In 
particular, if )(IFS XA,B∈  then 

{ }XxxxxxxBA iiBiAiBiAi ∈∨∧=∩ |)()(),()(, ννµµ , (3) 
and 

{ }XxxxxxxBA iiBiAiBiAi ∈∧∨=∪ |)()(),()(, ννµµ . (4) 
Moreover, some properties of intuitionistic fuzzy sets were given also in [4]. For 

example, if )(IFS XA,B∈ , then  
XxxxxxBA iiBiAiBiA ∈∀≥≤⇔≤ ),()(and)()( ννµµ , (5) 
XxxxxxBA iiBiAiBiA ∈∀≤≤⇔ ),()(and)()( ννµµp , (6) 

XxBABABA i ∈∀≥≤⇔= ,and , (7) 
{ }XxxxxA iiAiAi ∈= |)(),(, µν .  (8) 

Some definitions will be useful in further considerations. In particular, an βα , -level of 
an intuitionistic fuzzy set A  in X  can be defined as 

{ }βναµβα ≤≥∈= )(,)(|, iAiAi xxXxA ,  (9) 
where the condition  

10 ≤+≤ βα ,  (10) 
is met for any values α  and β , ]1,0[, ∈βα . 

The concept of the α -level fuzzy set was introduced by Radecki [13] and the concept 
can be extended for intuitionistic fuzzy sets. So, a concept of the ),( βα -level intuitionistic 
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fuzzy set can be defined as follows. The ),( βα -level intuitionistic fuzzy set ),( βαA  in X  is 
given by the following expression: 

{ })()(),()(,
),(),(,),( iAiAiAiAi xxxxAxA ννµµ

βαβαβαβα ==∈= , (11) 

where ]1,0[, ∈βα  should satisfy the condition (10) and βα ,A  is the βα , -level of an 
intuitionistic fuzzy set A  which is satisfied the condition (9).  

If A  is an intuitionistic fuzzy set in X , where X  is the set of elements, then the ),( βα -
level intuitionistic fuzzy set ),( βαA  in X , for which 



 ≥

=
otherwise0,

)(if),(
)(

),(

αµµ
µ

βα

iAiA
iA

xx
x ,  (12) 

and 



 ≤

=
otherwise0,

)(if),(
)(

),(

βνν
ν

βα

iAiA
iA

xx
x .  (13) 

is called an ),( βα -level intuitionistic fuzzy subset ),( βαA  of the intuitionistic fuzzy set A  in 
X  for some ]1,0[, ∈βα , 10 ≤+≤ βα . Obviously, that the condition AA p),( βα  is met for any 
intuitionistic fuzzy set A  and its ),( βα -level intuitionistic fuzzy subset ),( βαA  for any 

]1,0[, ∈βα , 10 ≤+≤ βα . The important property will be very useful in further considerations.  
 
2.2 Intuitionistic Fuzzy Relations 
 
Let us remind some basic definitions which were considered by Burillo and Bustince in [4], 
[5]. In cluster analysis, one is only interested in relations in a set X  of classified objects. 

Let },,{ 1 nxxX K=  be an ordinary non-empty set. The binary intuitionistic fuzzy 
relation R  on X  is an intuitionistic fuzzy subset R  of XX × , which is given by the 
expression 

{ }XxxxxxxxxR jijiAjiAji ∈= ,|),(),,(),,( νµ , (14) 
where ]1,0[: →× XXRµ  and ]1,0[: →× XXRν  satisfy the condition 

1),(),(0 ≤+≤ jiAjiA xxxx νµ  for every XXxx ji ×∈),( . 
Let )(IFR X  denote the set of all intuitionistic fuzzy relations on X . Let us consider 

some basic properties of intuitionistic fuzzy relations. 
In order to define in the intuitionistic fuzzy relations some properties, the Τ -norms and 

S -norms were used in [4]. The Τ -norms or S -norms defined as a class of intersection or 
aggregation operators for ordinary fuzzy sets. In particular, for some two ordinary fuzzy sets 
A  and B  in X  with their membership functions ]1,0[)( ∈iA xµ , ]1,0[)( ∈iB xµ , Xxi ∈∀  some 
typical dual pairs of Τ -norms qΤ  and S -norms qS , }3,2,1{∈q  are defined in [29] as follows: 
1) ))(),(min())(),((1 iBiAiBiA xxxx µµµµ =Τ , ))(),(max())(),((S1 iBiAiBiA xxxx µµµµ = ; 
2) )()())(),((2 iBiAiBiA xxxx µµµµ ⋅=Τ , )()()()())(),((S2 iBiAiBiAiBiA xxxxxx µµµµµµ ⋅−+= ; 
3) )1)()(,0max())(),((3 −+=Τ iBiAiBiA xxxx µµµµ , ))()(,1min())(),((S3 iBiAiBiA xxxx µµµµ += . 

Let ΒΑ,  be Τ -norms and ΡΛ,  be S -norms, and )(IFR, XQR ∈  be two binary 

intuitionistic fuzzy relations on X . So, the composed relation )(IFR
,

,
XQR ∈

ΒΑ

ΡΛ
o  to the one is 

defined by 
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∈= ΒΑ

ΡΛ
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ΡΛ
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ΡΛ
XxxxxxxxxQR kiki
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ki
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where 
)]},(),,([{),(,

,

kjQjiRxki
QR

xxxxxx
j

µµµ ΒΑ=ΒΑ

ΡΛ
o

,  (16) 

and 
)]},(),,([{),(,

,

kjQjiRxki
QR

xxxxxx
j

ννν ΡΛ=ΒΑ

ΡΛ
o

. (17) 

The following condition  
1),(),(0 ,

,

,

,

≤+≤ ΒΑ

ΡΛ

ΒΑ

ΡΛ

ki
QR

ki
QR

xxxx
oo

νµ ,  (18) 

must be met for all XXxx ki ×∈),(  in the previous definition. 
An intuitionistic fuzzy relation )(IFR XR∈  is reflexive if for every Xxi ∈ , 

1),( =iiR xxµ  and 0),( =iiR xxν . An intuitionistic fuzzy relation )(IFR XR∈  is called 
symmetric if for all XXxx ji ×∈),( , ),(),( ijRjiR xxxx µµ =  and ),(),( ijRjiR xxxx νν = . We 
will say that an intuitionistic fuzzy relation )(IFR XR∈  is transitive if 

RRR
ΒΑ

ΡΛ
≥

,

,
o . 

We will call transitive closure of some intuitionistic fuzzy relation )(IFR XR∈ , to the 
minimum intuitionistic fuzzy relation )(IFR XR∈

(
 which contains R  and it is transitive. So, a 

condition RR
(

≤  is met. 
An intuitionistic fuzzy relation IT  in X  is called an intuitionistic fuzzy tolerance if it is 

reflexive and symmetric. An intuitionistic fuzzy relation IS  in X  is called an intuitionistic 
fuzzy similarity relation if it is reflexive, symmetric and transitive.  

An n -step procedure by using the composition of intuitionistic fuzzy relations 
beginning with an intuitionistic fuzzy tolerance can be used for construction of the transitive 
closure of an intuitionistic fuzzy tolerance IT  and the transitive closure is an intuitionistic 
fuzzy similarity relation IS . The procedure is a basis of the clustering procedure which was 
proposed by Hung, Lee and Fuh in [8]. 

An βα , -level of an intuitionistic fuzzy relation R  in X  was defined in [8] as 
{ }βναµβα ≤≥= ),(,),(|),(, jiRjiRji xxxxxxR , (19) 

where the condition (10) is met for any values α  and β , ]1,0[, ∈βα . So, if 10 21 ≤≤≤ αα  and 
10 12 ≤≤≤ ββ  with 10 11 ≤+≤ βα  and 10 22 ≤+≤ βα , then 1122 ,, βαβα RR ⊆ . The proposition 

was formulated in [8]. 
The concept of the α -level fuzzy relation was considered in [19] and the concept can be 

extended for intuitionistic fuzzy relations. So, the ),( βα -level intuitionistic fuzzy relation 
),( βαR  in X  can be defined as follows: 

{ }),(),(),,(),(,),(
),(),(,),( jiRjiRjiRjiRji xxxxxxxxRxxR ννµµ

βαβαβαβα ==∈= , (20) 
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where ]1,0[, ∈βα  should satisfy the condition (10) and βα ,R  is the βα , -level of an 
intuitionistic fuzzy relation R  which is satisfied the condition (19). The concept of the ),( βα -
level intuitionistic fuzzy relation will be very useful in further considerations.  
 
 
3   Outlines of the Approach 
 
Basic definitions of the clustering method are introduced in the first subsection. The second 
subsection includes some notes on the decomposition of intuitionistic fuzzy tolerances. The 
general plan of the PAIFCD − -algorithm is considered in the third subsection of this section.  
 
3.1 Basic Concepts 
 
Let us consider intuitionistic extensions of basic concepts of the PAFCD− -algorithm, which 
was proposed in [23]. 

Let },...,{ 1 nxxX =  be the initial set of elements and IT  be some binary intuitionistic 
fuzzy tolerance on },...,{ 1 nxxX =  with ]1,0[),( ∈jiIT xxµ  being its membership function and 

]1,0[),( ∈jiIT xxν  being its non-membership function. Let α  and β  be the βα , -level values of 
IT , ]1,0(∈α , )1,0[∈β , 10 ≤+≤ βα . Columns or lines of the intuitionistic fuzzy tolerance 
matrix are intuitionistic fuzzy sets },...,{ 1 nAA . Let },...,{ 1 nAA  be intuitionistic fuzzy sets on 
X , which are generated by an intuitionistic fuzzy tolerance IT . The ),( βα -level intuitionistic 
fuzzy set { }XxxxxxxA iiAiAiAiAi

l
llll ∈≤≥= ,)(,)(|))(),(,(),( βναµνµβα  is intuitionistic fuzzy 

),( βα -cluster or, simply, intuitionistic fuzzy cluster. So ll AA ⊆),( βα , ]1,0(∈α , )1,0[∈β , 

},,{ 1 nl AAA K∈  and liµ  is the membership degree of the element Xxi ∈  for some 
intuitionistic fuzzy cluster lA ),( βα , ]1,0(∈α , )1,0[∈β , },,1{ nl K∈ . From other hand, liν  is the 

non-membership degree of the element Xxi ∈  for the intuitionistic fuzzy cluster lA ),( βα .Value 
of α  is the tolerance threshold of intuitionistic fuzzy clusters elements and value of β  is the 
difference threshold of intuitionistic fuzzy clusters elements.  

The membership degree of the element Xxi ∈  for some intuitionistic fuzzy cluster 
lA ),( βα , ]1,0(∈α , )1,0[∈β , 10 ≤+≤ βα , },,1{ nl K∈  can be defined as a 





 ∈

=
otherwise

Axx l
iiA

li
l

,0

),( ,βαµ
µ , (21) 

where an βα , -level lA βα ,  of an intuitionistic fuzzy set lA  is the support of the intuitionistic 

fuzzy cluster lA ),( βα . So, condition )( ),(,
ll ASuppA βαβα =  is met for each intuitionistic fuzzy 

cluster lA ),( βα . The membership degree liµ  can be interpreted as a degree of typicality of an 
element to an intuitionistic fuzzy cluster.  

From other hand, the non-membership degree of the element Xxi ∈  for an intuitionistic 
fuzzy cluster lA ),( βα , ]1,0(∈α , )1,0[∈β , 10 ≤+≤ βα , },,1{ nl K∈  can be defined as  
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 ∈

=
otherwise

Axx l
iiA

li
l

,0

),( ,βαν
ν . (22) 

So, the non-membership degree liν  can be interpreted as a degree of non-typicality of an 
element to an intuitionistic fuzzy cluster. 

In other words, if columns or lines of intuitionistic fuzzy tolerance IT  matrix are 
intuitionistic fuzzy sets },...,{ 1 nAA  on X  then intuitionistic fuzzy clusters },...,{ ),(

1
),(

nAA βαβα  

are intuitionistic fuzzy subsets of fuzzy sets },...,{ 1 nAA  for some values ]1,0(∈α  and )1,0[∈β , 
10 ≤+≤ βα . So, a condition 10 ≤+≤ lili νµ  is met for some intuitionistic fuzzy cluster lA ),( βα . 

If conditions 0=liµ  and 0=liν  are met for some element Xxi ∈  and for some 
intuitionistic fuzzy cluster lA ),( βα , then the element will be called the residual element of the 

intuitionistic fuzzy cluster lA ),( βα .  
The value zero for a fuzzy set membership function is equivalent to non-belonging of an 

element to a fuzzy set. That is why values of tolerance threshold α  are considered in the 
interval ]1,0( . So, the value of a membership function of each element of the intuitionistic 
fuzzy cluster is the degree of similarity of the object to some typical object of fuzzy cluster. 
From other hand, the value one for an intuitionistic fuzzy set non-membership function is 
equivalent to non-belonging of an element to an intuitionistic fuzzy set. That is why values of 
difference threshold β  are considered in the interval )1,0[ . 

Let IT  is an intuitionistic fuzzy tolerance on X , where X  is the set of elements, and 
},...,{ ),(

1
),(

nAA βαβα  is the family of intuitionistic fuzzy clusters for some ]1,0(∈α  and )1,0[∈β . 

The point ll
e A βατ ,∈ , for which  

l
ilix

l
e Ax

i
βαµτ ,,maxarg ∈∀=  (23) 

is called a typical point of the intuitionistic fuzzy cluster lA ),( βα . Obviously, the membership 
degree of a typical point of an intuitionistic fuzzy cluster is equal one because an intuitionistic 
fuzzy tolerance IT  is the reflexive intuitionistic fuzzy relation. So, the non-membership 
degree of a typical point of an intuitionistic fuzzy cluster is equal zero. Moreover, a typical 
point of an intuitionistic fuzzy cluster does not depend on the value of tolerance threshold and 
an intuitionistic fuzzy cluster can have several typical points. That is why symbol e  is the 
index of the typical point. 

Let )}1,0[],1,0(,,,1|{)( ),(
, ∈∈≤== βαβα
βα ncclAXIR l

z  be a family of intuitionistic fuzzy 
clusters for some value of tolerance threshold ]1,0(∈α  and some value of difference threshold 

)1,0[∈β , 10 ≤+≤ βα . These intuitionistic fuzzy clusters are generated by some intuitionistic 
fuzzy tolerance IT  on the initial set of elements },...,{ 1 nxxX = . If condition  

Xxi

c

l
li ∈∀>∑

=
,0

1
µ   (24) 

and condition 

Xxi

c

l
li ∈∀≥∑

=
,0

1
ν    (25) 
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are met for all lA ),( βα , cl ,1= , nc ≤  then the family is the allotment of elements of the set 
},...,{ 1 nxxX =  among intuitionistic fuzzy clusters }2,,1,{ ),( ncclAl ≤≤=βα  for some value of 

the tolerance threshold ]1,0(∈α  and some value of the difference threshold )1,0[∈β . It should 
be noted that several allotments )(, XIRz

βα  can exist for some pair of thresholds α  and β . 
That is why symbol z  is the index of an allotment.  

The condition (24) requires that every object nixi ,1, =  must be assigned to at least one 
intuitionistic fuzzy cluster ncclAl ≤= ,,1,)(α  with the membership degree higher than zero and 
the condition is similar to the definition of the possibilistic partition [10]. The condition 

nc ≤≤2  requires that the number of intuitionistic fuzzy clusters in )(, XIRz
βα  must be more 

than two. Otherwise, the unique intuitionistic fuzzy cluster will contain all objects, possibly 
with different positive membership and non-membership degrees. 

The number c  of fuzzy clusters can be equal the number of objects, n . This is taken 
into account in further considerations. 

Allotment )}1,0[],1,0(,,1|{)( ),(
, ∈∈== βαβα
βα nlAXIR l

I  of the set of objects among 
n  intuitionistic fuzzy clusters for some pair of thresholds α  and β , 10 ≤+≤ βα , is the initial 
allotment of the set },...,{ 1 nxxX = . In other words, if initial data are represented by a matrix of 
some intuitionistic fuzzy tolerance relation IT  then lines or columns of the matrix are 
intuitionistic fuzzy sets nlAl ,1, =  and ),( βα -level fuzzy sets )1,0[],1,0(,,1,),( ∈∈= βαβα nlAl  
are intuitionistic fuzzy clusters. These intuitionistic fuzzy clusters constitute an initial 
allotment for some pair of thresholds α  and β  and they can be considered as clustering 
components.  

If condition 

XA
c

l

l =
=
U

1
,βα ,  (26) 

and condition 
0)( ,, =∩ ml AAcard βαβα , ml AA ),(),( , βαβα∀ , ml ≠ , ]1,0(, ∈βα  (27) 

are met for all intuitionistic fuzzy clusters clAl ,1,),( =βα  of some allotment 

)}1,0[],1,0(,,,1|{)( ),(
, ∈∈≤== βαβα
βα ncclAXIR l

z  then the allotment is the allotment 
among fully separate intuitionistic fuzzy clusters. 

Thus, the problem of cluster analysis can be defined in general as the problem of 
discovering the unique allotment )(XIR∗ , resulting from the classification process, which 
corresponds to either most natural allocation of objects among intuitionistic fuzzy clusters or 
to the researcher’s opinion about classification. In the first case, the number of intuitionistic 
fuzzy clusters с  is not fixed. In the second case, the researcher's opinion determines the kind 
of the allotment sought and the number of intuitionistic fuzzy clusters с  can be fixed. 
Detection of the unknown least number of compact and well-separated intuitionistic fuzzy 
clusters can be considered as the aim of classification. For this purpose, the concept of the 
principal allotment among intuitionistic fuzzy clusters can be introduced as follows. 

Allotment ]}1,0[,,,,1|{)( ),(
, ∈≤== βαβα
βα ncclAXIR l

P  of the set of objects among the 
minimal number nc <≤2  of fully separate intuitionistic fuzzy clusters for some value of 
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tolerance threshold ]1,0(∈α  and some value of difference threshold )1,0[∈β  is the principal 
allotment of the set },...,{ 1 nxxX = .  

Several principal allotments among intuitionistic fuzzy clusters can exist for some pair 
of thresholds α  and β . Thus, the problem consists in the selection of the unique principal 
allotment )(XIR∗  from the set B  of principal allotments, )}({ , XIRB

zP
βα= , which is the class 

of possible solutions of the concrete classification problem. The symbol z  is the index of the 
principal allotments. The selection of the unique principal allotment )(XIR∗  from the set 

)}({ , XIRB
zP
βα=  of principal allotments must be made on the basis of evaluation of allotments. 

The criterion  
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, 11),),(( βναµβαβα , (28) 

where c  is the number of intuitionistic fuzzy clusters in the allotment )(, XIR
zP
βα  and 

)( ,
l

l Acardn βα= , )(,
),( XIRA

zP
l βα

βα ∈  is the number of elements in the support of the 

intuitionistic fuzzy cluster lA ),( βα  can be used for evaluation of allotments. The criterion (28) 
is the intuitionistic extension of the criterion, which was proposed in [17] for the )(cAFCD− -
algorithm. 

Maximum of criterion (28) corresponds to the best allotment of objects among c  
intuitionistic fuzzy clusters. So, the classification problem can be characterized formally as 
determination of the solution )(XIR∗  satisfying 

),),((maxarg)( ,

)(,
βαβα

βα
XIRFXIR z

BXIRz ∈

∗ = ,  (29) 

where )}({ , XIRB
zP
βα=  is the set of principal allotments corresponding to the pair of thresholds 

α  and β . 
 
3.2 On the Decomposition of Intuitionistic Fuzzy Tolerances 
 
A clustering procedure is based on the decomposition of initial intuitionistic fuzzy tolerance 
IT  [22]. That is why basic concepts of the method of decomposition must be considered. 

Let IT  be an intuitionistic fuzzy tolerance in X . Let ),( βαIT  be ),( βα -level intuition-
istic fuzzy relation and the condition (10) is met for values α  and β , ]1,0(∈α , )1,0[∈β . Let 

βα ,IT  be a βα , -level of an intuitionistic fuzzy tolerance IT  in X  and βα ,IT  be the support of 

),( βαIT . The membership function ),(
),( jiIT xx

βα
µ  can be defined as  



 ≥

=
otherwise

),(if),,(
),(

),( 0,
αµµ

µ
βα

jiITjiIT
jiIT

xxxx
xx ,  (30) 

and the non-membership function ),(
),( jiIT xx

βα
ν  can be defined as 



 ≤

=
otherwise

),(if),,(
),(

),( 0,
βνν

ν
βα

jiITjiIT
jiIT

xxxx
xx . (31) 
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Obviously, that the condition ITIT p),( βα  is met for any intuitionistic fuzzy tolerance IT  
and a ),( βα -level intuitionistic fuzzy relation ),( βαIT  for any ]1,0(∈α , )1,0[∈β , 10 ≤+≤ βα . 
Thus we have the proposition that if )(1)( αα αα +≤ ll  and )()(1 ββ ββ ll ≤+  with 

10 )()( ≤+≤ βα βα ll , 10 )(1)(1 ≤+≤ ++ βα βα ll  then the condition ),(),( )()()(1)(1 βαβα βαβα llll
p ITIT

++  

is met. So, the ordered sequences 10 )()(0 ≤≤≤≤≤< αα ααα ZKK l  and 
10 0)()( <≤≤≤≤≤ βββ ββ KK lZ  must be constructed for the decomposition of an 

intuitionistic fuzzy tolerance IT . A method of construction of these sequences was developed 
in [22]. So, a tree of ),( βα -level intuitionistic fuzzy relations can be constructed for some 
intuitionistic fuzzy tolerance IT . 
 
3.3 General Plan of the D-PAIFC-algorithm 
 
The principal allotment )(, XIRP

βα  is a family of intuitionistic fuzzy clusters which are 

elements of the initial allotment )(, XIRI
βα  for the pair of thresholds α  and β  and the family 

of intuitionistic fuzzy clusters should satisfy the conditions (26) and (27). So, the construction 
of principal allotments )}1,0[],1,0(,,,1|{)( ),(

, ∈∈≤== βαβα
βα ncclAXIR l

Pz
 for every pair 

of thresholds α  and β  is a trivial problem of combinatorics. There is a six-step procedure of 
classification: 
 

1. Construct ordered sequences 10 )()(0 ≤≤≤≤≤< αα ααα ZKK l  and 
10 0)()( <≤≤≤≤≤ βββ ββ KK lZ  of thresholds values; let 0:)( =αl  and 0:)( =βl ; 

2. The following condition is checked: 
if the condition 10 )()( ≤+≤ βα βα ll  is met  
then construct the ),( βα -level intuitionistic fuzzy relation ),( βαIT , which 
satisfy condition (20) and go to step 3 
else the following condition is checked: 

if the condition )()( ββ Z<l  is met  
then let 1)(:)( += ββ ll  and go to step 2; 

3. Construct the initial allotment )}1,0[],1,0(,,1|{)( ),(
, ∈∈== βαβα
βα nlAXIR l

I  for 
calculated values )(αα l  and )(ββ l ; 

4. The following condition is checked: 
if for some intuitionistic fuzzy cluster )(,

),( XIRA I
l βα

βα ∈  the condition 

nAcard l =)( ),( βα  is met  
then let 1)(:)( += ββ ll  and go to step 2 
else construct the allotments, which satisfy conditions (26) and (27); 

5. The following condition is checked: 
if for )(αα l  and )(ββ l  allotments )(XRz

α  satisfying conditions (26) and (27) are 
not constructed and the condition )()( ββ Z<l  is met 
then let 1)(:)( += ββ ll  and go to step 2 
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else if the condition )()( ββ Z=l  is met 
then 1)(:)( += αα ll  and go to step 2 
else construct the class of possible solutions of the classification 
problem )}({ , XIRB

zP
βα=  for )(αα l  and )(ββ l ; 

6. The following condition is checked: 
if condition 1)( >Bcard  is met 
then calculate the value of the criterion (28) for every allotment BXIR

zP ∈)(,βα  

and the result of the classification )(XIR∗  must be constructed as follows: 
if for some unique allotment BXIR

zP ∈)(,βα  the condition (29) is met 

then the allotment is a solution )(XIR∗  of the classification problem; 
else if condition 1)( =Bcard  is met 

then the unique allotment BXIRP ∈)(,βα  is a solution )(XIR∗  of the 
classification problem. 

 
The principal allotment )(, XIRP

βα  among the unknown least number of fully separate 
intuitionistic fuzzy clusters and the corresponding values of tolerance threshold α  and 
difference threshold β , 10 ≤+≤ βα  are results of classification. 

The clustering procedure can be considered as the direct algorithm of possibilistic 
clustering oriented at detection of the principal allotment among intuitionistic fuzzy clusters. 
That is why the procedure can be called as the PAIFCD− -algorithm. 
 
 
4   Experimental Results 
 
Both subsections include the data description of two Hung’s numerical examples and results 
of their processing by the proposed PAIFCD− -algorithm in comparison with Hung’s 
clustering algorithm.  
 
4.1 The First Hung’s Example 
 
Let us consider an application of the proposed PAIFCD− -algorithm to the classification 
problem. An intuitionistic fuzzy tolerance relation matrix is given in Table 1.  

 
These data originally appear in [8]. Let us consider the classification result which was 

presented by Hung, Lee and Fuh in [8]. An intuitionistic fuzzy similarity relation matrix 
)],(),,([ jiISjiIS xxxxIS νµ= , 10,,1, K=ji  was obtained by the n -step 33 Smin&Tmax −−  

composition procedure. A hard partition is the result of application of their method to the 
intuitionistic fuzzy similarity relation IS . The partition },,{ 841 xxx , },,,{ 10952 xxxx , }{ 3x , 

}{ 6x , }{ 7x  was obtained for 55.0=α  and 35.0=β . For comparison, the PAIFCD− -algorithm 
was applied to the matrix of the intuitionistic fuzzy tolerance IT  directly. Let us consider the 
result of the experiment.  
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Table 1. The matrix of the intuitionistic fuzzy tolerance 
 

IT  1x  2x  3x  4x  5x  6x  7x  8x  9x  10x  
1x  (1.0, 

0.0) 
         

2x  (0.2, 
0.7) 

(1.0, 
0.0) 

        

3x  (0.5, 
0.5) 

(0.3, 
0.6) 

(1.0, 
0.0) 

       

4x  (0.8, 
0.1) 

(0.6, 
0.4) 

(0.5, 
0.4) 

(1.0, 
0.0) 

      

5x  (0.6, 
0.3) 

(0.7, 
0.2) 

(0.3, 
0.6) 

(0.7, 
0.2) 

(1.0, 
0.0) 

     

6x  (0.2, 
0.7) 

(0.9, 
0.1) 

(0.4, 
0.5) 

(0.3, 
0.6) 

(0.2, 
0.7) 

(1.0, 
0.0) 

    

7x  (0.3, 
0.7) 

(0.2, 
0.7) 

(0.1, 
0.9) 

(0.5, 
0.4) 

(0.4, 
0.5) 

(0.1, 
0.7) 

(1.0, 
0.0) 

   

8x  (0.9, 
0.1) 

(0.8, 
0.2) 

(0.3, 
0.6) 

(0.4, 
0.6) 

(0.5, 
0.5) 

(0.3, 
0.7) 

(0.6, 
0.3) 

(1.0, 
0.0) 

  

9x  (0.4, 
0.5) 

(0.3, 
0.7) 

(0.7, 
0.2) 

(0.1, 
0.8) 

(0.8, 
0.1) 

(0.7, 
0.2) 

(0.1, 
0.8) 

(0.0, 
0.9) 

(1.0, 
0.0) 

 

10x  (0.3, 
0.7) 

(0.2, 
0.7) 

(0.6, 
0.3) 

(0.3, 
0.7) 

(0.9, 
0.1) 

(0.2, 
0.7) 

(0.3, 
0.7) 

(0.2, 
0.8) 

(0.1, 
0.8) 

(1.0, 
0.0) 

 
 
By executing the PAIFCD− -algorithm we obtain the class of possible solutions of the 

classification problem )}(),({ ,,
21

XIRXIRB PP
βαβα=  for 8.0=α  and 2.0=β . The first principal 

allotment is the family { }7
),(

6
),(

5
),(

3
),(

1
),(

, ,,,,)(
1 βαβαβαβαβα
βα AAAAAXIRP =  and the second principal 

allotment is the family { }7
),(

5
),(

4
),(

3
),(

2
),(

, ,,,,)(
2 βαβαβαβαβα
βα AAAAAXIRP = , where 

{ })1.0,9.0,(),1.0,8.0,(),0.0,0.1,( 841
1

),( xxxA =βα , 

{ })2.0,8.0,(),0.0,0.1,(),1.0,9.0,( 862
2

),( xxxA =βα , 

{ })0.0,0.1,( 3
3

),( xA =βα , 
{ })1.0,8.0,(),0.0,0.1,( 41

4
),( xxA =βα , 

{ })1.0,9.0,(),1.0,8.0,(),0.0,0.1,( 1095
5

),( xxxA =βα , 

{ })0.0,0.1,(),1.0,9.0,( 62
6

),( xxA =βα , 
{ })0.0,0.1,( 7

7
),( xA =βα  

are intuitionistic fuzzy clusters. The value of the criterion (28) is equal 1.5844 for the 
principal allotment BXIRP ∈)(,

1

βα  and the value of the criterion (28) is equal 1.4834 for the 

principal allotment BXIRP ∈)(,
2

βα . So, the first principal allotment is the solution )(XIR∗  of 
the classification problem. 

The results of application of the PAIFCD− -algorithm to the data are presented in Table 
2. Membership values and non-membership values of typical points are bolded in Table 2. 
Membership values and non-membership values of residual elements are equal zero and these 
values are missed in Table 2. 

So, we obtain the following: the first class is formed by three elements, the second class 
is composed of two elements, the third class consists of one element, the fourth class contains 
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one element, and the fifth class is composed of three elements. The first object is the typical 
point of the fuzzy cluster which corresponds to the first class; the sixth object is the typical 
point of the second fuzzy cluster; the fifth object is the typical point of the fifth fuzzy cluster. 
Obviously, that the third object is the typical point of the fuzzy cluster which corresponds to 
the third class and the seventh object is the typical point of the fuzzy cluster which 
corresponds to the fourth class. 

 
 
Table 2. The matrix of the principal allotment among intuitionistic fuzzy clusters 

 
Membership values and non-membership values Numbers of objects, i  
i1µ  i1ν i2µ i2ν i3µ i3ν i4µ i4ν  i5µ  i5ν  

1 1.0 0.0         

2   0.9 0.1       

3     1.0 0.0     

4 0.8 0.1         

5         1.0 0.0 

6   1.0 0.0       

7       1.0 0.0   

8 0.9 0.1         

9         0.8 0.1 

10         0.9 0.1 

 
 
The matrix of the principal allotment among intuitionistic fuzzy clusters can be 

illustrated by a diagram. Membership values and non-membership values of five classes, 
obtained from the PAIFCD− -algorithm, are presented in Figure 1. Membership values and 
non-membership values of residual elements of intuitionistic fuzzy clusters are not shown in 
Figure 1. 

Membership values of the first class are represented in Figure 1 by ○, membership 
values of the second class are represented by □, membership values of the third class are 
represented by ∆, membership values of the fourth class are represented by ∇ , and 
membership values of the fifth class are represented by ◊ . Non-membership values of the first 
class are represented by ●, non-memberships of the second class are represented by ■, non-
memberships of the third class are represented by ▲, non-memberships of the fourth class are 
represented by ▼, and non-memberships of the fifth class are represented by ♦. Membership 
values and non-membership values of residual elements of intuitionistic fuzzy clusters are not 
shown in Figure 1. 
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Figure 1. Membership values and non-membership values of five intuitionistic fuzzy clusters  

 
 
4.1 The Second Hung’s Example 
 
Let us consider an application of the proposed PAIFCD− -algorithm to the classification 
problem for the following illustrative example, which was considered by Hung, Lee and Fuh 
[8]. Seven different figures are presented in Figure 2 and each figure is denoted by ix , 

}7,,1{ K∈i . These figures have all the basic pattern ∆ and the pattern is denoted by 1x  in 
Figure 2. Different crossing lines added to the basic pattern in every case: “–”, “│”, “ا“ ,”׀”. 
Their subjective relations are stated in [8] as follows: 

A. ( ) )20.0,75.0(),(),,( =jiTjiT xxxx νµ  when patterns ix  and jx , }7,,1{, K∈ji , have only 
one different crossing line; 

B. ( ) )50.0,50.0(),(),,( =jiTjiT xxxx νµ  when patterns ix  and jx , }7,,1{, K∈ji , have two 
different crossing line; 

C. ( ) )70.0,25.0(),(),,( =jiTjiT xxxx νµ  when patterns ix  and jx , }7,,1{, K∈ji , have three 
different crossing line; 

D. ( ) )90.0,00.0(),(),,( =jiTjiT xxxx νµ  when patterns ix  and jx , }7,,1{, K∈ji , have four 
different crossing line. 

 
 

   
1x  2x  3x  4x  5x  6x  7x  

Figure 2. Seven different figures 
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Obviously, that ( ) )00.0,00.1(),(),,( =iiTiiT xxxx νµ  for the same pattern ix , }7,,1{ K∈i . 
These subjective relations assigned to the individual pairs of figures collected in the tabular 
format are presented in Table 3. 

 
 

Table 3. The matrix of subjective relations 
 

IT  1x  2x  3x  4x  5x  6x  7x  
1x  (1.00, 0.00)       

2x  (0.75, 0.20) (1.00, 0.00)      

3x  (0.25, 0.70) (0.50, 0.50) (1.00, 0.00)     

4x  (0.00, 0.90) (0.25, 0.70) (0.75, 0.20) (1.00, 0.00)    

5x  (0.25, 0.70) (0.50, 0.50) (0.50, 0.50) (0.75, 0.20) (1.00, 0.00)   

6x  (0.25, 0.70) (0.00, 0.90) (0.50, 0.50) (0.75, 0.20) (0.50, 0.50) (1.00, 0.00)  

7x  (0.50, 0.50) (0.75, 0.20) (0.75, 0.20) (0.50, 0.50) (0.75, 0.20) (0.25, 0.70) (1.00, 0.00) 

 
 
In fact, the matrix of subjective relations is the matrix of an intuitionistic fuzzy 

tolerance. That is why PAIFCD− -algorithm can be applied to the matrix directly. After 
application of the PAIFCD− -algorithm to the matrix of the initial data, the principal allotment 

)(, XIRP
βα  among two intuitionistic fuzzy clusters, which corresponds to the result, is received 

for 25.0=α  and 5.0=β . The matrix of the principal allotment )(, XIRP
βα  is presented in 

Table 4.  
 
 

Table 4. The matrix of the principal allotment among two intuitionistic fuzzy clusters 
 

Membership and non-membership values  Numbers 
of classes, l  1lµ  1lν  2lµ  2lν  3lµ 3lν 4lµ 4lν 5lµ 5lν 6lµ  6lν  7lµ  7lν

1 1.0 0.0 0.75 0.2         0.5 0.5 

2     0.5 0.5 0.75 0.2 0.5 0.5 1.0 0.0   

 
 
The first class of the principal allotment includes three elements and the second class is 

formed by four elements. The first object is the typical point of the first fuzzy cluster and the 
sixth object is the typical point of the second fuzzy cluster. 

Membership and non-membership degrees of two classes of the principal allotment 
)(, XIRP

βα , obtained from the PAIFCD− -algorithm, are presented in Figure 2. Membership 
values of the first class are represented in Figure 3 by ○ and membership values of the second 
class are represented in Figure 3 by □. Non-membership values of the first class are 
represented in Figure 3 by ■ and membership values of the second class are represented in 
Figure 3 by ●. 
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Figure 3. Membership values and non-membership values of two intuitionistic fuzzy clusters 

 
 
Hung, Lee and Fuh [8] applied their algorithm to the data using the n -step 

11 Smin&Tmax −−  composition procedure and the n -step 33 Smin&Tmax −−  composition 
procedure. If the n -step 11 Smin&Tmax −−  composition procedure is chosen, then the partition 

},,,,,,{ 7654321 xxxxxxx  was obtained for 75.00 ≤<α  and 20.00 ≤< β . The partition }{ 1x , 
}{ 2x , }{ 3x , }{ 4x , }{ 5x , }{ 6x , }{ 7x  was obtained for 00.175.0 ≤<α  and 20.00 ≤< β , 

00.120.0 ≤< β  under constraints (10). 
From other hand, some variants of the result obtained with the n -step 

33 Smin&Tmax −−  composition procedure are presented in Table 5. 
 
 

Table 5. Hard partitions obtained from the Hung’s algorithm 
 

Values of thresholds α  and β The hard partition 
25.000.0 ≤<α , 20.000.0 <≤ β }{ 1x , }{ 2x , }{ 3x , }{ 4x , }{ 5x , }{ 6x , }{ 7x  

25.000.0 ≤<α , 
40.020.0 <≤ β  

},{ 21 xx , },,{ 743 xxx , }{ 5x , }{ 6x  or  
},{ 21 xx , },,{ 754 xxx , }{ 3x , }{ 6x  or… 

25.000.0 ≤<α , 
60.040.0 <≤ β  

},,{ 721 xxx , },,,{ 6543 xxxx  or 
},,,,{ 76543 xxxxx , },{ 21 xx  or… 

… … 
 
 

So, a set of hard partitions can be obtained for difference values of thresholds α  and β  
under constraints (10).  
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Hung, Lee and Fuh note [8] that the clustering results based on the 33 Smin&Tmax −−  
compositions is softer than the clustering results based on the 11 Smin&Tmax −−  compositions. 
Moreover, they note that the 33 Smin&Tmax −−  compositions seem to have clustering results 
more acceptable than those of 11 Smin&Tmax −−  compositions. However, a method of 
selection of a unique hard partition from the set of hard partitions is not proposed in [8]. 
 
 
5   Concluding Remarks 
 
Preliminary conclusions are discussed in the first subsection of the section. The second 
subsection deals with the perspectives on future investigations.  
 
5.1 Discussion 
 
In conclusion it should be said that the concept of intuitionistic fuzzy cluster and allotment 
have an epistemological motivation. That is why the results of application of the proposed 
clustering method based on the allotment concept can be very well interpreted. Moreover, the 
clustering method based on the allotment concept depends on the set B  of principal 
allotments only. That is why the clustering results are stable. 

The PAIFCD− -algorithm of clustering is proposed in the paper and the algorithm can 
be applied directly to the data given as the matrix of intuitionistic fuzzy tolerance relation. 
The principal allotment )(, XIRP

βα  among the unknown least number of fully separate 
intuitionistic fuzzy clusters and the corresponding values of tolerance threshold α  and 
difference threshold β  are results of classification.  

The results of application of the proposed PAIFCD− -algorithm to the Hung, Lee and 
Fuh’s data sets [8] show that the PAIFCD− -algorithm is the precise and effective numerical 
procedure for solving the classification problems. Membership values and non-membership 
values are correspond to elements of intuitionistic fuzzy clusters which are elements of a 
principal allotment. From other hand, a hard partition is the result of classification obtained 
from the Hung, Lee and Fuh’s relational clustering algorithm. So, a comparative study with 
the Hung, Lee and Fuh’s [8] clustering algorithm shows that the PAIFCD− -algorithm is more 
reasonable than the Hung, Lee and Fuh’s clustering algorithm. 
 
5.2 Perspectives 
 
The properties of the criterion (28) are subject of special theoretical consideration. Some other 
criteria can be proposed and investigated also.  

The membership degree liµ  can be interpreted as a degree of typicality of an element to 
an intuitionistic fuzzy cluster and the condition (24) is equal to the condition of the 
possibilistic partition [10]. So, an interpretation of the non-membership degree liν  from 
positions of the theory of possibilities must be investigated. 

The PAIFCD− -algorithm is the clustering procedure for detecting of the unknown least 
number of fully separate intuitionistic fuzzy clusters. However, some parameters can be 
introduced into a clustering procedure [18]. In the first place, detection of fixed c  number of 
fuzzy clusters can be considered as the aim of classification. Intuitionistic fuzzy clusters can 
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have an intersection area and these intuitionistic fuzzy clusters are called particularly separate 
fuzzy clusters in the case. So, the conditions (26) and (27) can be generalized for a case of 
particularly separate intuitionistic fuzzy clusters. The number of intuitionistic fuzzy clusters in 
the sought allotment can be considered as a parameter of a modification of the clustering 
procedure. 

Secondly, if },,0{ nw K=  is the number of elements in the intersection area of different 
intuitionistic fuzzy clusters, then the maximal number ∗w  of elements in the intersection area 
of intuitionistic fuzzy clusters can be defined by the researcher and ∗w  can be considered as a 
parameter of a version of the proposed clustering algorithm [18]. 

Thirdly, values of the tolerance threshold and the difference threshold can be 
determined a priori, so that the initial allotments },1|{)( ),(

, nlAXIR l
I == βα

βα  and allotments 

},,1|{)( ),(
, ncclAXIR l

z ≤== βα
βα  are constructed for every pair ]1,[ ∗∈ αα  and ],0[ ∗∈ ββ , 

10 ≤+≤ βα , where ∗α  is the tolerance threshold and ∗β  is the difference threshold, defined 
by the researcher. 

In the fourth place, the researcher can determine the minimal number of elements in an 
intuitionistic fuzzy cluster, too. In other words, if u  is a minimal number of elements in an 
intuitionistic fuzzy cluster lA ),( βα , },,1{ cl K∈ , then uAcard l ≥)( ,βα , },,1{ cl K∈∀ , where 

)( ),(,
ll ASuppA βαβα =  for each intuitionistic fuzzy cluster )(,

),( XIRA z
l βα

βα ∈ . If the parameter 
u  is not determined, then 1=u . 

The proposed approach can be considered as a basis for elaboration of hierarchical 
clustering algorithms based on intuitionistic fuzzy tolerance relations. A hierarchy of 
allotments among intuitionistic fuzzy clusters will be the result of classification in this case.  

These perspectives for investigations are of great interest both from the theoretical point 
of view and from the practical one as well. 
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