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Abstract:

For any Intuitionistic fuzzy set 4 = {< x, ty(x), v4(x) > | xeE} of a set E, we define a (¢, f)-cut of 4 as
the crisp subset {xeE | uy(x) > a, v4(x) < S} of E. In this paper some interesting properties of (a, f)-
cut of Intuitionistic fuzzy ideals of a ring were discussed.
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1 Introduction

The idea of Intuitionistic fuzzy sets was initiated by K.T.Atanassov [1] and it was extended to
Intuitionistic fuzzy ideals by Banerjee and Basnet [2, 3]. In theory of fuzzy sets the level
subsets are very very important tools for development of the theory. The motivation of the
paper is the same as that of level subsets in fuzzy set theory i.e. to establish some important
links between Intuitionistic fuzzy sets and crisp sets. That might be a help for characterizing
Intuitionistic fuzzy algebraic structures.

2 Preliminaries

Definition 2.1. [1] Let £ be a fixed nonempty set. An Intuitionistic Fuzzy Set (IFS) 4 of E is
an object of the following form 4 = {< x, p(x), va(x) > | xeE} where 4 : E — [0, 1] and
ve: E — [0, 1] define the degree of membership and degree of nonmembership of the element
x€E respectively and for every xe £, 0 < py(x) + vy(x) < 1.

Definition 2.2. [1] If 4 = {< x, u4(x), v4(x) >| x€E} and B = {< x, up(x), va(x) >| xeE} be any
two IFS of a set E then
o AcBifand only if for all xe E, 14(x) < pp(x) and vy(x) > va(x);
e A= Bifand only if for all xe E, pa(x) = up(x) and v4(x) = va(x);
o ANB = {< x, (uunup)(x), (vqovp)(x) > xeE}, where (uyNup)(x) = min { uy(x),
pp(x)} and (V4O vp)(x) = max { va(x), va(x)};
o AUB = {< x, (au)(x), (vanvp)(x) > xeE}, where (us0ug)(x) = max{ u(x),
pp(x)} and (vaNvp)(x) = min { v4(x), vs(x)}.
Also we see that a fuzzy set has the form {< x, z4(x), ££4(x) >| xeE}, where 1 4(x) = 1 - m4(x).
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Definition 2.3.[2] An IFS A = {< x, w(x), va(x) > xeR} of a ring R is said to be an
Intutionistic Fuzzy Ideal (in short IFI) of R if

() paCe—y) = min { (o), ()}

(i) peaCxy) = max {s4(x), pa(y)}

(1)  wva(x —y) <max {vu(x), va(y)}

(1v)  va(xy) <min{vy(x), v4(v)} forall x, y €R.

Theorem 2.4.[2] If 4= {<x, p(x), v4(x) >| xeR} is an IFI of R then
14(0) > p14(x), va(0) < vy(x), pa(-x) = pa(x) and v4(-x) = vy(x) for all xeR.

Definition 2.5.[2] Let 4 = {< x, u4(x), va(x) > xeR} and B = {< x, up(x), vs(x) > xeR} be
two IFI’s of a ring R then their sum 4 + B is defined as

A+ B={<x, (atus)x), (vi+vp)(x) > xeR} where
(44, + 42,)(x) = Sup{min{uz, (@), 1, (B)}} and (v, +v,)(x) = Inf {max{v,(a),v, (b)}}

x=a+b x=a+b

Definition 2.6.[2] Let 4 = {< x, t4(x), va(x) > xeR} and B = {< x, up(x), vs(x) > xeR} be
two IFI’s of a ring R then their product AB is defined as AB = {< X, (LauB)(X), (VAVB)(X) >|
xeR} where,

(L ip)(x) = Sup {rnl,in{min{:uA (a,), (b))} }}

x:z a;b;

i<

(vVvp)(x)= Inf {max{maxiv,(a,),v;(b)}}}

x=) a;b;

i<

and

Theorem 2.7.[2] If A and B are two IFI’s of a ring R then 4 + B and AB are also IFI’s of R.

3 (&, P)-cut of an IFS

Definition 3.1. For any Intuitionistic fuzzy set 4 = {< x, p(x), v4(x) > x€E} of a set E, we
define a (&, f)-cut of A as the crisp subset {xeE | 14(x) > o, v4(x) < S} of E and it is denoted
by Cq AA).

Lemma 3.2. If 4 is an IFI of a ring R then C,, A4) is an ideal of R if 144(0) > o, v4(0) < .
Proof. Let 144(0) > o, v4(0) < B. Clearly Cy, A) # ¢. Let x, y € CogA). Then p(x), mu(y)>a
and vy(x), v4(y) £ B. Now uy(x — y) 2 min { py(x), pu(y)} = e and  vy(x — y) < max{vy(x),

i)} < B.

Thus x —y € Cy AA4). Also if reR then py(rx) = max {(r), pa(x)} = pa(x) > @,

La(xr) = max {uy(x), wa(r)} = pa(x) > a and vy(rx) <min{vy(r), v4(x)} < vi(x) < B,

va(xr) < min{vy(x), va(r)} < va(x) < B. Therefore rx, xr € C, {A). Hence Cy, g(4) 1s an ideal
of R.

Theorem 3.3. If 4 is an IFI of R then C, g4) < C), s(4) if a> yand f< 6.
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Proof. Let xeC, 4A), then z4(x) > e and vy(x) < B. Since a> yand < 0, s0 py(x) > o>y
and v4(x) < B< 6. Therefore xe C,, 5(4). Hence C,, p(A) = C,, LA4).

Corollary 3.4.If o + f< 1 then C; 5 A4) < Cy, p(A) < Cq 1-a (4).

Theorem 3.5. If C,, s (4) is an ideal of R for all o, f € [0, 1] with a+ <1 then 4 = {<x,
La(x), v4(x) >| xeR} is an IFI of R.

Proof. Let x, y eR and o =min { u4(x), p4(y) } and f=max {v4(x), va(y)}.

Then w(x)>a, va(x) < fand w(y) >, va(y) < f=x,y €Cy (A).

Since C, fA4) is an ideal of R so x —y € Cy, AA).

Consequently 4(x —y ) > a= min { uy(x), u4(y) } and vy(x —y ) < f=max {vy(x), va(y)}.
Next, let 0=max { p(x), () } say 0= pu(x).

Since z4(x) + va(x) < 1,50 vy(x) <1 — sy(x) =1 -0 Thus x € Cs 1.5(A4). Since Cs ;.5(A4) 1s an
ideal of R so xye Cs ;.5(A4). Hence py(xy) > 6=max { w(x), t4(y) }. Similarly we can show
va(xy ) < min {v(x), v4(¥)}. Hence 4 is an IFI of R.

Theorem 3.6. If 4 and B are IFI’s of a ring R then C,, {ANB) = Cy A) N Co, AB).
Proof. We have C, fANB) ={xeR |(nanpB) (X) > a, (vaUVg) (x) < B}. Now

xe Cy AANB) < (uanup) (x) > acand (40 vp) (x) < S

< min { g4(x), 14(y) 1= a and max {vy(x), va(y)} < p.

& pa(x), pa(y) = aand vy(x), va(y) < <> xe Cy A4) and xe Cy, AB)

< x € Cy (A) N Cy AB). Therefore Cy (ANB) = Cy, A) N Cy, AB).

Theorem 3.7. If AcCB then C,, 4) < C,, g(B), where A and B are IFI’s of R.

Theorem 3.8. If 4 and B are IFI’s of R then C,, {4UB) D Cy fA) U Cy, AB).
Proof. Since 4 € AUB and B < AUB so by theorem 3.7, C, f4) < C, fAUB) and
Co, AB) < Coq AAUB) and therefore C,, fAUB) 2 Cy, (A) U Cy AB).

Remark.3.9. However the reverse inclusion does not hold, as shown by the following
example: Consider the ring (Zy, +4, x4) where Zy, = { 0, 1, 2, 3} and define

14(0) = 0.8, 14(2) = 0.5, w4(1) = p4(3) = 0.2; v4(0) = 0.1, v4(2) = 0.4, v4(1) = v4(3) = 0.6
and 5(0) =0.9, 15(2) = 0.4, up(1) = up(3) = 0.3; v5(0) = 0.1, v5(2) = 0.2, va(1) = v5(3) = 0.6
Then 4 = {< x, p4(x), va(x) >| xe Z4} and B = {< x, up(x), va(x) >| xe Z4} are IFI’s of Z4.
Now Cs. 2(4)= {0} and Cs, »(B) = {0}.

Also (p149 pp)(0) = 0.9, (140 15)(2) = 0.5, (p140 pp)(1) = (140 1p)(3) = 0.3

and (vynvp)(0)=0.1, (vsanvp)(2) = 0.2, (vainvp)(1) = (vanvp)(3) = 0.6. Since

C,5, 2(AUB) = {O, 2} SO C.5’ 2(A) U C_5’ z(B) 75 C.5, 2(AUB)

Remark 3.10. The equality holds if ¢+ =1 as shown below:

Let xe Cy AUB), then (p4Uuip) (x) > o = max {1(x), up(x)} > o= pu(x) > aor us(x) > o
If y(x) > arthen vy(x) <1 — wy(x) <1 —a= Pand so xe Cy fA4) < Cy, {A) U Cy AB).
Similarly if zp(x) > athen xe C, gB) < C, g4) W Co, AB). Hence the equality follows.

Theorem 3.11. C, s(N{4;|icl}) =N {Cy A4) | i€l}.
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Theorem 3.12. For any two IFI’s 4 and B of a ring R, Cy, fA) + Co, AB) < Co AA + B) and
the equality holds if &+ f=1.

Proof. Letx=y +z € Cy fA) + Cy, AB), where ye Cy, fA4) and z € C,, AB).

Then wy(y) > o, v4(v) < B, and up(z) > a, ve(z) < B

= min{uy(y), up(z)} > aand max{vy(y), vs(z)} < S

= Sup {min{u, (y), 45(2)}} 2

xX=y+z
and

Sup {max{v,(y),vs(2)}} < B

xX=y+z

= (uatpp)(x) 2 o and (vetvp)(x) < f
= xe€ Cq p(4+B)

Hence, C,, g(4) + Cy, p(B) < Cy, p(A + B).
For the other part let « + =1 and xe C,, 3(4 + B).
Then (uy+up)(x) > and  (vy+vp)(x) < S

Now ()= & = Sup {miniu,(1).4,(2)}} 2 @

X=y+z
= min{uy(a), ug(b)}} > a, for some x =a + b
= (a) > aand pp(b) >
> wy@)l—wa)l—-a= fand vy(b) <1 —wp(b)<1—a= f
=a e Cy [A), be Cy AB)
=>x=at+tbe CypA)+ CyAB)
Thus Cy A4 + B) < C, gA) + Co, AB) and so the equality follows.

Remark 3.14. In the above theorem the equality does not hold as can be seen by the
following example: consider the ring R and IFI’s 4 and B of R as of the remark 3.9. Note that

A+ B={<x, (uat+ug)x), (v4+vp)(x) > xeR} where
(14 + pp)(x) = Sup{min{u, (a), 1 (b)}}

x=a+b

(v, +vp)(x) = Inf {maxiy ,(a),v, (D)} }

x=a+b

and

Therefore we get

(tr+)(0) = Sup { min{p4,(0), 15(0)}, min{12(2), p(2)}}
= Sup { min{0.8, 0.9}, min{0.5, 0.4} }
=0.8

next

(atpp)(1) = Sup{min{z,(0), wp(1)}, min{uy(1), wp(0)}, min{uy(2), wp(3)}, min{z,(3),
H(2)}

’ = Sup{min{0.8, 0.3}, min{0.2, 0.9}, min{0.5, 0.3}, min{0.2, 0.4} }

=0.3

Similarly (z4+15)(2) = 0.5 and (4+)(3) = 0.3
Similarly (v4+vp)(0) = 0.1, (vt vp)(1) = 0.6, (vt v5)(2) = 0.2, (vat+v5)(3) = 0.6
Now Cs »(A+B) = {0, 2} and from remark 3.9, we get Cs »(A)= {0} and C;s, »(B) = {0}
Therefore Cs, 2(A) + Cs 2(B) = {0} # {0, 2}=Cs_2(A+B).
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Theorem 3.13. For any two IFI’s 4 and B of a ring R, Co fA)CyfB) < CyA(AB) and the
equality holds if ¢+ = 1.
Proof. We have 4B = {< x, (148)(x), (v4v8)(x) >| xR} where,

(#L4ptp)(x) = Sup {minis,(a,), 45 (D)5 §

x=Za,-b,~

i<o0

Vvp)(x)= Inf {maxiv (a),vy(b)}}

x=2aibi

and

i<oo

Let x = Zaibi € Ca,ﬁ (A)Ca,ﬁ (B), where a;e C,f(A) and b;e C,B), for alli.
Then wy(a;) > a, va(a;) < B, and up(b;) > a, va(b;) < p, for all i.

= min{u(a;), up(bi)} = o and max {vu(a:), vg(b;)} < B, for all i.

= min{min{s,(a),15(5)}} 2 @ and max{max{v,(a,).v,(5)}} <

= Sup Amin{min{u,(a,), u5(b)}}} = @

x=) ab,
1<00

and

Inf {max{max{v,(a,),v;(b)}}} < f

x=) a;b;
1<00

= (upp)(x) 2 o and (vqvp)(x) < S
= x € Cy p(A4B) and so the result follows.

For the second part let + f=1andx € C, 4B)

Then (u4u8)(x) > and (v vp)(x) < S

Now (tupip)(x) Za

. Sup {min{min{,(a,), uy(b)}}} 2
x=) . OOa,-b,- !

= min{min{u,(a,), uz(b)}} 2 forsome x=» ab

= min{u(a;), us(bi)} > «, for all i.

= uy(a;)) > a, us(b;) > o, for all i.

= wv(a) <1 —yla)<1—a= fand va(b) <1 — pp(b;) <1 —a= p, foralli.
= a;€C, fA) and b;e C,, AB), for all i.

= x=) ab eC,,(AC,,(B)

Hence C, fA4B) < Cy,, (A)C,, AB) and so the equality follows.
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