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A definition of the concept ‘intuitionistic fuzzy set’ (IFS) is given, the latter being a
generalization of the concept ‘fuzzy set’ and an example is described. Various properties are
proved, which are connected to the operations and relations over sets, and with modal and
topological operators, defined over the set of IFS's.
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The notions of intuitionistic fuzzy set (IFS) and intuitionistic L-fuzzy sets (ILFS)
were introduced in [1, 2] and [3], respectively, as a generalization of the notion of
fuzzy set (FS).

Let a set E be fixed. An ILFS A* in E is an object having the form

A* = {(I, H’A(x}: :'.A(x)) | X EE}!

where the functions p,:E — L and v, : E — L define the degree of membership
and the degree of nonmembership of the element x € E to A < E (for simplicity
below we shall write A instead of A*), respectively, the functions p, and v,
should satisfy the condition:

(Vx € E)(na(x)<N(va(x)),

where N:L — L is an involutive order reversing operation in the lattice (L, <).
When L =[0, 1], the object A is an IFS and the following condition holds:

(VxeE)O=sp (x)+v (x)<1).

Obviously every FS has the form {(x, pa(x), 1— p4(x))| x € E}.

Let us denote everywhere for simplicity by {{x, u.(x))|xecE} the set
{(x, pa(x),1—pa(x))| x € E}. The definition makes clear that for the so con-
structed new type of FS the logical law of the excluded middle is not valid,
similarly to the case in intuitionistic mathematics. Herefrom emerges the name of
that set. Note that in the case when L is a lattice it is possible to introduce an
example about a set for which p,(x), N(p4(x))<sup L, where sup L is a maximal
element of L, but as in that case v,(x)=N(pA(x)), the FS {{x, mo(x))| x € E}
cannot be equivalent to the IFS {{x, wa(x), va(x))|x € E}.
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Before describing the properties of IFS’s we shall give an example of an IFS
which is not an FS. The example is written after an idea of the author in [4].

Let A, B, C and D be four convex, closed, connected and compact sets in the
Euclidean plane, as shown in Figure 1 (ANB=ANC=AND=BNC=BnN
D=CND=@). Let in that plane Cartesian coordinates Ox,x, be given and let
the sets PUQUR, RUSUT, QURUS and U be respectively their orthogonal
projections over the axis Ox,. By the real number [(y, X) we denote the length (as
regards the length unit introduced for the axis Ox,) of the segment in the set X
lying on a line perpendicular to the axis Ox,, passing through point y from Ox,.
Let E=AUBUCUD be the universum for our further considerations, and let
the sets F and G satisfy the following conditions:

(a) AFSAUCUD;

(b)) B€eGgBUCUD:;

(c) FNG=0;

(d) FUGgE.

From the last two conditions it follows that the set F is strictly included in the
supplement of the set G to E; and from the first two — that the trivial cases F= A
and G = B are excluded. The four conditions are independent.

Let us have the possibility to observe only the projections of the points from E
over the axis Ox,, and for every x € E we know only (observing its projection

yePUQURUSUTU U) the value of I(y, X), where X is some of the sets A, B,
C and D.
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Our aim will be to show the form of the membership and non-membership
functions of the elements of E towards the set F, with respect to the disposition of
the four sets in the plane, as shown in Figure 1:

pE(x) = 4

ve(x)= ¢

(1
Iy, A)
l(y, A)+I(y, C)
Iy, A)

I(y, A)+1(y, B)+1(y, C)
0

(0

I(y, B)

[(y, A)+1(y, B)+1(y, C)

[(y, B)
I(y, B)+1(y, C)

Then

wr(x) +vp(x) = <

1

I(y, A)
Iy, A)+1(y, C)

I(y, A)+1(y, B)

if yeP,

if yeQ,

if yeR,
if yeSUTUU,
if ye PUQUU,

if yeER,
if ye s,

if yeT.

if yePUT,

if ye Q,

I(y, B)
[(y, B)+1(y, C)

L0

i,ﬁ. 0= ”F(x)"‘ PF(x)ﬁ 1.
If mp(x)=1-pp(x)—vp(x), then me(x) is the degree of indeterminacy of the
element x € E to the set F< E. In the example we may write

mE(x) = <

0 ‘
I(y, C)
Iy, A)+1(y, C)
I(y, C)
l(y, A)+1(y, B)+ I(y, C)

I(y, C)
I(y, B)+1(y, C)

(1

Iy, A)+1(y, B)+(y, C)

if yeER,

if yes,

if yeU,

if ye PUT,

if yeQ,

if yeR,

if ye S,

if ye U.
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Obviously, the form of the functions pur and vz may be simplified to

(1 if yeP,
a if yeQ,
_|b ifyeR,
M= i yes,
if yeT,
..d if ye U,
and )
0 if yeP,
1-a if yeQ,
il | 1-b if yeR,
1-c ifyeS,
1 if yeT,
[1-d ifyeU,

where 0=a, b,c,d =<1 and then pg(x)+ ve(x)=1, i.e. the set with these functions
mr and vg is already a fuzzy one, but not yet a genuine IFS. However, as long as
the elements of C and D are considered, it is not known which of them is from F
and which from G, and which is not at all belonging to FU G such a substitution
for the values of ur and v is not correct.

Above we noted the fact that we will consider the sets shown in Figure 1. The
reason for this was that by the so selected configuration we may demonstrate
easily the various possible values acquired by the functions uy and ve. In this way
for example, the values of x € E and respectively ye PUQURUSUTU U are
seen. For them it is absolutely sure that they belong (or not) to F (when ye P, i.e.
x € A, and respectively y € T, i.e. x € B) or there is absolute indeterminacy (when
yeU, ie. xe D).

With the example constructed above we have demonstrated the existance of a
genuine IFS, i.e. an IFS, which is not an FS.

For every two IFS’s A and B the following operations and relations are valid:

(1) AcB iff (VxeE)pa(x)=<pg(x) & v (x)=vg(x)):

(2) A=Bif AcB& Bc A:

(3) A={{(x, va(x), pa(x))|x € E};

(4) ANB ={(x,min(p,(x), pp(x)), max(va(x), vg(x)) | x € E};

(5) AUB ={{x, max(p,(x), ug(x)), min(v,(x), vg(x))) | x € E};

(6) A+B={(x, pal(x)+pp(x)— palx) - pg(x), va(x) - vg(x))|x € E};
(7) A B={(x, pa(x) - pp(x), vao(x)+vg(x)—va(x) - vg(x)}| xe E}.

It is easy to verify the correctness of the defined operations and relations. For
example, regarding the operation + (for the first three ones the check is obvious,
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and for operation - it is similar to that for +) it is enough to consider the four real
numbers a, b, ¢, d (=0), for which 0=sa+b=<1, 0=c+d=1. For them from
all—c)+c=c=0 it follows that

O=sb-d=a+c—a-c+b-d=sa+c—a-c+(l—-a)(l—-c)=1.

From these inequations it follows directly that A + B is an IFS.

Theorem 1 [1,2]. (a) The operations N and U are commutative, associative,
distributive to the left and to the right among themselves, idempotent, and satisfy the
law of De Morgan.

(b) The operations + and - are commutative, associative, and satisfy a law,
similar to the De Morgan law.

(c) The operations + and - are distributive to the left and to the right with respect
to the operations M and U.

We shall define over the set of all IFS’s two operators which will transform
every IFS into an FS, i.e. IFS. They are similar to the operators ‘necessity’ and
‘possibility’ defined in some modal logics. for every IFS A,

OA={(x, pa(x))| x € E}={(x, pa(x), 1 —pa(x))| x€ E},
CA={{x, 1-v (x)) | xe E} ={(x, 1 —va(x), va(x))| x € E}.

Theorem 2 [1, 2]. For every IFS A:

(a) L__|A=Z>'_A;

(b) CA=0A;

(c) OAcAcOA;

(d) OOA=0A;

(e) OCA=CA;

() COA=0A;

(g) CCA=CA.

Theorem 3 [1,2]. For every two IFS's A and B:
(a) JAUB)=OAUOB;
(b) C(AUB)=CAUCB.

Here we shall prove the following;:

Theorem 4. For every two IFS’s A and B:
(a) JANB)=0ANOB;
(b) C(ANB)=CANCB;
(c) JOA+B)=0OA+0B;
(d) O(A+B)=<A -OB;
(e) O(A -B)=0A -UB;
(fy ¢C(A-B)=A+<OB.
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Proof. (a):
O(A NB) =0{(x, min(p (x), pp(x)), max(v,(x), vg(x))) | x € E}
={{x, min(pA (x), pp(x))) | x € E}
={(x, pa(x)) | x € E}N{(x, un(x))| x € E}
=JANOB;

f): :
() (A - B)=0{(x, pa(x) - pp(x), valx)+vg(x)—valx)- I’B{xJ}l x € E}

={(x, 1= ra(x) —vg(x) + va(x) - vg(x)}| x € E}
={(x, va(x) + vg(x) —val(x) - vg(x))| x € E}
={(x, va(x)) [ x e E}+ {(x, vx(x)} | x € E}
~OA+OB.

(b)-(e) are proved analogously.

The following two relations are possible [4]:
AcoB iff (VxeE)(ua(x)=pp(x)),
Ac,.B iff (VxeE)vs(x)=vg(x)).

A justification for the notions < and <, is the following:

Theorem 5. For every two IFS’s A and B:
(a) AcgBiff OA<OB:
(b) A c,Biff CAcOB.

Proof. (a) Let A =B, ie. (VxeE)(pua(x)=<pg(x)). Then for (1A and (OB it
follows that (] A =[JB. Contrary, if J A <[B, then (Vx € E)(u4 (x) < pg(x)), i.e.
A < B.
(b) is proved analogously.
We shall introduce one more relation:
ACB iff (VxeE)wal(x)<mg(x)).
Theorem 6. For every two IFS’s A and B:
(a) AcpB& A<.Biff AcB;
(b) if Ac4B & ACB, then AcB;
(c) if Ac.,B & BC A, then AcB.
Proof. (a) If A=_B & A =_B then
(Vxe E)(palx)<=pa(x)) & (Vx € EXva(x)=vg(x)).

Hence (Vx e E)(ua(x)=<pg(x) & va(x)=vg(x)). Therefore A < B. Contrary, if
A < B, then

(Vx e E)(palx)=pp(x) & vy(x)=rvg(x)),
ie. AcoB& A c.B.
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(b) and (c) are proved analogously.

Let A be a given IFS. We determine for its the four numbers

K =max p.(x), L =min v, (x),
xcE xeE

k =min p,(x), | =max v, (x)
xeE xeE

and the sets
C(A)={(x,K,L)| xe E}, I(A)={x, k, )| xe E}

which will be called closure and interior.

Obviously 0=K+L =<1, because if K=pu,(x,) for some x,€E then 0<
Malx)+va(x)=<1, but if L<w,(x,), then x,eE will exists such that L=
va(x2)=<w4(x;) and therefore 0<K + L <1. Analogously 0<k +1=<1. Herefrom
it follows directly that the following is valid:

Theorem 7. For every two IFS’s A and B:
(a) C(A) and I(A) are IFS’s;
(b) I(A)c A< C(A);
() C(AUB)=C(A)UC(B);
(d) C(C(A))=C(A);
(e) C(0)=0, where 0={(x,0,1)| xe E}.

Proof. The validity of (a), (b) and (e) is obvious.

(c):
C(AUB) = C({{x, max(p, (x), g (x)), min(v,(x), vg(x))) | x € E})
={{x,K,L)|xeE},
where
K= max (max(pa(x), ug(x))) = maX(max ma(x), max g (x]) .
L =min (min(»(x), vg(x))) = min(min v4(x), min v;_.(x)) .
xceE xeE xeE
Then
C(AUB)= {(x, max(max ta(x), max p.B(x}) : min(min va(x), min vg (x))) Xe E}
xeE xeE xeE xeE
= {(x, max . (x), min vA(x)) X € E}
xeE xeE
U {(x, max pg(x), min vB(x)> Xe E}
=C(A)U C(B);
(d):

)

Xe E}= C(A).

C(C(A)) = C({(x, max w4 (x), min vA[x)>

xeE xeE

= {(x max w, (x), min vA(x]>

xeE x€E
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From the validity of (c), (d), the right inclusion of (b) and (e), follows the
validity of:

Theorem 8. (E, U, C) is a topological space.

Theorem 9. For every IFS A:
(@) CA<C(A);
(b) I(A)c[OA;
(¢) I(A)=C(A).

Proof. (a) C(A)={(x, K, L)|x e E}, where K and L have the above form. Be-
cause

(Vxe EYK=1—p (x) & L=<v,(x)),

from the definition of the relation < it follows that O A = C(A);
(b) is proved analogously;
(c):

I(A)=I({(x, va(x), pa(x)) | x € E})
={{x,L,K)|xeE}
={{x, K, L) | x e E} = C(A).

Theorem 10. For every IFS A:
(a) OC@A)<=C(A), ©CA)= C(A), OI(C A)c C(A), CI(OA) < C(A);
(b) OC(OA) > C(A), OC(OA)> C(A), OIOA)> C(A), OI([A) > C(A);
(c) OI@A)<I(A), O IOA)<I(A), OCOA) < I(A), OC(OA) < I(A);
d) OICA)>I(A), OIQCA)=I(A), OCOA) > I(A), CCOA) 2 I(A):
(e) OCAA)=I(A), ©CCOA)<I(A), OICA)c I(A), OI(C A)c I(A);
(f) OCCA)2I(A), OC(CA)2I(A), OIOA)>I(A), CIUA) > I(A);
() OI@A)< C(A), ©I[OA)>C(A), OCC A)=C(A), CC(CA)=>C(A);
(h) DI A)=C(A), CI(© A)> C(A), OCTA)>C(A), OCUA) > C(A).

Proof. (a):
OC@A)=0CO{x, pa(x), va(x))| x€ED
=0CH{{x, palx), 1—ps(x)) | xe E}

=1 {(x, max g4 (x), min (1 - '””"*(x}}> s E}

xeE xeE
xEE}

= {(x, max pa(x), 1 —max u.A[x}>

={(x,K,1-K)|x e E}
c{{x,K,L)| xe E}=C(A);
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O COA)=C(A) is proved analogously;
DI(OA) =010 {(x, valx), pax)) [x € E}
=0I{x 1—pa(®), pax))[x € EY)
=[] {(x, min (1— p,(x)), max (x})

xeE xeE

xEE}

er}

IEE}

= {(x, min (1—p4(x)), 1 —min (1—MA(I)}>

xeE xeE

= {(x, 1—min (1 —p4(x)), min (1—p, (ﬂ))

xeE xzE

= {(x, max pu (x), 1 —max ,u,A(x}> X EE}

={(x,K,1-K)|xe E}
<{(x, K,L)| xe E}=C(A).

All the other assertions are proved in the same way.

Finally we shall define one more operation over IFS’s — the Cartesian product.

Let E, and E, be two universums and let A = {{x,, uA(xy), va(x,) | x; € E;} and
B = {{x,, pg(x,), vg(x2)) | xo€ E5} be two IFS’s. The Cartesian product of these
two IFS’s we shall call the set

A X B ={{{xy, x3), palx,y) - pe(xy), VA.(IL) - vg(x2)) F x1€Ey, x;€e By}

Because 0=, (xy)  wp(x2) +va(xy) - vg(X2) < pys(xy) +va(xy) =1, it follows that
A x B is an IFS, but now with universum E, X E,.

Theorem 11. For every three universums E,, E-, 'E?, and four IFS’s A, B (over E,),
C (over E,), D (over E;):

(a) AXC=CxA;

(b) (AXC)xD=Ax(CxD);

(c) (AUB)XC=(AxC)U(BxC);

(d) (ANB)xC=(AxC)N(BxC);

(e) (A+B)XC<c(AXC)+(BxC);

) (A-B)XC2(AXC)-(BxC).

Proof. The validity of the first four assertions follows from the definitions. We
shall prove (e): First,

(A+B) X C={{x, pa(x)+pp(x)—pax) uglx),
va(x)-vg(x)) | xe E}xC
={{{x, ), (pa(x)+pp(x)— pa(x) - pp(x)) - pely),

va(x) - vg(x) - ve(y)) | xe Ey, y e Eo}.
However,

Ba(x) - mel(y)+up(x) - pe(y)—pa(x) - pe(x) - pcly)
= pal(x) - pe(¥)+ps(x) - pe(y)—palx) - pe(x) - pely)’
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and
valx) - vg(x) - ve(y) = va(x) - vp(x) - vely)?,
so that
(A+B)X C={{(x, ¥), pa(x) - pe(y)+ pp(x) - pel(y) = palx) - pp(x) - pel(y)?,
Xval(x) - vg(x) - 1’::(}')2} | x€E,, yeE}
={x, ¥, wa(x) - pely), valx) - ve(y)) | x€ Ey, ye Eo}
+{{(x, ), up(x) - pc(y), va(x) - ve(y)) | x € Ey, y € E3)
=(AXC)+(BxC(C).

Similarly also (f) can be proved.

Theorem 12. For every two universums E,, E, and two IFS’s A, B over them:
(a) O(AxB)cOA x[OB;
(b) C(AxB)>2O A XOB;
(¢) C(AXB)c C(A)xXC(B);
(d) I(A xB)=>I(A)xI(B).

Proof. (a):

O(A X B) =0{{x, y), pa(x) - pa(y), valx) - va(y)) | x€Ey, y € Eo}
={{x, ¥), pa(x) - pwp(y), 1 - pp(x) - us(0)) | x€ Ey, y € B3}
(from the obvious inequation a +b=2ab, for 0=a,b=<1)
<{{x, ¥), palx) - pa(y),
(1—pax) - A-peg(y))|xeE,, ye E;}

={(x, pa(x), 1= pa(x)) | x € E}x{(y, uu(y), 1 = pus(y) |y € E;}
=JA xOB.

The other assertions can be checked in a similar way.
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