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1 Introduction

Let E be a fixed universe and let A be an Intuitionistic Fuzzy Set (IFS, see [1] over E.
Let F' be another universe and let the set E be an IFS over F' having the form:

E={{y, ue(y),vey))ly € F}.

Therefore the element z € E has the form (see [2]):

r=(y,ue(y), ve(y)),

e,z € F x[0,1] x [0,1],

A= {{y,be®),veW)), kaly, ney), ve))), valy, pey), ve(y))))|
(v, ne(y),ve(y)) € E}

and there exists a bijection between the F— and F'— elements of x— and y—types, respec-
tively.

Thus we can use the symbol “y” for both y— and x—elements.

Let A/E stand for “A is an IFS over E”.

If the degrees of membership and non-membership of an element y to a set A in the

frames of a universe E are p4(y) and v4(y) and the element (y, p1a(y), va(y)) has degrees of
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membership and non-membership to the set £ within the universe F' are ug(y) and vg(y),

then we define:
A={(y, ue(y)-paly), ve(y).va(y)ly € F'}. (1)

Obviously, from A/E and B/FE follows that the sets A and B have equal y—elements.
All intuitionistic fuzzy operations, relations and operators can be transformed directly

over the new objects. For example, the most general case, when the relations A/E, B/F,

E/G, F/G hold, the IFS AN B over the universe G has the form:

{(y, min(pp(y)-pa(y), ur(y).ue(y)), max(ve(y).va(y), ve(y)-ve(y)))ly € G}.

2 Main results

When the universe is ordered, e.g., by relation < the set A is called in [3] an “IF'S over an
universe with hierarchical structure (H-1FS)”.

Here we shall extend the concept of H-IFS transforming some ideas and results from
1, 2].

First, we shall start with en example. Let E be a finite universe with the form

E — {617 €2, €3, {617 62}, {617 63}7 {617 €2, {617 63}}}’

Therefore, the IFS A over E will have the form

A= {<61>MA(61)7 VA(61)>7 <€2’ MA<€2)’ VA(62)>’ <637MA(63)7 VA(63)>7

<{617 62}7 MA({elv 62})7 VA({eh 62})>7 <{617 63}7 ”A({ela 63})7 VA({elv 63}))?
({er, e2,{er, es}}, pa({er, e2, {1, e3}}), val{er, e2, {er, es} ) }. (2)

Obviously,
card(E) = 6.

Let the other set has the form

By = {61762,63, {f17f2}a {f1}7 {91,9% {91,93}}}-

We can tell that elements eq, €9, €3 are “elements from first level”, elements f1, fa, g1, g2

“elements from second level” and elements gy, g3 — “elements from third level”.
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Of course, one element can be element from two or more different types. For example for
set  objects ey, €5, e3 are elements from each one of the three types.

If there is an order between some of the elements of E, e.g., if for i = 1,2,3: e; = i, this
order (< or <) cannot be extend over the rest E-elements. If the order is C, it will be valid
for fourth and sixth elements of E, but will net be possible for the rest F-elements. Finally,
the order € will be valid, e.g., for the fifth and sixth e-elements, but not, e.g. for the third
and sixth elements.

Now, for H-IFS E that has n levels and for every natural number ¢ < n we can introduce
set support;(E) that contains all E-elements that are from i-th level and that are not sets

of elements of (i 4+ 1)-th level. Moreover,

support(E) = U  support;(E).

i<n

On the other hand we see that the e-elements are from different hierarchical levels and this
is our reason to use the name of H-IFS for such sets. Obviously, this form of H-IFS is an
extension of the first one.

We see that for the above set E with card(E) = 6: card(support(E)) = 3, while for
set F; with the same cardinality (card(E)) = 6) card(support(FE;)) = 8. Therefore, in the
present case the bijection from [2] is not valid.

In [1] is formulated and proved (for the bijective case) following

Theorem 1.15.1: If A/E, E/F and F/G, then:
(@) A= {,nr) ue(y)pay), ve(y)ve(y).vay))/y € G},
(b) A/(E/F)=(A/E)/F.

As it is noted in [1], all the above results can be transformed for the case of ordinary
fuzzy sets, as follows: if A is a fuzzy set over universe E and E is a fuzzy set over universe

F, then A is a fuzzy set over universe F' of the form:

A={{y,pey)-paly)ly € F}

where py4 and pp are degrees of membership in the above sense.
Let E be a finite or infinite set and let for each its element e: ji4(e) and va(e) exist. By

analogy with (1) we can construct the set A/E/support(E). Extending the idea from [2],
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already we can use not only the multiplicative form of presentation of A in F, as it is in (1),
but at least three other forms, that we will mention for the example with IFS A from (2),

as follows
A/E[Optimistic]support(E) = {<61’ ”A<61)’ VA(61)>’ <€27 MA(€2)7 VA(62)>7 <637 ﬂA(63)7 VA(€3)>7

({er, e}, max(pa(er), pa(es)), min(va(er), va(es))),
({er, e}, max(pa(er), pa(es)), min(va(er), vales))),

({e1, €2, {e1, e3}}, max(pa(er), pales), prales)), min(va(er), va(es), vales)))

A/E[pessimistic]support(E) = {<61a ,uA(el)’ VA(€1)>’ <€2> MA(€2)> VA(62)>> <63, IUA(63)’ VA(€3>>7

({e1, e}, min(pa(er), pales)), max(va(er), va(es))),
({e1,es}, min(pa(er), pales)), max(va(er), va(es))),

({e1, e2,{e1, es}}, min(paler), pales), pales)), max(va(er), va(ez), vales)))}

A/ Elaverrage]support(E) = {{e1, pa(er), va(er)), (e, palez), valea)), (es; prales), vales)),

e, e}, paler) "2" MA(ez)’ va(er) —2F VA(62)>’
:uA(el) + /,LA(eg) ]/A(el) + VA(€3)
({e1, es}, 5 ’ 2 )

X paler) —QF pra(es)

va(er) +va(es)

<{€1, es, {el, 63}}7 " 5 7 VA(€1) + VA(@Q) —i2—

= {<617MA(61>’ VA<€1)>7 <627MA(62)a VA(62)>v <63>MA(63)7 VA(63)>>
T paler) + palez) VA(€1)+VA(€2)>

aler) + pa(ez)

)}

2 ’ 2
paer) + pales) valer) + vales)
<{€17€3}7 9 3 9 >a

3paler) + palez) + Haer) _5 Halcs) va(er) + va(es) + va(er) ‘5 va(es)

<{€17627{61763}}7 92 ) 9 >}
The following assertion is valid

Theorem: For each IFS A over F

A/ E[pessimistic|support(E) C A/E[averrage]support(E) C A/E[optimistic|support(E).
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